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Most classical procedures are essentially based on two assumptions, that the sample observa-
tions are independently and identically distributed, and that the underlying distribution is
normal. While the first assumption is not unreasonable in most situations, it is the second
assumption which is rather unrealistic from a practical point of view. To quote R. C. Geary
(Biometrika, 1947): “ Normality is a myth, there never was, and never will be a normal distri-
bution”. This view is corroborated by the findings of E. S. Pearson (Biometrika, 1932) and
Elveback et al. (J. American Medical Assoc., 1970) among others. Geary might have over-
stated the case, but the fact is that non-normal distributions are more prevalent in practice,
and to assume normality instead, might lead to erroneous statistical inferences. On the other
hand, to assume that nothing is known about the underlying distribution is to deny the infor-
mation that Q-Q plots and goodness-of-fit tests can provide about the nature of the underlying
distribution. It is true that for small to moderate sample sizes, these procedures are not very
successful in discriminating between normal and moderately non-normal distributions, but
they are quite successful in distinguishing normal from extremely non-normal distributions
both symmetric and skew (Cauchy and exponential, for example). For a sample of size 20, for
example, the Shapiro-Wilk omnibus goodness-of-fit test of normality has, at 10 percent sig-
nificance level, power values of 0.99 and 0.92 against exponential and Cauchy distributions,
respectively; against a logistic distribution, however, this test and other tests of normality
have a power value as low as 0.16 for sample size 20 as given in Table | of Tiku (Commun.
Stat., 1974). Thus in situations where one finds it expedient to assume normality, what should
perhaps be assumed instead is that the underlying distribution is one of a reasonably wide class
of distributions consisting of those distributions which constitute plausible alternatives to nor-
mality, e.g., symmetric distributions and moderately skew distributions, all having finite mean
and finite variance; which one exactly is not known. The normal distribution is, of course, a
member of this class, but extremely non-normal symmetric and skew distributions need not be
included, since they are distinguishable from a normal and can be considered separately. Of
course, whatever has been said above about a normal distribution can be said for any other
assumed distribution. What is needed, therefore, is a method of estimation which yields robust
estimators. An estimator is said to be robust if it is fully efficient (or nearly so) for an assumed
distribution but maintains high efficiency for plausible alternatives. Moreover, the estimator
needs to be robust to outliers, inliers and contaminations. This is of enormous importance since,
in practice, samples contain discrepant observations so often. We also need robust hypothesis
testing procedures. A hypothesis testing procedures is said to have criterion robustness if its
Type | error is never substantially higher than a presumed level for any plausible alternative.
It is said to have efficiency robustness if its power is high for all plausible alternatives. We also
require the procedure to have criterion and efficiency robustness if the sample contains a small
number of outliers or contaminated observations (usually not more than 10 percent). We present
in this book the methodology of modified likelihood estimation based on complete and censored
samples. The former (complete samples) is based on numerous publications which have ap-
peared since 1985. The latter (censored samples) is presented in detail in the book entitled
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Robust Inference by Tiku, Tan and Balakrishnan (1986) and covers publications prior to
1985. The main purpose of this monograph is to focus on complete samples (avoiding unneces-
sary censoring of observations) and develop robust procedures in numerous areas, some of them
not covered in Huber (1981), and Tiku, Tan and Balakrishnan (1986), and other such books.
The method of modified likelihood estimation adopted here gives MML (modified maximum
likelihood) estimators which have three very desirable properties: (i) asymptotically, they are
BAN (best asymptotically normal), (ii) for small samples, they are almost fully efficient, i.e.,
they have no or negligible bias and their variances are only marginally bigger than the mini-
mum variance bounds, and (iii) they are explicit functions of sample observations and are,
therefore, easy to compute. Moreover, the MML estimates are numerically very close to the
Fisher ML (maximum likelihood) estimates for all sample sizes. Being explicit functions of
sample observations, they are also amenable to analytical studies (Vaughan, 2002). A remark-
able property of the MML estimator of a scale parameter is that it is always real and positive
while the ML estimator does not necessarily have these important properties. Several such
examples are given in the book. The MML estimators are also shown to be robust. The hypoth-
esis testing procedures based on them are shown to have both criterion robustness as well as
efficiency robustness. Comparisons with Huber (1981) and other available robust procedures
(based on censored samples) are given. The methodology presented here is shown to have defi-
nite theoretical and computational advantages besides providing efficient and robust estima-
tors and hypothesis testing procedures.

In Chapter 1, the robustness of the classical Student’s t (and t?) and ANOVA tests are
studied. It is shown that they have criterion robustness but not efficiency robustness. This is
primarily due to the fact that the sample mean is normally distributed at any rate for large
sample sizes n (by central limit theorem) but is an inefficient estimator of the population mean,
unless the underlying distribution is normal or close to it. For testing the equality of two popu-
lation variances, however, the classical F test is shown not to have even the criterion robust-
ness. In Chapter 2, estimation of the location and scale parameters is considered. The method
of maximum likelihood is shown to be ideal for certain situations but problematic for others. In
general, the likelihood equations are shown not to have explicit solutions. As a result, they have
to be solved by iteration which can be problematic for reasons of (i) multiple roots, (ii) slow
convergence, or (iii) convergence to wrong values. The method of modified likelihood
estimation is formulated. This method gives estimators which are explicit functions of sample
observations and, hence, they are easy to compute. Besides, these estimators are shown to be
fully efficient asymptotically and highly efficient for small n. In Chapter 3, linear regression
models are considered with errors having normal and non-normal distributions. Three families
of distributions are considered, e.g., the Weibull, the Student’s t, and the family of short-tailed
symmetric distributions recently introduced by Tiku and Vaughan (1999). The MML (modi-
fied maximum likelihood) estimators are derived and shown to be considerably more efficient
than the commonly used LS (least squares) estimators. In fact, the LS estimators are shown to
have a disconcerting feature, namely, their efficiencies relative to the MML estimators de-
crease as the sample size n increases. In Chapter 4, the important topic of binary regression
is considered. This has many medical and biological applications. Logistic and non-logistic
density functions are considered and the effects of risk factors evaluated. In Chapter 5,
autoregressive models are considered. They have applications in agricultural, biological and
biomedical sciences besides business and economics. Both normal and non-normal error distri-
butions are considered. The supposedly difficult problems of estimation and hypothesis testing
are considered and efficient and robust solutions given. In Chapter 6, fixed-effects models in
experimental design are considered. Solutions are developed for both normal and non-normal
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error distributions. The methodology is applied to the well known Box-Cox biometrical data
and shown to give accurate results besides being easy theoretically and computationally. The
method is extended to non-identical error distributions. In Chapter 7, estimation and hypoth-
esis testing based on censored samples is considered. Efficiency and distributional properties
are enunciated and a few important real life examples given. In Chapter 8, the very important
issue of robustness is considered. The estimators and hypothesis testing procedures developed
in Chapters 2-7, are shown to be remarkably efficient and robust. They are compared toHuber
and several other procedures (based on censored samples), and shown to have definite advan-
tages. In particular, they are applicable to both symmetric (short-and long-tailed) as well as
skew distributions, whereas, Huber and other procedures (based on censored samples) are
applicable to only long-tailed symmetric distributions. In Chapter 9, Q-Q plots, goodness-of-fit
tests and outlier detection procedures are given. They are shown to be very useful in locating a
plausible model for a given data set. This enhances the scope of application of robust proce-
dures. In Chapters 10, usefulness of the MMLE in the important area of sample survey is
discussed. The estimators are shown to be enormously more efficient than the sample mean
under both super-population as well as finite population models. In Chapter 11, numerous
real life applications of the procedures are given and discussed, and appropriate statistical
analyses performed.

This book is intended as a reference for theoreticians and practitioners of statis-
tics and can be used as an auxiliary text for a senior-level course on robustness and
statistical inference. This book is also intended to illustrate the appropriateness of various
robust methods based on complete samples (avoiding unnecessary censoring of observations)
for solving numerous statistical inference problems in a number of important areas. This mono-
graph has provided the authors an opportunity to consolidate the results given in numerous
papers published since 1985. A basic knowledge of sampling distributions, statistical inference,
and order statistics is assumed. The book contains numerous examples which illustrate the
usefulness of robust methods based on complete as well as censored samples. For readers inter-
ested in research on modified likelihood estimation, robust estimation and hypothesis testing,
fairly extensive references to recent works are given.

Moti L. Tiku
Aysen D. Akkaya
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CHAPTER 1

Robustness of Some Classical
Estimators and Tests

1.1 INTRODUCTION

Statistical methods have been used in almost every applied field to analyse experimental data.
But, unfortunately, misuses of statistical methods are very common. One of the major reasons
for such misuses is that many practitioners do not realize that statistical methods are derived
under certain assumptions; yet, in practice, many of these assumptions do not hold. For exam-
ple, many of the statistical procedures, such as the classical t test and the variance-ratio tests,
are derived under the assumption of normality. However, as noted by Geary (1947) and Scheffé
(1959), the assumption of normality very often is not a realistic one. A crucial question then is:
what are the effects of non-normality on the normal-theory estimators and hypothesis testing
procedures. An estimator is called robust if it is fully efficient (or nearly so) for an assumed
distribution but maintains high efficiency for plausible alternatives. A fully efficient estimator
is one which is unbiased and its variance is equal to the Cramér-Rao minimum variance bound.

A statistical test has traditionally been called robust if both its type I error (significance
level) and its power are not affected much by departures from normality. Box and Tiao (1964a,b)
have, in fact, advocated that when the underlying distribution can not be assumed to be ex-
actly normal, a statistical procedure should be derived under a reasonably wide class of distri-
butions. This will undoubtedly enhance the scope of application of statistical procedures. It s,
therefore, advantageous and desirable to develop tests that have (i) criterion robustness and
(i) efficiency robustness, for a range of plausible alternatives to a particular distribution (nor-
mal, for example). The purpose of this book is to illustrate that robust estimators and hypoth-
esis testing procedures can be obtained in most situations from applications of modified likeli-
hood methodology (Tiku, 1967a; 1968a, b; 1973; Tiku and Suresh, 1992; Vaughan, 1992a). To
set the groundwork, we first study in this chapter the robustness of the sample mean and
sample variance, and tests based on them.

1.2 ROBUSTNESS OF SAMPLE MEAN AND VARIANCE

Lety,, Y,,..., ¥, be a random sample from a normal population N(y, 6). The likelihood func-
tion, i.e. the joint pdf (probability density function) of the n random observations, is

N3 (y, -p)2h20?
LD(E) o BT (1.2.1)
(e)



2 Robust Estimation and Hypothesis Testing

The likelihood equations for estimating 1 and o are

dlnL 1 <
= (yl — u) =0 (122)
w o
dlnL n n e
and o - o' od z (vi —w? =o. (1.2.3)

1=1

~ n
The solutions of these equations are the ML estimators i=y= % y;/n and
i=1

3:\/{% v -y)z/n} of wand o, respectively. In the latter, one may replace the divisor /n
i=1

n
by./n -1 and write s? = El(y‘ - )7)2/(n —1); s? is the sample variance and is an unbiased esti-

mator of o2.

The Cramér-Rao MVB (minimum variance bound) for estimating p is 1/{— E(8? In L/0p?)}
= 02/n. Now, E(Y) = pand V(Y) = 6?n. Thus, Y is fully efficient. Moreover, Y is normally
distributed. In other words, Y is an ideal estimator of y under the assumption of normality.

To illustrate the robustness (or lack of it) of Y, we consider a range of distributions
which supposedly constitute plausible alternatives (confining to long-tailed symmetric distri-
butions) to the assumed normal distribution, namely,

2"’

f(y)l]l 1+M ,— 00 <Yy < 0o (1.2.4)
o ko?

k=2p-3andp=2; E(y) =uand V(y) = ¢ It may be noted that t = /(V/K) (y — p)/o has the

Student t distribution withv = 2p — 1 degrees of freedom. Another plausible alternative is that

the sample contains a small number (usually, not more than 10 percent) of outliers.

Alongside the sample mean Y, we consider Tukey’s estimator (of location) based on a
censored sample of size n — 2r,

Prrim :[ z Y(i)]/(n —2r) (1.2.5)

i=r+1
where r is usually taken to be the integer value r =[0.5 + 0.1 n] (Tiku, 1980a; Dunnett, 1982);
Yy S Yo S---SY( are the order statistics obtained by arranging y,, y,,..., ¥, in ascending order
of magnitude. The estimator i1, is called 10% trimmed sample mean. For some basic pro-
perties of order statistics, see Appendix 1A.
For the family (1.2.4), the MVB for estimating p is (Tiku, 1980a)

ZInL)| _(E+D(P-32) ,
MVB = -E = o°. 1.2.6
(1) %{ ( o J} (o 12) (1.2.6)
Given below in Table 1.1 are the exact values of the relative efficiencies

E, =100 {MVB(u)/V(Y)} and E,=100{MVB(W)/V(fitsim )} (1.2.7)
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of the two estimators. Like Y, [l1im iS an unbiased estimator of p for the family (1.2.4); this
follows from symmetry. Its variance is

V(frrim) = (B QB)0?/(n - 2r)? (1.2.8)
where B’ = (1, 1,..., 1) is a vector with n — 2r elements and Q = (oij:n) is the (n —2r) x (n —2r)
variance-covariance matrix of the standardized variates z;, = (y,— W)/o, r + 1sisn-r;o; are
available for n < 20 (Tiku and Kumra, 1981).

Table 1.1: Values of the MVB and relative efficiencies

p
2 2.5 3.5 4.5 5 10 00
(n/o?) MVB (p) : 0.500 0.700 0.857 0.917 0.933 0.984 1.000
All'n E, : 50 70 86 92 93 98 100
n=10 E, 83 91 96 97 97 97 95
20 88 94 98 98 98 97 95

* This distribution is almost identical with the Logistic (Tiku and Jones, 1971).
It can be seen that i, is overall considerably more efficient than Y, and its variance
is much closer to the MVB. Thus, [l is @ robust estimator of y, the sample mean Y is not.
Consider now Dixon’s outlier model, namely, (n — j) observations come from normal
N(u, 02) and j (we do not know which) come from N(, 962). For n = 20, the relative efficiency of
the sample mean
E = 100{V (ltrrim)/V(Y )}

is only 84 and 72 percent for j = 1 and 2, respectively. Realize that like Y, [l1,im, is an unbiased
estimator of p for this outlier model. Another plausible alternative is Tiku's outlier model
(Tiku, 1975c¢; 1977; Hawkins, 1977) which will be considered in later chapters.

We will introduce Huber (1964) M-estimators of u in Chapter 2 and show that they are
remarkably efficient and robust for long-tailed symmetric distributions but not for skew and
short-tailed symmetric distributions.

In Chapter 7, we develop another estimator based on a censored normal sample. The
estimator is denoted by I, and called MML (modified maximum likelihood) estimator; i is
also a robust estimator of p and has a neat distribution (normal, for large n), and its variance
is very easy to compute (variances and covariances of order statistics are not required); see
also Appendix 2E (Chapter 2).

For the normal distribution N(u, 62), the MVB for estimating o is MVB(0)=1/{— E(6°InL/

002)} = 0%/2n. For large n, s is fully efficient. Realize that ¥ and s are uncorrelated, in fact,
independent. For non-normal distributions, the variance of s is

1
V(s) D(1+E7\4) o?/2n, A, = (u,/u,%) -3, (1.2.9)
for large n. The result (1.2.9) follows from the fact that for large n (Roy and Tiku, 1962),

1
V(s?) 02 (1+E)\4) a*/n, (1.2.10)
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and if g(x) is a regular function of x then
V{g(X)} O[g'(W)]? 0% p = E(X), V (X) = 0% (1.2.11)

The equation (1.2.11) follows from a Taylor series expansion; see, for example, Meyer (1970, p.
139). It is seen that the variance of s (and s?) heavily depends on the population kurtosis p,/j,?
(= 3 for anormal distribution). For the family (1.2.4), A, is positive and decreases with increas-
ing p. It is, in fact, infinite for p < 2.5. Clearly, s is not a robust estimator.

We now discuss the robustness of hypothesis testing procedures for testing assumed
values of the population location and scale parameters.

1.3 ASYMPTOTIC ROBUSTNESS OF THEt TEST

Lety,,Y,,..., ¥, be a random sample from a normal population N(j, 02). To test an assumed
value of y, Hy: 1 = 0 (say) against H;: pu > 0, the t statistic is employed:

t=/nyis; (1.3.1)
y and s? are the sample mean and variance. Large values of t lead to the rejection of H, in
favour of H,. Under the assumption of normality, the test is UMP (uniformly most powerful).
The null distribution of t is the Student t with v=n -1 d.f. For large n, the null distribution of
tis normal since ¥ is normal N(, 2/n) and s converges to ¢ as n tends to infinity. For assess-
ing the effects of non-normality on the t test, we let the distribution of y be one of a reasonably
wide class of distributions with mean p and variance 62, and finite cumulantsk,, r 2 3 (k,= 6?).
Since the variance of s (equation 1.2.9) tends to zero as n tends to infinity, s/o converges in
probability to 1 (Kendall and Stuart, 1969, p.286). Further, by the Central Limit Theorem, the
distribution of \/ﬁ()_/ - W/o converges to normal N(0O, 1) as n tends to infinity. Thus, by Slutsky's
theorem (see Rao, 1975, Chapter 2), the distribution of t converges to normal N(0, 1) as n tends
to infinity. The asymptotic distribution of t is, therefore, normal N(O, 1) irrespective of the
underlying distribution. Thus, the t test has criterion robustness (asymptotically).

The power function of the t test for testing H, against H, above is asymptotically
Pit=t,(v)OH]OPZ22z,-.§),v=n-1, (1.3.2)

where & = n(u/0)? is the noncentrality parameter; Z is normal N(0, 1) and z,, is its 100(1 — a)%
point. Thus, the asymptotic power function of the test is insensitive to the underlying distribu-
tion. In the traditional sense, therefore, the t test is robust. However, we will show that the
test does not have efficiency robustness in terms of having high power, although it has crite-
rion robustness at any rate for large n.

1.4 COMPARING SEVERAL MEANS

As an extension of the one-sample t test above, we now consider the problem of comparing c
means (c = 2). Let

Yiv Yigr--Yin, (1=1,2,...,€) (1.4.1)
be independent random samples from ¢ normal populations N(j;, 6%). One wants to test the
null hypothesis H, = |, = |, =...= y, against the alternative H, =y, # ; (for some i and j). The

test is based on the F statistic (Lehmann, 1959, pp. 268, 313),

n;

C n; C
F= SbZ/SeZ' Vi = z yij/ni Ly = z z yu/N, N = Z n; (1.4.2)
j=1 =1 j=1 =1
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C
(c-1)s2=5S, = Elni()_/i -v)? is called “block” sum of squares, and (N — €)s2 =S, =

c n . .
>3 (yij —yi)z is called error or “within” sum of squares.
i=1j=1

Large values of F lead to the rejection of H, in favour of H,. The distribution of F under
H, (null distribution) is central F with degrees of freedom v, =c -1 and v, = N —c. The distri-
bution of F under H, (non-null distribution) is noncentral F with degrees of freedomv, and v,
and noncentrality parameter

¢ c
A=) il -W?e®, B=Y nimiN (1.4.3)
=1 =1
For details about a noncentral F distribution, one may refer to Biometrika Tables (Pearson

and Hartley, 1972). See also Tiku (1965, 1985 b).

Asymptotic robustness: Using exactly the same argument as in Section 1.3 above, it
follows that asymptotically the null distribution of F is central chi-square with v, degrees of
freedom. The non-null distribution of F is noncentral chi-square with v, degrees of freedom
and noncentrality parameter A. For details about a noncentral chi-square distribution, one
may refer to Tiku (1985a). Since A in (1.4.3) does in no way depend on the underlying distribu-

tion, and y; (and Y) are asymptotically normal and s_? converges to 02, the F test above is
robust (asymptotically) in the traditional sense. However, we will show that the F test does not
have inference robustness, although it has criterion robustness (for large n;, 1 <i <c). In fact,
we will develop tests in later chapters which have both the criterion robustness as well as the
efficiency robustness (as defined in the Preface); see also Tiku et al. (1986, Preface).

1.5 ROBUSTNESS OF t AND F FOR SMALL SAMPLES

We have shown above that both t and F tests are asymptotically robust in the traditional
sense, namely, they have the stability (from distribution to distribution) of both the type I
error as well as the power. In practice, however, we seldom have very large samples. There-
fore, the asymptotic robustness of the tests is hardly a consolation. To study the robustness for
small sample sizes, several investigations have been carried out; four excellent review papers
by Tiku (1975 a), Cressie (1980), Ito (1980), and Tan (1982a) discuss the major works on this
topic. The method based on Laguerre expansion, due to Tiku (1964; 1971 a, b), is known to
have wide applicability; see Tan and Wong (1977, 1980), Tan (1982a), and Tan and Tiku (1999).
Therefore, we adopt this approach here. We first consider the two-sample t statistic

_ — 2 2 n;
V1Y, o, (= Dsyt (N =Ds,t ., 1 L —v.)2,
t= S = ,Si = n, _1j:zl(y|j y|) (1.5.1)

' n,+n, -2
s+ 1 1+
ng Ny
and the F statistic (1.4.2). Since t? is the same as F withv, =1 andv,=n, + n,- 2, we will only
consider the F statistic. In order not to interrupt the development of the subject matter, some

of the details which are mathematically involved are deferred to Appendix 1B. Here, we only
give the main steps in deriving approximations to the distribution of F for small sample sizes.
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1.6 DISTRIBUTION OF F UNDER NON-NORMALITY

To derive the null distribution of F under non-normality, we adopt the approach of Tiku (1964).
Consider the following fixed-effects model with ¢ blocks and n observations in each block
Yi=u+b+e; (i=1,2.,¢cj=12..,n), (1.6.1)
where | is a constant, b, is the effect due to the i th block, and g; are independently distributed
random errors all with mean zero and variance o?. Specifically, the distribution of g; =1
2,..., n) has the finite cumulants
Kyir Koy Kgiy Kyjreeaneen ;i =0. (1.6.2)
Note that we are not assuming the error distributions to be identical from block to block
except that they have the same variance k, = ¢2.
Define the rth standard cumulant of the error distribution in the ith block as (i=1, 2,..., ¢)

K K

A =KlK,? (r=3,4,.) (1.6.3)
Consider the identity
C n n C n
z (yij _)7..)2 =n z ()7| _)7..)2 + z z (ylj |
=1 j=1 =1 =1 j=1
=S, +S, (1.6.4)

where y; = Z y”/n is the ith block mean and y_ _E lZlyu/nk is the grand mean. As said

earlier, the components S, and S, are called block SS (sum of squares) and error SS withv, =c
—1andv,=c(n-1) =N -cdegrees of freedom, respectively. Write

X =S§,/20% and Y =S /202 (1.6.5)
and let f(X, Y) denote the joint pdf of X and Y. Denote the Laguerre polynomials (Appendix 1B)
by L, M™(X) (r =1, 2,......). Tiku (1964) makes

f(x,y) = {z z By L™ (x) L (y)} P (X) P(Y), 0 <X,y < oo, (1.6.6)
r=0s=0

withm=v, /2 and k =v,/2;

1
r(m)
and, similarly, p, (Y). The expressions for the Laguerre polynomials and some of their proper-
ties are given in Appendix 1B.

By virtue of the orthogonality property of Laguerre polynomials (Appendix 1B.3), we

m+r-1\(k+s-1
B = EIL™ (OLM(Y)] / ( . )( . ) (1.6.7)

What we seek here is an approximation to f(X, Y). To that end, we consider the partial

e XXMl 0< X <oo,

P(X) =
get

sum

0N 0 { T8 Bl ™ OLY)| PP ) 0<xy <o (168)
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The coefficients work out in terms of the standard cumulants A ;, r > 3. Write
1 1<
O =2 Zl A and (AA) = Zl Aiksi = (A )N, (1.6.9)

Note that the latter is zero only if the error distributions are identical from block to
block. For simplicity in algebraic presentation, the brackets in (1.6.9) will be dropped.

From (1.6.7), the coefficients ., work in terms of the product moments

E[X"YS] = (2;} ELS, — E(Sy)" (S, — E(S)]. (1.6.10)

The values of E[S,"S_®] are given in David and Johnson (1951). After some laborious but
straight forward algebra, we obtain the following (Tiku, 1964):

Boo =1, Byp = By =0,
Vq 1 vV,

=1 =—A =—— A
Po N(vl+2))\4'511 N 4, Boo N(v, +2) %’
1 V12 2 2 2
Bo =~ No T DT ) o Ag Ay~ DA+ (100, - dvy + A
1 Vo 2, 2 2
= =l _E N +ANSS+—(2V, +V,)A
1 Vi 2
= ———————<—=\s +4A
Par N(v1+2){N ° 3}
1 vy 2 2
Bo = - N (v, +2)(v, +4) WA6+4(V2_V1_1)0\3 *As)
2 2

and so on . It should be noted here that B, r + s < 4, are all the coefficients to order N=3 (see
David and Johnson, 1951); the second-order coefficients in (1.6.11) involve only the fourth-
order standard cumulants, i.e. A ,; third-order coefficients involve only the sixth-order stand-
ard cumulants, i.e. A\;,A;% and A,?, and so on.

By virtue of the following property of Laguerre polynomials (Sansone, 1959)
0 for r>n

- " oo -
T x”Lr‘me)pm(x)dx:{(m o 1) for r=n: (1.6.12)

it is not difficult to work out the product moments E(X"YS) from (1.6.8)-(1.6.11). For r + s
< 4, they agree with the expressions given in David and Johnson (1951).

1.7 DISTRIBUTION OF THE ONE-WAY CLASSIFICATION V ARIANCE RATIO

Since the error distributions are not necessarily normal, we write w =s,%/s, > = (N —¢)S,/(c — 1)S,
(N =nc); the ratio w is denoted by F if the error ditributions are all normal. Submitting (1.6.8)
to the transformation

Vv )w=XIY (v;=c-1,v,=N-c) (1.7.1)
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and integrating over Y from zero to infinity, we obtain a Laguerre series approximation to the
distribution of w, namely,

P(W) OpW) +  H > BrsPrs(W), 0<w <, (1.7.2)
2<r+s<4
Po(W) = p(w; v,/2, v,/2) is the normal-theory F-distribution and the other terms may be called
corrective-functions due to finite population cumulants and are given by (see also Tan and
Tiku, 1999)

FWaR2+0TV2+8) « i (1) | = (o i _ . |
T T2 Fval2) ZO( 1) m LZO( 1) [j]p(w,vl/zﬂ,vz/zﬂJ, (1.7.3)

(V,/v,) 72T w21
X .
BV, /2+71,V,/2+5) 1+ (Vllvz)w}(vl+vz)/2+r+s
Forr =s=0,(1.7.4) reduces to a central F distribution with degrees of freedomv, and v,
which is the distribution of w if the errors g;; are all normally distributed. Note that (1.7.4) is

not a central F distribution with degrees 01‘J freedom v, + 2r and v, + 2s as is generally per-
ceived.

Moments of w: It is easy to show that for a = 0,

p(w; v /2 +1i,v,/2 +j) = (1.7.4)

o 2+r+ 2+s-—
j WP (W Vy/2 + 1, v,/2 + 5) dw = POAZ ¥ T +8, V51245~ 2) (1.7.5)
0 (Va/V2) " B(Va/2 +1,V,/2 +9)
so that the at" order moment of w can be expressed in the form
EWY) OB+ » > BrsBrs (1.7.6)

2<r+s<4
B, are given in Tiku (1964, p.86). For example fora=1and a = 2, B, is equal to
V,/(v,—2) and v,2 (v, +2)lv (v, - 2)(v, - 4), 2.7.7)
respectively. To order N=2, we obtain the following expressions for the mean and variance of w:

> 2 1
Ew) 01+ 2+ 2 A2+0[ = 1.7.8
w01+ Ze 2ingt vof ) 178)
and Vw) 02 1+w—i>\4+L/\32+o(i2) . (1.7.9)
2 N N (v, +2)N N

Realize thatv, = c—1is fixed (and is not too large an integer), and N = nc increases with
n. Itis interesting to see that A,? appears in both E(w) as well as V(w), but A, appears only in
the latter. One would, therefore, expect the kurtosis to be of consequence in the computation of
the probability P(w = w), but if the error distributions in the blocks are not identical, this
probability would be seriously affected by skewness. See also Senoglu and Tiku (2002).

Probability integral: We are interested in the value of the probability P(w,)
=P{w = wg} which from (1.7.2) works out to be

P(wg) = _f: p(w)dw OPg(wp) + Z Z Brslrs(Xo); (1.7.10)

2<r+s<4
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where P(w,) is the normal-theory tail area, and

_ T2+ 0T (vpl2+5) SN
o) = ST (v, 72) T (v,12) ZO( &

r| < (s ) )
(')LZO ) (J) Iy, (Vo/2+ ], v/2 + o] (1.7.11)

1 (X a .
Xo = 1{1 + (v,/v,)wp} and I (a, b)= 3@.b) jo u*™ (1-u)°du

is Karl Pearson’s incomplete Beta function. Using some recurrence relations (Tiku, 1964), the
functions I (x,) simplify. For example,

1
0= 7 A{(v, = 2) = (v + V,)X0}

1
1,07 =5 Ao = (Vg +V,)%} (1.7.12)

1
Iy o= " A{(v, +2) = (v, + V)X,}

A= X2 (1= %) IB(v,/2,v,/2),

and so on.

Retaining only the terms of order O(N=?) in (1.6.11), the formula (1.7.10) can be written
as

P(w,) OPy(wy) —A A +A;2B +A2C+AD-A2E-)\F (1.7.13)

where P, (w,) is the normal-theory value and A, B, C, D, E, and F are non-normality corrective-
functions. They are expressions in terms of I (w,), and are tabulated in Tan and Tiku (1999,
pp. 74-79) for n;=1(1)10, 12 and 24, and v, = 2(1)10, 12, 15, 20, 24, 30, 40, 60, 120 and o, for
values of w, for which the normal-theory value P (w,) is equal to 0.05 and 0.01 (i.e., the nor-
mal-theory 5 and 1 percent significance levels); see also Tiku (1964, Table 3). We give their
values in Appendix 1C for a few representative values of v, and v,. The values give an idea
about the relative magnitudes of the terms in (1.7.13).

Numerical values: We now present some numerical values computed from (1.7.13).
They give the type | error under non-normality, the corresponding values under normality
being 0.050. The A, term in (1.7.13) has been ignored although its contribution can be consid-
erable for some populations. We consider two cases: (i) two blocks (v, = 1), and (ii) four blocks
(v, = 3). We cover both the situations when the error distributions are not identical from block
to block, and when they are identical. The values are given in Table 1.2 reproduced from Tiku
(1964, p.89). It can be seen that the type I error is seriously affected if the error distributions
are not identical; the type | error usually goes up. In such situations, therefore, the normal-
theory F test does not have criterion robustness. If the error distributions are identical, there
is no serious effect on the type I error unless the kurtosis A, is large in which case the type |
error usually goes down which, of course, is not an undesirable phenomenon provided it does
not pull down the power with it. Unfortunately, it does exactly that as will be seen later.
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Gayen’s contribution should be noted here. Gayen (1950) assumed that the error
distributions from block to block are identical and obtained the exact joint distribution of X
and Y, and that of w. He assumed, however, that the distribution is exactly given by the first
four terms of the Edgeworth series, that is, the probability density function of z = eijlo (for
all i and j) is given by

f(z) = 1+)\63 H3(z)+ H4(z)+)\4 He (@) | 9(2), —<z<ow, (1.7.14)

where @(z) = (2m)V2 exp (— z%/2) and H (z) is the Hermite polynomial of degree r (Szego, 1959).

We note, however, that by neglecting cumulants of order greater than 4, his expression for
P(w,) is in perfect agreement with (1.7.13) with A;2, A, and A,? equated to zero. However,
Barton and Dennis (1952) have shown that (1.7.14) has non-negative ordinates only if 0< A, <
2.4 and A\,2 < 0.2 so that Gayen’s result is of limited applicability.

On the other hand, Tan and Wong (1977) have studied distributions like (1.6.8) and
concluded that they represent plausible distributions for a much wider range of A, and A, (and
higher cumulants) than those anticipated by Gayen (1950).

EXAMPLE 1.1: Suppose that the underlying distribution is one of the three distributions
described by E. S. Pearson (1963, pp. 101-102) under his “Case B”, namely, the Pearson type IV
curve (see also Tiku et. al., 1986)

2\ a
fy) O (1+y—zj exp (—dtan'l X],—oo <y<o, (1.7.15)
a a

the noncentral t distribution

g2 ) vi?/2 tr
f(y) O (1+T} exp (_ v+l } Hh, £_ WJ (1.7.16)

v —(u+y) ’Zdu —0<y<oo,

hV
FW+D
and the Johnson S, curve (Johnson, 1949, 1965)

1 L
f(y) O (cosh™1y) exp [— > (Yo + Y, sinh 1y)2}, — 0 <y <o, (1.7.17)

for which )\32 =0.58, A, = 1.23, have very similar distributions within the range of significance
frequency and all have values of A, and A4 not far from 3.0 and 11.0, respectively. Here, A, and
A,? are both zero and from the remaining terms in (1.7.13),

P(w,) 00.050 - 1.23(0.00296) + 0.58(0.00147) + 11.0(0.0026) — 1.5129(0.00076)
=0.0489 forv,=1landv,=8;

P(w,) 00.050 - 1.23(0.00240) + 0.58(0.00097) + 11.0(0.00015) — 1.5129(0.00040)
=0.0487 forv, =4 and v, = 20.
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Table 1.2: Values of non-normal type | error P(w,), the normal-theory
type | error is P (w,) = 0.050.

Cases where A, and A, differ with the blocks

Two blocks Four blocks
(1) (2) (3) (4)

t )\St )\4t }\St }\4t t }\St )\4t )\St )\4t
1 1.5 1.0 1.5 3.0 1 -15 1.0 -15 3.0
2 -15 1.0 -15 3.0 2 1.5 1.0 1.5 3.0
3 0.5 1.0 0.5 3.0
4 -0.5 1.0 -0.5 3.0

VZ V]_ =1 V2 Vl = 3
6 0.091 0.073 6 0.061 0.040
8 0.087 0.074 8 0.060 0.041
12 0.080 0.073 12 0.058 0.045
24 0.068 0.066 24 0.056 0.050
40 0.062 0.061 40 0.054 0.051

Cases where A, and A, are identical for all blocks

v, A,=15,=1.0 A,=15,=3.0 v, A=A, =10 A;=1.0,)1,=3.0
6 0.051 0.033 6 0.051 0.029
8 0.050 0.037 8 0.049 0.030

12 0.049 0.042 12 0.048 0.035

24 0.049 0.046 24 0.048 0.042

40 0.050 0.048 40 0.048 0.045

It is clear that the effect of the foregoing non-normality on the normal-theory value 0.050 is

negligible, even for values of v, as small as 8.

EXAMPLE 1.2: Another important situation from a practical point of view is when the under-
lying distribution is a mixture of two normals, for example,

0.90N(y, 6?) + 0.10N(u, 40%) (scale mixture)

with mean p and variance k,= 6= 1.3, and A,2 = 0, A, = 1.4379 and A, = 13.2726.
Here, P(w,) 00.050 —1.4379(0.00296) + 13.2726(0.00026) — 2.0676(0.00076)
=0.0476 forv,=1andv,=8;
P(w,) 00.050 —1.4379(0.00240) + 13.2726(0.00015) — 2.0676(0.00040)
=0.0477 forv, =4 and v, = 20.
Again, the effect of this non-normality on the normal-theory type | error is negligible.

(1.7.18)
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The contribution of Subrahmaniam et. al. (1975) may be noted here. They evaluated the
exact values of the type | error when the underlying distribution is
TIN(Y, 62) + (1 — TN(u + 30, ¢?) (location mixture) (1.7.19)
and found them not very different from the normal-theory value.

EXAMPLE 1.3: In some situations, the underlying distribution is symmetric and short-tailed
(A, <0). Consider, for example, the uniform distribution
fly)=1/(6,-6,), 6,<y<8, (1.7.20)
For this distribution
A22=0, \,=-12 and A, =6.8567
Here, P(w,) 00.050 + 1.2(0.00296) + 6.8567(0.00026) — 1.44(0.00076)
=0.0542 forv,=1andv,=8;
P(w,) 00.050 + 1.2(0.00240) + 6.8567(0.00015) — 1.44(0.00040)
=0.0533 forv, =4 and v, = 20.

The effect of short-tailed symmetric distributions is in general to make the type I error
larger than its normal-theory value, although not by appreciable amounts.

There are situations when one is interested in testing hypotheses about location para-
meters but the underlying distributions are extremely non-normal, either symmetric or skew
(Cauchy and exponential, for example). Some of these distributions do not even have a finite
mean. In such situations, the formula (1.7.13) cannot be expected to give close approximations
since it ignores higher cumulants and, in spite of the fact that the correction terms due to
these cumulants are of order O(N-?), their contributions could be considerable. However,
Donaldson (1968) carried out a Monte Carlo investigation to study the effect of such depar-
tures on the type | error of the F test above. His results are given in Table 1.3. It is seen that
the effect of such extreme departures from normality is in general to make the type | error

Table 1.3: Simulated type | error of the F test, normal-theory value is 0.050.

v,=3(c=4)
n v, Normal Exponential Log-normal
4 12 0.048 0.041 0.035
8 28 0.047 0.040 0.034
16 60 0.048 0.047 0.037

smaller than its normal-theory value. We reiterate that this phenomenon is not undesirable
from a practical point of view unless, of course, it has no substantial downgrading effect on the
power of the test. Unfortunately, it has and pulls down the power. We will develop precedures
in later chapters which have considerably higher power in such situations.

The pioneering work on the robustness of classical procedures of the then GDR group
headed by D. Rasch (see Rasch, 1980, and the references cited there) may be noted.

1.8 NON-NORMAL POWER FUNCTION

As said earlier, the null distribution of F under the assumption of normality is central
F with degrees of freedom v, =c -1 and v, =N — ¢ (N = nc); the non-null distribution is
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C
noncentral F with degrees of freedom v, and v, and noncentrality parameter A =n ¥ (b;/o)?.
i=1

To find the non-null distribution of F under non-normality, Tiku (1971b) developed a Laguerre
series expansion. He assumed that the error distributions are identical from block to block.
Let A, =k/o" (r = 3, 4,......) be the rth standard cumulant of the error distribution, and write

C C
t=n) (bifo)® and3=nY (bi/0)*; (1.8.1)
i=1 =1
T and o are noncentrality parameters of order 3 and 4, respectively, where the
noncentrality parameter A (of the non-null distribution of F under normality) is of order 2.
Proceeding exactly along the same lines as in Sections 1.6-1.7, an approximation to
order N2, for the non-normal power 1 — BYof the F test can be obtained (Tiku, 1971b):
1-BO0(@ -B) —A,TA +A,(B + B;0) —A2C + A, ID —AE + A 2H (1.8.2)

where 1-B= jF p(F, H,)dF (1.8.3)

is the normal-theory power and the remaining terms are non-normality corrective-functions.
It may be noted that p(F, H,) in (1.8.3) is a noncentral F distribution with degrees of freedom
v,=c—1andv,=N-c (N =nc) and noncentrality parameter A. The numerical values of A, B,
B,, C, D, E and H are given in Tiku (1971b, Table 3). These values give an idea about the
relative magnitudes of the non-normality corrective-functions.

Tiku (1971b, Table 1) computed the values of the difference B-B"” for numerous non-
normal populations. He concluded that the effect of moderate non-normality on the power of
the F-test is unimportant. However, A, has a greater effect on the power than A,2. The follow-
ing expressions of the mean and variance are of interest:

A 2 1 1
"Oj1+— |1+ = |+ —AMA+O| — 1.8.4
. [ Vl)( N) VN (NZ) -
2
and uZDE p+2 (1+V1+6) e M| giPr2) P [y A A,
plvy+2 N vy 2 N (p+2 vy

1 p+2 A 2 A 1
- = 1+— [A N - 1+ 2 oa+ofl L) N
NV1+2[ Vl) 4 N(v1+2)(v1+2)\)( Vl) 4 (Nzﬂ' (1.8.5)

p = (v, + A)?/(v, + 2)). Note that the kurtosis A, enters both, the mean as well as the variance.
The effect of the kurtosis A, generally is to diminish the power of the normal-theory F test.

The contribution of Srivastava (1959) may be noted here. He assumed the underlying
distribution to be the Edgeworth series (1.7.14) and obtained the exact non-null distribution of
F. If we ignore the terms in A, and A, (1.8.2) completely agrees with his expression.

1.9 EFFECT OF NON-NORMALITY ON THE t STATISTIC

Lety,,Y,,....y, be a random sample of size n from a normal population N(u, 2). To test

the null hypothesis H, : p = 0 against the alternative H, : u # 0, the statistic t = Jnyis is
employed. Large values of | t | (or t?) lead to the rejection of H, in favour of H,. To study the
effect of non-normality on the type | error and the power of the | t | test, write
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X = (Vny)2202 and Y =ns?202;
n
v=n-1,02=% (Vi ~¥)’/(n-1). (1.9.1)
=1
Tiku (1971a) developed a Laguerre series expansion for the joint distribution f(X, Y) of X and
Y. Proceeding exactly along the same lines as in Section 1.8, he obtained to order O(n=°?2), an
approximation to the power

1-BO=Prob{Jt]=t, | H I} (1.9.2)
of the | t | test. His formula is similar to (1.8.2). In fact,
1-BO0@ =B) +AA+A,B=A2C—AD +AAE - AF +2A,2G+ A\ H. (1.9.3)

The expressions for 1 — 3, A, B, etc., on the right hand side involve the noncentrality
parameter d = n(u/o)?; if we equate it to zero, 1 — B”reduces to a”(the non-normal type I error),
1 —B reduces to a (the normal-theory type | error) and the remaining terms reduce to the non-
normality corrective-functions (to correct the normal-theory type | error a).

Gayen (1949) and Srivastava (1958) assumed the underlying distribution to be the
Edgeworth series (1.7.14), and obtained the exact formula for a”(the non-normal type | error)
and 1 —B"(the exact non-normal power) of the | t | test. Their expressions are exactly similar
to (1.9.3), but they have worked out corrections only due to A;, A, and A2 Our formula above
includes corrections due to a number of population standard cumulants other than these three.
Calculations show that the agreement between their formulae and the first four terms in
(1.9.3) is very good. Note that Srivastava (1958, Table 1) considers only one-sided alternatives
H, (1 > 0) and, therefore, the non-normality corrections in his formula (3) should not be con-
fused with similar terms in (1.9.3).

EXAMPLE 1.4: Consider the Pearson distribution given in (1.7.15) withA;=0.76,A,=1.23,
A;=3.0 and A;=11.0, and v = 10, d = 1, and normal-theory type | error equal to 0.050. We
calculate the value of the non-normal power 1 —B" the values of A, B, C,..., in (1.9.3) are given
in Tiku (1971a, Table 3):

1 - p700.146 — 0.76(0.1272) + 1.23(0.0091) + 0.58(0.0010) + 3.0(0.0021)
—0.93(0.0014) — 11.0(0.0005) + 1.51(0.0016) + 2.28(0.0010)
= 0.065.

It is seen that the normal-theory power 0.146 reduces to 0.065, a substantial reduction.
Similar calculations reveal that the type I error is almost the same as its normal-theory value
0.050. In other words, as far as the distributions (1.7.15)-(1.7.17) are concerned, the t test has
criterion robustness but not efficiency robustness.

Tiku (1971a, Table 1) calculated the values of 1 — B"for non-normal populations. For
=0, 1 — B reduces to the non-normal type | error a”. He compared these values with the
corresponding normal-theory values 1 — 3 and a, respectively. He concluded that the effect of
Ag,say | A; | > 0.5, on the type | error and power of the two-sided t-test is considerable; the
effect of other standard cumulants is unimportant.

Concluding remarks: For non-normal populations with finite cumulants, the exact
distribution f(X, Y) of X = S,/20? and Y = S_/20? is expanded as an infinite series in terms of
Laguerre polynomials and gamma density functions (Tiku 1964, 1971 a, b; Davis, 1976; Tan,
1982a; Tan and Tiku, 1999). An approximation to the distribution is obtained by retaining
terms of order up to 4. The non-normal distribution of w = s,/ ? is obtained by a variable
transformation. Alternatively, by assuming an Edgeworth series distribution, Gayen (1949,
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1950) and Srivastava (1959) obtained the distributions of w and t. From the numerical compu-
tations presented above and those of Gayen (1949, 1950), Srivastava (1959), Donaldson (1968),
Tiku (1964; 19714, b) and Tan (1982a), the following conclusions are drawn:

1. For the F test, if the distributions are identical from block to block and the departure
from normality is moderate and if n, = n,=...=n, = n (balanced design), the type I error
and the power are quite insensitive. However, for severe departures such as exponen-
tial, log-normal and Cauchy distributions, the effects are quite considerable even if n, (1
<i<c)are all equal. In general, the effects of departure from normality are more pro-
nounced for unbalanced designs (n;#n, i =1, 2,..., ¢) than for the balanced designs. If the
error distributions are not identical from block to block, the effects on the type I error
and the power are devastating (high type I error but low power) irrespective of whether
the design is balanced or not.

2. For the t test if the underlying distribution is symmetric but the departure is moderate,
the type | error and the power are quite insensitive to non-normality. For skew distribu-
tions with skewness | A; | > 0.5, the effects are quite considerable often resulting in
high type I error and low power as compared to the normal-theory values.

From the results above and various other studies (Benjamin, 1983; Bradley, 1980; Geary,
1947; Lee and D’'Agostino, 1976; Lee and Gurland, 1977; Pearson, 1931; Pearson and
Adyanthaya, 1929; Posten 1978, 1982; Posten et al. 1982; Rasch, 1980, 1983; Sansing and
Owen, 1974; Tan, 1977), it is concluded that the t and F tests make good hypothesis testing
procedures (i.e., they have type | error close to the presumed value and have high power) only
if the underlying distribution is normal or close to it. One would, therefore, prefer those test
procedures which have criterion robustness (type | error not substantially higher than a pre-
sumed level) and have also efficiency robustness (i.e., they have high power) over a reasonably
wide range of distributions. Several such tests will be presented in later chapters.

1.10 TESTING EQUALITY OF TWO VARIANCES

Let y;,.....Yin, (i =1, 2) be two independent random samples from the normal populations

N(y;, 0;%). To test the null hypothesis H, : 0,2 = 0,2, the classical F test is based on the ratio
of the two sample variances
n, N3
2= ) (u-y)ni-1) and s2=% (yai-¥2)’Mn, -1, (110.0)
1=1 1=1
The convention is to place the larger sample variance in the numerator. If s 2 is the
larger sample variance then the F statistic is defined as
F=s,%s,? (1.10.2)
Large values of F lead to the rejection of H, in favour of H, : 0,2 > 0,2 The null distribu-
tion of F is central F with degrees of freedomv, = n, —1 and v, = n,— 1. The power of the test is
given by
1-B=P{F=2(0,%/0,%) F (v, V,)} (1.10.3)
where F is the 100(1 — a)% point of the central F distribution.
To derive the null distribution of F under non-normality, write X = (n, — 1)512/202 and Y
= (n, —1)s,%/202. The distribution of X and Y can be expressed in terms of Laguerre polynomi-
als (Tiku, 1964; Tan and Tiku, 1999).
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f(x, y) = {Z ol ™ (X)Pm (y)} x {Z A5zl (V)P (y)}, O<x,y<e, (1.10.4)
r=0 s=0

since X and Y are independently distributed; m=v,/2=(n,-1)/2and k =v,/2 = (n,—-1)/2. The

coefficients Oy and Oy work out in terms of the standard cumulants
N = Kol and Ay = K fk2 (12 3) (1.10.5)
of the two populations, respectively. For example (i = 1, 2)
— — _ Vi A
Oopy =1 034 =0, Oy = v, + (v, +2) 4(i)»
1 Vi2 2
L= — Aey F4(V: — DA
U507 D, D, + 4 [, +1 o0 T TR (100

and so on. Again,a,; involve the standard cumulants of order 4 only, a,, involve standard
cumulants of order 6 only, and so on.

Proceeding exactly along the same lines as before, an approximation to the non-normal
probability Prob {F > F_(v,, v,) |H} is obtained. To order o(n2),n= min(n,, n,), the formula
includes terms inA, ), )\30)2, Azhs) )\6(i),)\4(i)2 andA,;\A,,)- From numerous computations it is
seen that the non-normal type I error a”is considerably larger than its normal-theory value,
irrespective of how large v, or v, are. Consider, for example, the situation when both the sam-
ples have the Pearson distribution (1.7.15). The values of the type | error under this non-
normality are given in Table 1.4. It is seen that the F test (1.10.2) is very sensitive to non-
normality and the type | error is considerably higher than the normal-theory value irrespec-
tive of the sample sizes. This is a very undesirable phenomenon.

Mean and Variance: The following expressions of the mean and variance also reflect
on the sensitivity of F ='s,2/s,2 to non-normality; n = min(n,, n,):

Table 1.4: Values of type | error under non-normality, normal theory value is 0.050.

Vs
2 4 6 8 12 24
4 0.058 0.059 0.059 0.059 0.059
8 0.062 0.065 0.066 0.067 0.067
12 0.063 0.067 0.070 0.072 0.073
24 0.062 0.068 0.073 0.078 0.082
2 2 Ay 1 sy Ao . 3Na
b =1+ [1+= |+ 2001 = —30) 0@ T 4@ 4 o(n) (1.10.7)
Vo Vo Vo Vo v, Vo Vo
A A 8502
and MZ:£+i 140 |y (g 1) My S -2
Vi Vo Vy Vi Vi Vo Vs v,

2
_2hen | Phay” |, Bhamlagy

2 2

+0(n3) (1.10.8
v, v, ViV, ()« )
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If the variance s, in the denominator is calculated from a normal sample, then A ; =0
for all i = 3. In that case, (1.10.7)-(1.10.8) reduce to
A
ul'D1+£(l+£) and u252+2[1+6)+4<”[1—1). (1.10.9)
Va Vo Vi V2 Vi Vi Vi

The effect of non-normality persists but is not as pronounced as in situations where
both samples come from non-normal populations.

EXAMPLE 1.5: Consider the following Darwin’s well-known data (Fisher, 1966) which repre-
sent the differences (in heights) between cross-and self-fertilized plants of the same pair grown
together in one pot:

49 -67 8 16 6 23 28 41 14 29 56 24 75 60 -48

The problem is to estimate the difference d and to test the null hypothesis H,:d = 0
against the alternative H, : d > 0. Fisher assumed normality and obtained the folowing ML
estimate:

— s 37744
d =20.933 with standard error + — = =+9.745
Jn  J15

He then calculated the t statistic

t =415 (20.933)/37.744
= 2.15 (99 percent point is 2.62)
and concluded that there is no overwhelming reason to reject H,,.

We will show in Chapter 8 that this conclusion is erroneous resulting from the wrongful
assumption of normality. By using a robust test we will show that H, should be rejected even
at 0.1% significance level, let alone the 1% significance level considered by Fisher (1966).

SUMMARY

In this Chapter, we discuss the efficiencies of the sample mean ¥ and the sample vari-
ance s2. We show that they are inefficient unless the underlying distribution is normal or close

to it. We show that for long-tailed symmetric distributions, the Tukey estimator [l based on
censored samples is enormously more efficient than Y. We develop a Laguerre series expan-
sion for the joint distribution of Y and s?. By a variable transformation, we derive the distribu-

tion of the classical Student statistic t = \/ﬁy_//s under non-normality. We evaluate the effect of

non-normality on the type | error. We show that it is not substantial but the power of the test
is greately diminished. In other words, the classical t test has criterion robustness but not
efficiency robustness. We extend the results to testing the equality of ¢ (= 2) location param-
eters in the context of experimental design. We show that if the observations in the blocks are
nonidentical, the type | error (let alone the power) of the classical F test is affected drastically.
We give numerical examples to illustrate these findings. We develop a Laguerre series expan-
sion for the distribution of the ratio of two independent sample variances w = s,?/s,%. We show
that the distribution of w is very sensitive to deviations from normality.
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APPENDIX 1A

EXPECTED VALUES AND VARIANCES AND COVARIANCES

Lety ) <Yy S - <Y, be the order statistics of a random sample of size n from a distribution
of the type 81/0)f ((y /o). Write z = (y — p)/o and

Zy {y(r) uHo, 1<r<n. (1A.1)
The probability density function of u = Z |s given by (David, 1981, p.9)
n!

PW) =y n =t [FUIT L= FI™ fu), —e<u<e, (1A2)

where F(z) = J-Z f(2)dz is the cumulative distribution function. The joint probability density

function of u =z andv =z (r <s) is given by (David, 1981, p. 10)

n!
PUV) = (T2 i s—r=1)1(n =g [FWI™ [FOV) - Fu)F

x[1-FW)]™=f(u) f(v), —o<u<v<o. (1A3)

EXAMPLE 1A.1: Consider the uniform distribution U(0, 1) : f(y) =1, 0 <y <1, with F(z) = z.

n!
(r—1)!(n—r)!u

which is a beta distribution B(r, n —r + 1), and

Here, p(u) = T @-ur, 0<u<l, (1A.4)

— n! r-1 S—r— _\\N-S
PNV = s r=Dinog Y VWA=V

O<u<v<1l (1A5)
The following results follow immediately from (1A.4)—(1A.5):

o _ _ r(n-s+1 )
T E{Z(r)} = n+1 and Oron = COV{Z(r), Z(s)} = m (r=s); (1A.6)

see David (1981, pp. 35-36).
EXAMPLE 1A.2: Consider the exponential distribution

E(0,1):f(z)=e% 0<z<oo, (1A.7)
with F(z) = exp(- z). Here, we have the following results:

r r
1 1
= e - - >
n Z (n —i+ 1) and O-r,sjn Z (n —i+ 1)2 (r = S). (1A8)
=1 =1
Explicit algebraic expressions for y, .., o, ., and o, .., can be obtained for a few other

distributions. For example, Malik (1967) and Huang (1975) have obtained these expressions
for the power-function and Pareto distributions. In general, however, it is not possible to ob-
tain explicit algebraic expressions for the means and the variances and covariances of order
statistics. They have to be evaluated numerically, therefore; see, for example, Tietjen et al.
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(1977) and Tiku and Kumra (1981). Of course, a number of authors have developed and dis-
cussed numerical and other procedures for computing the expected values and the variances
and covariances of order statistics (see, for example, Singh, 1972; Balakrishnan, 1984;
Balakrishnan and Chan, 1992a, b; Barnett, 1966b; David et al., 1977; Govindarajulu, 1966;
Gupta et al., 1967; Harter, 1964; Mann et al., 1973; Tietjen et al., 1977; Shah 1966, 1970;
Balakrishnan and Leung, 1988; Arnold et al., 1992).

The moments of order statistics satisfy certain recurrence relations and that makes
their computation manageable; see Gavindarajulu (1963), Prescott (1974) and Arnold et al.
(1992). A very useful recurrence relation that holds for any arbitrary distribution f(z) is

MMy T =N, =N, (L2r=zn-1). (1A.9)

For any arbitrary distribution f(z),

n n
2 2 Orsn=n (1A.10)
r=1 s=1
If the distribution of z is symmetric then
Mprs1 = —Hpn @Nd O g i1y =0, oy @nd forrss (1A.11)
O\ s+1 nr+1n = Or sn (double symmetry). (1A.12)

For a detailed treatment of order statistics and their properties, see David (1981). It
may be noted that in (1A.1)
Efy, =+ 0l V=0, ., o2 and Cov{Y ), Y = O sn a? (1A.13)
A tabulation of the expected values and the variances and covariances of order statistics
becomes voluminous very quickly. Therefore, most of the tables cover only the sample sizes n
<20. For large n (say n > 20), David and Johnson (1954) give equations which provide accurate
approximations. These equations are reproduced in Tiku et al. (1986, pp. 71-73) and their
terms worked out for normal, gamma, logistic, extreme-value and Student t distributions.

APPENDIX 1B

LAGUERRE POLYNOMIALS

The Laguerre polynomial L ™ (x) of degree r in x and parameter m > 0 is defined as (Szegs,
1959)

1< (r j F(m+r)
Low =g (oo Ty ree s -
J:
In particular,
Lom(x)=1

L,™ (x) =m—x
1 x?
L™ (9= oy m(m+1) - (m+x+ 2 (1B.2)

2

3
Lo(m)(x):%m(m+1)(m+2)—% (m+1)(m+2)x+(m+2)%—%
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and so on. The Leguerre polynomials satisfy the following orthogonality property:

S 0 if r#]
(m) (m) =
L L™ () L M(xp,, (x)dx {cﬁm> i rei (1B.3)
Where C(m):m(m+1)...(m+r—1): m+r-1
r r r '
1 x ma
and Pp(X) = ———=e "X 7, 0<X<oo, (1B.4)

r(m)
is the gamma density function.

Let X > 0 be a random variable with finite standard cumulants A, =k /o*, r 2 3; 62 is the
variance of X. The probability density function of X can be represented exactly by a Laguerre
series expansion (Tiku, 1964; Davis, 1976; Tan and Tiku, 1999), namely,

ﬂm:{zaﬂJm@%pA@,0<x<wu:an (1B.5)
r=0
From the orthogonality property (1B.3), it follows that

o, =ea,m oo/ (M) (1B.6)

a,=1and a, = 0. The coefficients a, (r > 2) work out in terms of the standard cumulants as in
(1.10.4). First few terms of (1B.5) give acurate approximations for the distribution of X; see, for
example, Tiku (1964, 1965).

Let X >0 and Y > 0 be two random variables with finite (r, s) th mixed cumulants K,
and A =k, /0,"0,% (0,2 and 0,2 are the variances of X and Y, respectively); r + s> 3. The joint
probability density function of X and Y can be represented exactly by

fx,y) = {

m = E(X) and k = E(Y). From the orhogonality property of Laguerre polynomials,

B, = EIL™ (LM ()} / (””' )("* ) (18.8)

Boo =1 andp,, = By, = 0. The coefficients 3; work out in terms of the standard mixed cumulants
as in (1.6.8). The first few terms give accurate approximations; see Tan and Tiku (1999) who
discuss in detail the usefulness of Laguerre series expansions and give references to the enor-
mous amount of work done in this area.

Z Byl ™ GoL (y)} Pr() PY), 0<Xy <o (1B.7)

||Mg
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NON-NORMALITY CORRECTIVE-FUNCTIONS, NORMAL THEORY VALUE

*P4(W,) = 0.050.

21

v, A B C D E F A B C D E F
v, = v, =
2 480 840 1882 76 194 72 428 910 1385 57 80 66
4 481 545 2263 68 212 45 522 818 1633 72 196 62
6 378 279 2052 42 129 -6 471 525 1471 58 172 40
8 296 147 1802 26 76 - 22 405 326 1285 43 127 19
10 238 81 1590 16 47 -23 348 205 1130 32 92 8
15 153 21 1213 6 18 - 16 250 67 863 16 46 -0
20 110 5 977 3 9 -10 192 19 698 10 26 -0
30 69 -2 702 1 3 -4 129 -9 506 4 11 0
60 31 -2 379 -0 1 -1 64 -14 278 1 3 1
120 20 -1 272 -0 0 -0 30 -9 141 0 1 0
v, = v, =38

2 322 904 1086 31 -51 -90 210 866 927 13 -138 -154
4 444 1024 1128 49 61 - 26 312 1134 914 23 -89 -128
6 446 807 876 49 111 3 339 1043 657 27 -15 -72
8 414 591 637 42 112 5 336 877 400 26 27 40
10 377 429 456 35 98 2 348 205 1130 32 92 8
15 296 199 192 22 62 -4 277 441 -140 18 50 -11
20 240 97 69 15 40 -5 238 281 698 10 26 -0
30 172 19 -25 7 19 -3 182 150 -422 8 24 -6
60 91 -18 -62 2 5 -1 104 18 -401 3 8 -3
120 50 - 17 - 50 1 1 -0 57 -7 =282 1 2 -1

*All the values are multiples of 10°, e.g., in the first row A = 0.00480, B = 0.00840 and so on.




CHAPTER 2

Estimation of Location and Scale Parameters

2.1 INTRODUCTION

Consider a location-scale distribution (population) of the type (1/0) f((y — n)/o), where p is a
location parameter and o is a scale parameter; 4 and o might as well be the mean and stand-
ard deviation of the distribution. A location-scale distribution is one which under the transfor-
mation z = (y — u)/o reduces to f(z), and f(z) is free of pand o. Lety,, y,,..., y, be a random
sample of size n from (1/0) f((y — w)/o). Our aim is to obtain efficient estimators of p and o (and
a?). Ideally, one would like these estimators to be fully efficient at any rate for large n. As said
earlier in Chapter 1, a fully efficient estimator is one which is unbiased and its variance is
equal to the Cramér-Rao minimum variance bound (MVB). Of course, one realizes that such
estimators do not exist for small sample sizes n other than for a few distributions in the expo-
nential family, e.g, normal and exponential. For the normal

N(, 09 : (1/y/2r0) exp {= (y - W)?/20%, —w<y <o, (2.1.1)
the sample mean Yy is fully efficient as an estimator of p. For the exponential
E(0, 0) : (/o) exp (- y/o), 0<y <oo, (2.1.2)

the sample meany is fully efficient as an estimator of o (the scale parameter). The method
that gives, under some very general regularity conditions, fully efficient estimators at any rate
for large n, is the Fisher method of maximum likelihood.

2.2 MAXIMUM LIKELIHOOD

Consider first the estimation of a single parameter 6. Let f(y, 0) be the pdf (probability
density function) of y, 8 being an unknown parameter. Lety,, y,,..., ¥, be a random sample
of size n from f(y, 0). The likelihood function L is the joint pdf (probability density function)

of y,, Yoruuus Yy
n
L= _I'Il f(y;, 6) (2.2.2)
1=

The ML (maximum likelihood) estimator of 8 is that value which maximizes L or In L;

InL= i Inf (y,, 6) (2.2.2)
i=1

22
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In fact, the ML estimator is the solution of the equation

dinL <
i .zl 9y, 0) =0 (2.2.3)
where g(y, 8) = f'(y, 8)/(y, 6) (2.2.4)

is a function of y and 6. Note that E(d InL/d®) = 0 and V(d InL/d6) = — E(d? In L/d6?) (Kendall
and Stuart, 1979, p. 9).

If g(y, 0) is linear in 6, (2.2.3) has an explicit and unique solution. If it is nonlinear,
(2.2.3) does not in general have an explicit solution and has to be solved by iterative methods.
That can be problematic for reasons of (i) multiple roots, (ii) nonconvergence of iterations, or
(iii) convergence to wrong values (Barnett, 1966a; Lee et al., 1980; Tiku and Suresh, 1992;
Vaughan, 1992a). In fact, if the data contains outliers, the iterations with likelihood equations
might never converge (Puthenpura and Sinha, 1986). Moreover, the solution(s) of (2.2.3) might
be inadmissible as an estimator(s). The following are illustrative examples.

EXAMPLE 2.1: Consider estimating the mean p of a normal population N(u, 2). Here,

1 n _i n o )
LD(E) exp{ = .zl (vi u)}

dInL
du
g(z) being linear in p; the equation dinL/du =0 has an explicit and unique solution
n
a= z yi I n =y (the sample mean). Incidentally, dInL/du can be reorganized to assume the
=1
form

and

-1 > 9@) =0, 9(@) = (y-wo; (2.2.5)
0=

TR LAl (2.26)

A formulation like (2.2.6) implies that an estimator (in this case, y) is fully efficient for

all n (Kendall and Stuart, 1979, pp. 10-11). Realize that E(dInL/dy) = 0 and the Cramer-Rao
minimum variance bound (MVB) is 1/{— E(d? In L/du?)} = %/n. The exact variance V(y) = ¢?/n
is equal to the MVB. Also, E(y) = u since E(dInL/dp) = 0. Therefore,y is fully efficient as an

estimator of . Realize that the reciprocal of the multiplier n/o? of (Y — p) in (2.2.6) gives the
variance of ¥ and this is a general result, namely, if

dinL
dr(; = A6) (t—6), (2.2.7)
A(0) being free of y,, y,,..., y,, then tis an unbiased estimator of 6 and V(t) = 1/A(8), and
t is the MVB estimator. In other words, t is fully efficient.

Remark. It may be noted that a MVB estimator is unique. If not, let t, and t, be two MVB
estimators of 6 with V(t,) = V(t,) = V, say. Consider the third estimator

t, =

3 (tl + t2)

AR N

Now, E(t,) =6 and V(t,) = = {2V + 2 Cov (t,, 1,)}.
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Since V is the minimum variance bound,

V(t,) 2 V which implies that Cov(t,, t,) 2 V.

That is a contradiction unless t, = ct, where c is a constant. Clearly, ¢ = 1 since E(t;) = E(t,) = 6.
That proves the result.

EXAMPLE 2.2: Consider estimating s in (2.1.1). Now,

dinL _ n 1 ¢ )
= —— - _
o - o iZl(y. W =o.
2
Writing SZ:Z (Yi=#/n
i=1
h dInL_L S S 2.2.8
we have do 03( —-0)(S+0) (2.2.8)
n
= — 2_g2) =
53 (S¢—-0%) =0.

This equation has only one admissible root & =S which is the ML estimator provided p
is known. If g is not known it is replaced by y (the solution of dInL/du = 0), and

n
2= (Vi-y* /(-1
=1
is an unbiased estimator of 02. The formulation (2.2.8) may be noted; we will refer to it from
time to time. Realize that the MVB (0) = 1/{~ E(d? In L/do?)} =0?/2n, and V(s) o?/2n (equation
1.2.9) and E(s) Uo for large n. The sample standard deviation s is, therefore, fully efficient for
large n.

EXAMPLE 2.3: Consider estimating the mean ( location parameter) p of the distribution

P
f(y, p)D1{1+(yk"’2‘)2} ,— <y < (2.2.9)
o o

k =2p-3and p=2. Realize that E(y) = p and V(y) = 0%. For 1< p < 2, k is taken to be equal to
1 in which case o is simply a scale parameter. For p = 1, E(Y) does not exist and [ is a location
parameter. The distribution of /(v/k)(y — )/ o is the Student t with v = 2p — 1 degrees of
freedom. Here,

InL=-—nlIno-p i In{1+(1/ k)ziz}, z,=(y;—W/o and (2.2.10)
i=1
dl -
s > 9() =0, g =21+ Wz (22.11)

The function g(z) is nonlinear and, therefore, (2.2.11) has no explicit solution. Evalua-
tion of the ML estimate is problematic since (2.2.11) has multiple roots for all p < « ( Vaughan,
1992a). For p = =, (2.2.9) reduces to N(u, ¢2).

EXAMPLE 2.4: Consider the simple linear regression model (Islam et al., 2001)
Y;=6,+8x +e, l<i<n, (2.2.12)
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with usual interpretation of the parameters 6, and 6,; e, are iid (independently and identically
distributed) random errors and have the Weibull distribution

W(p, 0) : (p/loP)eP~Lexp {— (e/o)?}, O0<e<o (p>0). (2.2.13)
dinL _ np pe _p_ _
Here, W__F+Ez z?=0, z,=(y,-96,-6,x)0. (2.2.14)

i=1

The solution of (2.2.14) is the ML estimator of o provided 6, and 6, are known,

n 1/p
= {z (y; =6y - 0:%;)P /n} _ (2.2.15)

However, 6, and 6, are not known in practice and will have to be replaced by their
estimates 90 and 91 Bute; =y; - 90 elx are not necessarily positive for all i, even if 90 and

Q»

91 are the ML estimates. Consequently, & is not necessarily real if p is not an integer. Thus, ¢ &
is inadmissible. One way to rectify this situation is to equate Ei to zero whenever it is negative.
But then 6 develops substantial bias. That is not a good prospect.

2.3 MODIFIED LIKELIHOOD

What we need is a method of estimation which captures the beauty of maximum likelihood but
alleviates its computational difficulties. One of these methods, and perhaps the most viable, is
the method of modified likelihood estimation which originated with Tiku (1967a, b; 1968a, b, c;
1970; 1973), and Tiku and Suresh (1992). A remarkable property of this method is that it gives
estimators which are highly efficient and have exactly the same forms irrespective of the un-
derlying distribution. The method proceeds as follows:

Consider the likelihood equation to estimate an unknown location parameter 6,
d In L _

n

Zg( ) =0, z,=(y,—0)o, (2.3.1)

o is ascale parameter. In the first place, let us assume thato is known. Arrangey; (1<i<n)in
ascending order of magnitude and let

YayS Y S oo <Ym (2.3.2)
be the resulting order statistics. A few basic properties of order statistics are enunciated in
Appendix 1A (Chapter 1). Express (2.3.1) in terms of the order statistics y;, 1 < i < n. Since
complete sums are invariant to ordering,

dInL

n

——z 9(z@) =0,z = (v, - O)/o. (2.3.3)

Let t; = E(z(i)) be the expected value of the ith standardized ordered variate ZGy,
(@ = i< n). Expand g(z;) as a Taylor series around t;. Realizing that a function g(z) is
almost linear in a small interval a <z < b (Tiku, 1967; 1968) and Z; is located in the vicinity
of t; at any rate for large n, we obtain a linear approximation from the first two terms of
a Taylor series. That gives
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9(zg) Dt + (26— te) {— 9 )}Z:tm (2.3.4)

=a;+ Bz (i)’ 1<i<n,
d
where B, = {dz g(Z)} t and o =9(t;) - Bt - (2.3.5)
2=

If 9(2) is bounded and z;; tends to its expected value t,,
g(z(l)) (0( + Blz(l)) 1<is<n, (2.3.6)
tend to zero as n tends to infinity (see Appendix 2A). Incorporating (2.3.4) in (2.3.3) gives the
modified likelihood equation

dinL _d In L* 1 ¢
do :E Z a; + Biz(i)} =0. (237)
It may be noted that under some very general regularity conditions (Appendix 2A)
*
lim l{d'”" —d'”"}:o. (2.3.8)
n-wn dé de

It follows from (2.3.6) and (2.3.8) that a modified likelihood equation is asymptotically
equivalent to the corresponding likelihood equation.

Since (2.3.7) is linear in 6, it has an explicit and unique solution called the MML (modi-
fied maximum likelihood) estimator

é:{GZGﬁZBiyU)}/m, m:inZlBi. (2.3.9)

If the underlying distribution is symmetric, then ti = =ty Consequently,

I Z B=B,_ ., (L<isn). (2.3.10)

For a symmetric distribution, therefore, the MML estimator of 8 is a linear function of
the order statistics:

n
=Y Biyy/m (2.3.11)
1=1

and is free of 0. Realize that the MML estimator § is asymptotically equivalent to the ML
estimator and is, therefore, fully efficient (asymptotically). This follows from equations (2.3.6)
and (2.3.8), but see Appendix 2A.

EXAMPLE 2.5: Consider estimating the location parameter pin (2.2.9). As mentioned earlier,
the ML estimator is elusive since d In L/dp = 0 has multiple roots (Vaughan, 1992a). To derive
the MML estimator, we express d In L/dp in terms of the order statistics y; (1 <i<n):

dinL _ 2
dne =2 Z 9@m) =0, g(z) = z/{1 + (UK)z?) (2.3.12)
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From the first two terms of a Taylor series expansion around t(y = E(z(;)), we have
g(z(i)) Oa; + Biz(i), 1<is<n, (2.3.13)

IR
a; = 272
[1+ 1/ Kt ]
The values of t; are available in the following publications:
Tiku and Kumra (1981) for p = 2(0.5)10, n < 20;
Vaughan (1992 b) for p = 1.5, n < 20.

For p=1 (Cauchy distribution), Vaughan (1994) gives algebraic expressions for comput-
ing the expected values and the variances and covariances of the order statistics Yy 3<isn-
3 (n = 6); the expected values of the first two (and the last two) order statistics are infinite.

Incorporating (2.3.13) in (2.3.12) gives the modified likelihood equation
dinL 0 dinL*
du du

where

B - 1-(1/ Kt

= At 2P (2.3.14)

:i—g Z {ai + Biz(i)} =0. (2315)
i=1

n
Since Z a; =0, we get the MML estimator
i=1

fi= il By /m, m= Zl Bi . (2.3.16)

Since the underlying distribution is symmetric, E({1) = u. The exact variance of [i is

given by

V(1) = (B QB)o?m? (2.3.17)
where B = (B;, B,, -...... B,) and Q is the variance-covariance matrix of the ordered variates z
l<is<n.

Remark: The coefficients 3; (1 <i < n) increase until the middle value and then decrease in a
symmetric fashion, i.e., B; have umbrella ordering. Thus, the extreme observations automatically re-
ceive small weights which depletes their effect. This is instrumental in achieving robustness to long-
tailed symmetric distributions and to outliers in a sample (Chapter 8).

Asymptotic properties: The equation (2.3.15) can be reorganized to assume the form
dinL _dInL* _2pm .

O = -W. 2.3.18

du du o2 (™)) ( )

Since d In L*/du is asymptotically equivalent to d In L/dy, it follows thatfi is asymptoti-
cally the MVB estimator with variance 6?/M (M = 2pm/k) and is normally distributed. In other

words,[i is the BAN (best asymptotically normal) estimator.
The MVB for estimating [ is (p = 2)

MVB(p) = %{- E(dz IZLJ} (2.3.19)
i 3.

np(p - 1/2) '

@i

this follows from the fact that

r {1+ WK)Z2 T dz =VKI L/ M (j- V2 () (=1) (2.3.20)
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Now (Appendix 2A),

. m
Jim == = £ [{1 - (1221 + (1K)22)] (2.3.21)

=(p-12)/(p + 1);
follows from (2.3.20). Asymptotically, therefore, 6?/M is exactly equal to the MVB (2.3.19).

A

Thus, [i is asymptotically fully efficient; see also Appendix 2A.

To have an idea about the efficiency of i for small sample sizes, we give in Table 2.1 the
values of (a) 1/M, (b) (1/6?) V (1) calculated from (2.3.17), and (c) (1/6?) MVB (u) calculated
from (2.3.19). It can be seen that the MML estimator [ is highly efficient even for small sample
sizes. Moreover, g%/M provides accurate approximations to the true values of the variance
V({1). Realize that the variances and covariances of order statistics are not required in calculating
M. The MML estimator being so highly efficient is one of its properties, besides being unique
and explicit.

Table 2.1: Values of (a) 1/M, (b) (1/u?) V (f1) and (c)(1/62) MVB (p).

n= 5 10 15 20 n= 5 10 15 20

p= 2 p= 4

(a) 0.106 0.052 0.034 0.025 0.169 0.088 0.059 0.044

(b) 0.120 0.055 0.036 0.026 0.190 0.092 0.061 0.045

(c) 0.100 0.050 0.033 0.025 0.179 0.089 0.060 0.045
p=7 p=10

(a) 0.184 0.094 0.064 0.048 0.189 0.096 0.065 0.049

(b) 0.197 0.098 0.065 0.049 0.199 0.099 0.066 0.049

(c) 0.193 0.097 0.064 0.048 0.197 0.098 0.066 0.049

Remark: The MVB estimator of p does not exist for the family (2.2.9). Therefore, every estima-
tor of p will have its variance bigger than the MVB (2.3.19). It is indeed very pleasing to see that the
variance of the MML estimator is, even for sample sizes as small as n=10, only marginally bigger than
the MVB. We conclude that the MML estimator is highly efficient.

2.4 ESTIMATING LOCATION AND SCALE

Consider the problem of estimating both the location and scale parameters p and o. Given a
random sampley,, y,,..., y,, from the distribution (1/0) f((y — u)/0), the likelihood equations for
estimating u and o, when expressed in terms of the order statistics y;, (1<i<n), have typically
the following forms:

n
dInLp=p 9Zm) =0
i=1
n
and 0InLido = - (no) + H 28(z() =0, (2.4.2)

=1
= (y(i)— W/o. Replacing g(z(i)) by the linear function g(z(i)) Oa, + Biz(i), the modified likelihood
equations have typically the following forms:
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dlnL _alnL* _ 1 ¢
o O o -gZ{O‘ *+Bizp} (2.4.2)

:—2(K+D0—u):0and

dlnL _dlnL* _ n 1 ¢
3% O % o EZ zp{a; +Bizg}

= 0—13 [(no®-Bo-C)-m(K-p) (K+Do-w]=0  (2.4.3)

n n n n
where K= ZBiy(i) /m, mzz Bi:D:Zai/m; ZU(Y(.)
i=1 i1=1 i=1 =

n n
and C= Z Bilys —K)? = Z Biya’ — mK
The solutilonls of these equatilonls. are the MML estimators:
(=K+D& and & ={B+,/(B+4nC)}2n; (2.4.4)
for skew distributions D # 0. Of course, the divisor 2n may be replaced by 2,/{n(n - 1)} (or some
other appropriate constant) to reduce the bias ifany. If 3, >0 foralli=1, 2,..., n, then g is real

and positive. Note that [i is nonlinear if the underlying distribution is not symmetric.
Remark: It is interesting to note that all the modified likelihood equations d In L*/op = 0 and
0 In L*/do = 0 in this chapter assume forms exactly similar to (2.4.2) and (2.4.3), respectively.

EXAMPLE 2.6: Consider estimating bothpand o in (2.2.9). The modified likelihood equations
are

dlnL _dInL* _2p <
- ko 2 i TR 245
au au kcizzl{ i BI (|)} ( )
M .
=—WE-pW=0
o)
olnL _odIlnL*_ n  2p n
and 0o H 36 o k_Z () {a; +Bizg} (2.4.6)

=~ [0~ Bo - C) - M(f - 171 =

2p 2p .
where M=—— = ?Z AiY iy

and = ?p Z Bi (y(|) A :?p{z |y(|) - m } (2.4.7)
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The constant coefficients a; and (3, are given in (2.3.14). The solutions of the equations
(2.4.5)—(2.4.6) are the MML estimators:

A=) Biyg/m [m => Bi] (2.4.8)
i=1 =1
and & ={B ++/(BZ +4nC)}2,/n(n - 1).

We have already shown that [i is asymptotically fully efficient. We have also shown that

f is unbiased for all n, and is highly efficient.

The MVB for estimating o is (follows from the very interesting result in Appendix 2A.10)

MVB(0) = 1/{— E(0? In L/0c?)} = (p + 1) a?/{2n(p — 1/2)}. (2.4.9)

The estimator G is real and positive provided B, 2 0 for all i = 1, 2,..., n, and is highly
efficient for all n. In fact, 6 is asymptotically fully efficient since d In L*/dc is equivalent tod In
L/do (Tiku and Suresh, 1992; Vaughan, 1992a). If B, < 0 for some i,G can cease to be real. Since
t; is a decreasing sequence of values until the middle value and |t(i)| = |t(n_ i+ 1) |, it follows
that if B, is positive, then all the remaining [3; coefficients are positive. For small values of p (<
3) and large n, however, a few B, coefficients can be negative as a result of which 6 can cease to
be real and positive. In that case, the linear approximation (2.3.13) is recast as follows (Tiku et
al., 2000):

Asymptotically z; —t; 00 (p 2 2). Hence,

1 n
- Zl h(tg) (Za —tg) 00, h(t) = 241 + (LK)E2P, (2.4.10)
h(t) being a bounded function. For large n, therefore,

1 ¢ 1
ﬁi; {ai +Biz(i)}|:|ﬁ iZl {ai*+Bi *Z(i)} (2411)

where (Tiku et al., 2000)
a*=0 and B*=1{1+ (1/k)t(i)2}. (2.4.12)

If for a sample C in (2.4.8) assumes a negative value, the MML estimators are calculated
from the sample with a; and B, replaced by a* and B* (1 <i < n), respectively. For p > 3, C
assumes a negative value very rarely. The coefficients (2.4.12) are not used that often, there-
fore. Alternatively, the observations which correspond to negative values of 3, are censored
and the MML estimators calculated from the resulting censored sample. The estimators so
obtained are highly efficient (Vaughan, 1992a). This is discussed in Chapter 7.

It might be argued that the expected values ti (1<i<n)are notavailable for n > 20. For
n = 10, their approximate values obtained from the following equations may be used (p = 2),

5 Jt(i) 1+é _de: ! 1<i< 2.4.13
VB2, p - 12) - k nt1 Llsisn (2.4.13)

The use of the approximate values for n = 10 does not affect the efficiency of the MML
estimators (2.4.8) in any substantial way. To evaluate (2.4.13), an IMSL subroutine is avail-

able. Realize that t = /(V/K)z has the Student t distribution withv = 2p — 1 degrees of freedom.
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Remark: We show in Appendix 2B that the MML estimates [I andG when substituted in the

likelihood equations (2.4.1) make them virtually equal to zero even for small sample sizes. The MML
and the ML estimates are , therefore, numerically the same (almost). Tan (1985) has similar results.

2.5 GENERALIZED LOGISTIC

Consider the family of generalized Iogistic distributions (b > 0)

GL(b, 0) : f(y) = expi- (v WO}M . —o<y<m. (2.5.1)
o [1+exp{ (y — Wa}]

Forb<1l,b=1andb>1, (2.5.1) represents negatively skew, symmetric and positively
skew distributions, respectively. For b = 1, in fact, (2.5.1) is the well-known logistic distribu-
tion which has been used extensively in many areas of application (Agresti, 1996; Berkson,
1951; Pearl, 1940; Perks, 1932; Reed and Berkson, 1929). Numerous biomedical and industrial
applications of the logistic distribution are given in Chapter 4.

Given arandom sample y4,y,,...,y,, the likelihood equations for estimating p and o are

dinL _n _ (b+1)
o Zl (2.5.2)
aInL__E 1” (b D, oy

and o - OZ z,9(z;) =0; (2.5.3)

i=1
z=(y—W/oandg(z) = e ?(1+ e 2) = 1/(1 + e?). The equations have no explicit solutions.

To obtain the modified likelihood equations, we first express (2.5.2) — (2.5.3) in terms of
the ordered variates z;, = (y;, — W)/0 (1 <i<n),simply by replacing z; by z,,. We then linearize
g(z(i)):

g(z(i)) Oa; - iZ(i » 1<isn; (2.5.4)

a; =(1+e' +te')/(1+e")? and B; =e'/(1+e")?, t=tg; (2.5.5)

i E(z ) Values of t for n < 15 are available in Balakrishnan and Leung (1988). For n= 10,
however the apprOX|mate values of t; may be used, namely,

t; = - In(; %~ 1), g; = i/(n +1), (2.5.6)
which are the solutions of
i
j_“ f@)dz=q; (1<i<n) (2.5.7)

The modified likelihood equations are

olnL DaInL* n (b+1) Z

op op £

- Bizg)) (2.5.8)

M
o2 (K+Do-1)=0

olnL _dlnL* _ 1 <@ (b+1)
- 'S Z 0T Z i) (@i = Bizgp) (2.5.9)

and _nh
do Jo o
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- _0_13 [(no? -Bo—-C)-M(K-pu)(K+Do—-u)]=0

where M=(b+1)m K= (Z Biy(i)]/ m [m = _zl Bi],
i=1 1=

D=Y afm, A=+l i-a, B=b+1) S A (g -K) (2.5.10)
iZl iZl (i)
and C=(b+1) 3 Biyiz—mKZJ.

The solutions of these equations are unique and explicit, the MML estimators:

(l=K+DG& and & ={B+(B?+4nC)}/2\{n(n - 1}. (2.5.11)

Realize that G is always real and positive since B, > 0 (1 < i < n). For b = 1 (logistic
distribution), D = 0 (follows from symmetry) in which case (i = K is a linear function of order

statistics and is free of o (and G).

Comment: We show in Appendix 2B that the MML estimators (2.5.11) make the likeli-
hood equations (2.5.2) — (2.5.3) virtually equal to zero even for small sample sizes. This estab-
lishes the fact that the ML and the MML estimates are numerically the same (almost). From
numerous calculations, Tiku (1967a, p.164), Tiku (1968a, p.137), Tan (1985), Tiku and Vaughan
(1997, pp. 890-892), Tiku et al., (1986, pp.101, 106-107) and Vaughan (2002) arrive at the same
conclusion. Also, the MML estimators are asymptotically fully efficient and are highly efficient
for small sample sizes. Smith et al. (1973), Lee et al. (1980), Tan (1985), Vaughan (1992a,
1994) and Senoglu and Tiku (2001) have similar results. There is, therefore, no reason whatso-
ever for not using the MML estimators in place of the elusive ML estimators.

Covariance matrix: The asymptotic variances and the covariance of i and g are given
by 17! (u, o) where | is the Fisher information matrix:

b b{w(b +1) - Y(2)}
(1, 0) = ~5 (b+2 (b +2) . (25.12)
o b+ -2} ,, KW O+D+y @]+[wb+1D - Y(2)1%}
(b +2) (b+2)

P(x) = IM'X)IT(x) is the psi-function and Y'(x) is the derivative of (x) with respect to x. The
values of (x) and its derivative '(x), and other details for working out the elements of the
matrix in (2.5.12), are given in Appendix 2D.

It is not difficult to invert | and we write

2
o \Y \Y
V=11 o0)= e [V; V;ﬂ (Vyp = V,y)- (2.5.13)

For b=1 (logistic distribution) v,, = v,, = 0 in which case v ; and v,, are the minimum
variance bounds, that is,
MVB(u) = 3a¢%/n (2.5.14)
and MVB(0) = 1.560%/2n  (since y'(2) = 0.4228).
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The MML estimators are remarkably efficient. For b = 1, the values of the minimum
variance bounds and the exact variance of {i and the simulated variance of ¢ are given below;

(i is unbiased because of symmetry and the simulated values of E(G) are given below (o =1

without loss of generality). Also given are the values of the relative efficiency E = 100{V({1)/
V(¥ )} of the sample mean. It may be noted that E decreases with increasing n.

n=10 n=20 n=10 n=20
MVB(L) 0.300 0.150 E(6) 1.027 1.019
V(ﬁ) 0.310 0.152 MVB(&) 0.078 0.039
E 94.2 92.4 V(§) 0.081 0.039

The asymptotic variances of {i and 6 are given in Table 2.2 for b = 0.5, 2, 4 and 6 (the
estimators are asymptotically unbiased). Also given are the simulated means and variances of
i and 6. Itis clear that the MML estimators have negligible bias and are highly efficient. We
reiterate, there is hardly any loss of precision involved in using the MML estimators in place of
the elusive ML estimators.

Table 2.2: Means and variances of the MML estimators for GL(b, 0): p=0and o = 1.

n=10 n=20
b= 05 2 4 6 b= 05 2 4 6

Asymp: nV([i) 5.11 2.16 2.24 2.65 511 2.16 2.24 2.65

nVv(G) 0.76 0.66 0.63 0.63 0.76 0.66 0.63 0.63
Simul:  E(f1) —-0.025 0.026 0.068 0.086 - 0.017 0.009 0.003 0.048

E(6) 1.032 1.020 1.001 0.997 1.014 1.014 1.006 0.994

nv([l) 5.46 2.25 2.34 2.83 5.30 2.18 2.28 2.66

nV(g) 0.89 0.79 0.73 0.71 0.82 0.72 0.68 0.66

All the simulated values given in this monograph are based on [100,000/n] (integer
value) Monte Carlo runs and have standard errors well within +0.005.

2.6 EXTREME VALUE DISTRIBUTION
Consider the extreme-value distribution

EV(5, ) : f(y) = %ex;{- (YT_S) ~ exp [— VT“SH Cw<y<o,  (2.6)

which is of major importance for many of its applications. This distribution is also important
due to the fact that if U has the Weibull distribution
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p(uy ! u)’
f(u) = E (E) eXp -~ (E) , 0<u<o, (2.6.2)

then Y = In U has the extreme-value distribution (2.6.1) with d=1In c and n = 1/p.

Given a random sample y,, y,,..., y,, from (2.6.1), we want to estimate 6 and n. The
likelihood equations expressed in terms of the ordered variates z; = (y; - 9)/n (1 <i<n) are

dinL n
:_—_ exp(-z5)=0 2.6.3
0% n n izl 0 ( )
alnl_ n,1 4 1«
and -——+= -= Zi exp(=zg4) = 0. 2.6.4
- Z Ol Zl (i (i (2.6.4)

The ML estimators of & and n are elusive since (2.6.3) — (2.6.4) do not have explicit
solutions. Here, g(z) = e~ 2 and we have

e ?0 De 'O + (Za —te) {die_z} (2.6.5)
z
z:t(i):al—Biz(i), 1<i<n,
d _ -t -
where Bj = _{Ee Z} =e ' and o, =e (1+t5)- (2.6.6)
z=1

Note that (; (1 <i < n) is a decreasing sequence of positive values, i.e., 3; have half-
umbrella ordering.

The expected values t; are given by (Lieblien, 1953; White, 1969)
n-i

t;=0.57722 + .(T] S (”J ]( i G+ (2.6.7)

S i+
0.57722 O JO(In u) exp (- u) du being the Euler constant. For n = 10, the approximate
values of L) obtained from the equation

H0) — i
J._m exp{-z-e“}dz= 1

(2.6.8)

may be used; (2.6. 8) gives
ty=—In[-Infi/(n+1)}], 1<isn. (2.6.9)
The modified likelihood equations are obtained by incorporating (2.6.5) in (2.6.3) — (2.6.4)
and have forms exactly similar to (2.4.2) — (2.4.3). The solutions of these equations are the
MML estimators:

§=K+Df and f{={B+,(B2+4nC)¥2n; (2.6.10)
n n

Biy(i)/m: m = z Bi, D= z 1-a;)m;
=1 i=1

(1—ai)(y(i) -K) and C= z Bi (¥ -K)? = Z Biy(i)z -mK
i=1 i=1
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There is a little bias in & and i for n < 15 but that is corrected by replacing D by

n
— (1/m) z Biti, and the divisor 2n in (2.6.10) by 2m. For large n, m/n U1, and the modified
i=1

estimator & is equivalent to that in (2.6.10) (Vaughan and Tiku, 2000, p. 59).

Asymptotically, the estimators & and f| are unbiased and their variance-covariance
matrix is

2 ™

O |e-D*+- 1-¢| cpos7r2e, (2.6.11)

™n 1-c 1
obtained by inverting 1(d, n), | being the Fisher information matrix (Vaughan and Tiku, 2000);
see Appendix 2A.

Given in Table 2.3 are the simulated values of the variances, and the corresponding

MVB; the bias in the estimators is negligible (Vaughan and Tiku, 2000, p. 59) and is not,
therefore, reported:

Table 2.3: Values of (1) (Un?) V(3), (2) (Un?) MVB(@); (3) (Un?) V(R) and (4) (1/n%) MVB(#).

n ) ) ®3) (4) n ) ) ®) (4)

5 0229 0222  0.170 0.122 20 0.057  0.055 0.035 0.030
10 0115  0.111 0.077 0.061 25 0046  0.044 0.027 0.024
15 0.076  0.074  0.049 0.041 30  0.037  0.037 0.022 0.022

It can be seen that the MML estimators are remarkably efficient. As said earlier, this is

a typical feature of the MML estimators. Moreover, [I and 6 are unique and explicit. See also
Smith et al. (1973) who have similar results for a log-normal distribution. In fact, they add a
guadratic term to the linear approximation (2.3.4) but that does not improve the efficiencies in
any substantial way.

Remark: We show later in Chapter 8 that the Huber (1964, 1981) M-estimators (Section 2.11) of
W are remarkably eficient for long-tailed symmetric distributions such as (2.2.9) but not for skew and
short-tailed symmetric distributions. For skew distributions, they develop substantial bias. For short-
tailed symmetric distributions, they are inefficient. The M-estimators of g, however, can have substan-
tial downward bias even for long-tailed symmetric distributions (Chapter 8).

We now consider another very useful method of estimating a location and a scale parameter as
follows:

2.7 BEST LINEAR UNBIASED ESTIMATORS

Lety,y S Yy S oo SY(, be the order statistics of a random sample of size n from a location-
scale distribution (1/0) f((y — w)/0). Let t;, = E(z,), 0;;., = V(z;)) and Cov (z,), z;) = 0., be the
expected values and variances and covariances of the standardized variates Z4 = (y(i) —W/o,
1<i<n. They are available for numerous distributions, mostly for n < 20. Since E(y(i)) =

H+ ot (1 <i<n), we formulate it as a linear model:
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Y=WO+e (2.7.1)
Y@ 1ty €
Y@ 1ty €

where Y=| "~ || w=| | 8= [ﬁ] and e=| " |; (2.7.2)
Yn) 1t e,

the errors g, are not independently distributed. In fact, their variance-covariance matrix is
Q= (%)i,j=1,2,..n (2.7.3)

To obtain the BLUE (best linear unbiased estimators) of p and o, we minimize the
generalized error variance (Lloyd, 1952)

e’ Qlte=(Y-W8) QY -W8) (2.7.4)
This gives the BLUE 6*:
*
0* = (ﬁ *) =W Qtw)tw Qly. (2.7.5)
The right hand side yields two linear functions

n n
p= z ai¥g and o*= z biyy; (2.7.6)
=1 =1

a; and b; are constant coefficients which work in terms of the expected values and the variances
and covariances of the standardized variates Zg 1< i<n.

It is easy to show that E(6*) = 0 so that p* and o* are both unbiased, and the variance-
covariance matrix V of p* and o* is

V=W Q1!Ww)?!ag2 (2.7.7)

If the underlying distribution is symmetric, then (i <j)

ty=—tn_jrqy and 0;,=0, ;.1 jr1n (doublesymmetry), (2.7.8)
as said earlier. Consequently, V is a diagonal matrix and Cov(u*, o*) = 0.

Among linear functions, BLUE are the ideal estimators. The difficulty is the availabil-
ity of the expected values and the variances and covariances of order statistics, and the labori-
ous computations involved in calculating the coefficients a; and b;, 1 < i < n. Small sample
distribution theory of BLUE is also unavailable other than for a few distributions, for example,
exponential; see the monumental book by David (1981).

For a general class of linear estimators (called L-estimators) of u and o, see Chernoff
and Gastworth (1967) and Schneider (1986, p.89); L-estimators are asymptotically normally
distributed.

To compare the efficiencies of the MML estimator [I (whenever it is a linear function of
order statistics) and the BLUE p*, consider the family of distributions (2.2.9). Like p*, the
MML estimator [i is unbiased for all n. The exact variances of {1 are given in Table 2.1. Given
below are the corresponding values for the BLUE p*;
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Exact values of (1/¢?) V(u*)

37

n=>5 10 15 20 n=>5 10 15 20
p= 2 p= 4

0.120 0.055 0.035 0.026 0.189 0.092 0.061 0.045
p= 7 p= 10

0.197 0.098 0.065 0.049 0.199 0.099 0.066 0.049

It is seen that [l is essentially as efficient as p* and that is typical of the MML estimator
of a location parameter (whenever it is a linear function of order statistics). In general, [i

assumes the form [I = K + D ¢ and is somewhat more efficient than pu*. It may be remembered

that in computing [1, only the expected values of order statistics are required and not their
variances and covariances.

The MML estimator G is generally of the form (2.4.4) and is nonlinear. In fact, it is
somewhat more efficient than the BLUE o*. For large n, ¢ is unbiased. For small n, ¢ may
have a little bias which in most situations can be reduced by replacing the divisor n by \{n(n - 1)}
or some other appropriate constant.

2.8 NUMERICAL EXAMPLES

We now consider a few numerical examples to illustrate the computations of the MML estima-
tors.

EXAMPLE 2.8: The following data represent 100 times the white blood counts of patients who
had acute myelogenous leukemia (Gross and Clark, 1975):

23 75 43 26 60 105 100 170 54 70 94
520 1000

The underlying distribution is presumed to be the Weibull (Chapter 9)

_p\P-1 _na\P
W(e,o):%(uTe) exp{—(uce) } B<y<oo,

with p not far from 1.2. To formulate the MML estimators of 8 and o, the likelihood equations
expressed in terms of the ordered variates Z4 = (u(.) —0)o(l<i<n)are

320 350 1000

(2.8.1)

0|n L -1, p - -1_
z 2oty z 2" t=0 (2.8.2)
and olnL _ n_p- n (i)_1+Bi 23" =0 (2.8.3)
00 £ 04
The equation (2.8.3) simplifies:
n
a::eL np P Z Z(.) -0 (2.8.4)
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The equation (2.8.2) is not defined if z,, tends to zero which is more likely to happen
when n becomes large. The simplified equation (2.8.4) gives the ML estimator (for given 0)

n 1/p
6= {z (ugy - 6)° /n} (2.8.5)

i=1

In practice 0 is not known and has to be replaced by an estimate 8, and 6 should not be
greater than the smallest order statistic U for 6 to be real and positive for all p. In fact, 8 is
often replaced by Uy- But Uy is not necessarily the solution of (2.8.2). There is no such diffi-
culty with modified likelihood.

To obtain the MML estimators, we note that (Harter, 1964)

o o)1)

_ n!
B0 = oy o) ,-Zo P EE T (2.8.6)

The approximate values of t; are given by

J-t(i) pz? " texp(-zP)dz = ! ,
0 n+1

. 1/p
ie., t(i):{_m {1_;}} L 1<is< (2.8.7)
n+1

these values may be used for all n> 10 without any serious detrimental effect on the efficiencies
of the MML estimators given below.

To obtain the modified likelihood equations, we linearize z(i)"—1 and z(i)—1 by using the
first two terms of a Taylor series expansion around t;. This gives (Islam et al., 2001)

2Pt 00+ Bzg o o= (2-p)tg>* and (2.8.8)
B = (p—1)t,P~2 (1<is<n)
and, similarly, z(i)—1 Oty = BigZgy: %o = 2t(i)—1 and B,= t(i)—2 1<ign). (2.8.9)

Realize that 3, >0 forp>1,and B,,>0 (1 <i<n).
Incorporating (2.8.8) — (2.8.9) in (2.8.2) — (2.8.3) gives the modified likelihood equations:

JdlnL DalnL*
00 00

- p; ' Zl {aio = Bioz(iy} +§ Zl fai +Bizg} (2.8.10)

m
:?(K+D0—u):0

*
JdinL DalnL __n

and n_
do Jo o

p-1 Z Zi{oi = Bizgy} +P Z Zg) {0 +Biziy} (2.8.11)
C & 0i:

:_0_13[(n02—Bo—C)—m(K—u)(K+Do—u)] =0

n
where & =(p—-1)B,,+pB;, M= z 3i; Aj=pa; —(p—-1)a,,
i=1
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D= IZl Ai /Im, K= [iZl 6iU(i)}m, B = iZl Ai(u(i) - K) (2812)

n n
and C= Z 6i(u(i)_K)2:Z 6iU(i)2_mK2.
i=1 i=1
The solutions of these equations are the MML estimators:

0=K+DG& and & =(B+,/(B2+4nC)}/2,{n(n - 1}- (2.8.13)

Note that & is always real and positive since §,> 0 (1 <i < n) for p > 1. In practice, of
course, p is often greater than 1 (Cohen and Whitten, 1982).

The Fisher information matrix exists for p > 2 and is given by

2
wr| (5] T3 o3
16,0)= |\ P ) P PJ1. (2.8.14)
° r[z - —) 1
p
For p > 2, the MML estimators 6 and 6 above are asymptotically fully efficient, i.e., they

are unbiased and their variance-covariance matrix is given by 171,

The standard errors of § and & are approximately (p > 2)
_ —11/2

o 1

5T (D)

) T
s T

For the data above, we have the following MML estimates of 6 and o:

6 =598 and & =202.

Since p = 1.2 and is less than 2, (2.8.14) — (2.8.15) cannot be used to calculate the ap-
proximate standard errors in these estimates; see, however, Example 2.10. If p < 2, we recom-
mend the transformation Y = In U. The distribution of Y is the extreme-value distribution. The
estimation can then proceed. We illustrate this in Example 2.10.

and +

, (2.8.15)

EXAMPLE 2.9: The following 15 observations represent the measurements of a certain char-
acteristic in blood cells (Elveback et al., 1970):

8.921 8.982 9.048 9.262 9.689 9.715 9.774  9.830
10.128 10.485 10.591 10.766 10.840 10.881 11.268.
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Elveback et al. assume a logistic distribution. To calculate the BLUE, the coefficients a,
and b; in (2.7.6) are available (Gupta et al., 1967). To calculate the MML estimates, we only
need the expected values of order statistics which we calculate from (2.5.6) with b = 1. From
equations (2.5.10) and (2.7.6), we obtain the following:

Estimate (1/0?) Variance
u o u o
BLUE 10.010 0.843 0.063 0.048
MML 10.012 0.831 0.062 0.039

Incidentally, the ML estimates obtained by a laborious iterative process are 10.011 and

0.801v15/14 = 0.829 for p and o, respectively. There is close agreement between the three
methods. The modified likelihood method is analytically and computationally the easiest, how-
ever.

EXAMPLE 2.10: Consider the following data obtained by taking the logarithm of the observa-
tions in Example 2.8:
3.135 2.015 3.761 3.258 4.094 4.654 4.605 5.136 3.989 4.248 4.543
5.768 5.858 6.908 6.254 6.908
The distribution of Y = In U is assumed to be the extreme-value distribution (2.6.1).
From equations (2.6.10), we obtain the following estimates:

5=4.073 and f =1.248 (2.8.16)
The approximate standard errors in these estimates obtained from (2.6.11) are
1/2

2
6(L248)° (01787 +16464)| =10328 and

. 6(1.248)?
~ | (3.143)2(16)

F

(3.143)°(16)
respectively. The standard errors are pleasantly small which indicates a high degree of preci-
sion in the estimates.

We now discuss the asymptotic distributions of the MML estimators. We will show in
Section 2.10 (and Chapter 8) that the results are applicable even for small sample sizes.

=+ 0.243,

2.9 ASYMPTOTIC DISTRIBUTIONS OF THE MML ESTIMATORS

We assume that the range of the random variable y does not depend on the parameter(s) we

are estimating. To obtain the distributions of \/E(ﬁ - /o and (n — 1)62/0?, we first note the
following important results:
Lety,,Y,,......y, be a random sample of size n from a normal population N(u, 62). Here,

dlnL _ n _ olnL _n > 4

=—(y- =— (S -0 2= -2
o 02(y 1) and P 03( ), S iZl(y. Wn. (2.9.1)
Bartlett (1953) showed that (i) the cumulants of dInL/op are determined by

E(0" In L/op") which are zero for all r = 3 and that gives the distribution of Jﬁ(y -W/o as
normal N(O, 1), (ii) the cumulants of d In L/do are determined by E(0" In L/dc") (r = 1) which
gives the distribution of nS?/g? as chi-square with n degrees of freedom, and (iii) the mixed
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cumulants of the random variables 0 In L/dy and 0 In L/dc are determined by E(0" * S In L /o'
00%) which are zero for all r > 1 and s = 1, together with the Cochran identity

nS2=n(y - W2+ (n-1)s?, 2 = z (i =¥)?I(n-1), (2.9.2)
=1

gives the result that ¥ and s? (or s) are independently distributed, and the distribution of
(n — 1)s?/0? is chi-square with n — 1 degress of freedom; for a beautiful geometrical proof of
these results, see Patnaik (1949).

Consider the situation when the underlying distribution is symmetric. Here, the modi-
fied likelihood equations are

dinL DaInL*:m(A W) (2.9.3)
ou ou 2
*
and JlnL Dc)InL
0o 0o

n BO +1’BOZ +4I’]C0 B() _\BOZ +4I’]C0 (294)

=——(0— C-
; 9.
o n n

5[5

since B,/,/(nCy) 0O, a; and B; being bounded;
n n )
Z o (Vi - and C, = 2 Bl ~W* (@ >0)
= =1

Moreover, Z Bi (Yo —H* =m(@ -+ > Biyy ~0)°, m= B, (2.9:5)
=1 i=1 i=1

and {i is linear and is normally distributed (asymptotically). Realizing that the structural
relationships here are exactly the same as in (2.9.1)—(2.9.2), and the modified likelihood equa-
tions are asymptotically equivalent to the corresponding likelihood equations, and satisfy all
the Bartlett conditions above, we have the following results for symmetric distributions.

Lemma 2.1: The asymptotic distribution of \/ﬁ(ﬁ - W /o isnormal N(O, 1);

o?/m 01/~ E (02 In L*/ap?)}.

Lemma 2.2: For large n, the distribution of (n — 1)/ is chi-square with n — 1 degrees

of freedom;

E(6) 0o and 0%/2n O1/— E(@? In L*/d0?)}.

Lemma 2.3: Asymptotically, the MML estimators 1 and 42 are independently distrib-
uted since
E(@"*°In L*/0u'dc®)=0 for r=1 and s=1.
For an alternative proof developed by solving the differential equations 0 In L*/0pu =0
and 0 In L*/dc = 0, see Appendix 2C.

For skew distributions, we have the following results; i (0) = K+ Do and D is a constant.
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Lemma 2.4: The conditional (¢ known) distribution of v/'m ({i(c) — p)/o is asymptotically
normal N(O, 1);
0?/m O1/{— E(6? In L*/0p?)}.
This follows from the factorization
*
ag;L Da'g: :%(ﬁ(o) ~). (2.9.6)
Remark: Alternatively, the asymptotic normality of i and {i (o) follows from the fact that they
are linear functions of order statistics with uniformly bounded coefficients (David, 1981).

Lemma 2.5: The conditional (u known) distribution of nG (u)%/a? is, for large n, chi-
square with n degrees of freedom;

E{6(W}0c and 0%2n 0O1/{-E(? In L*/dc?)}.
This follows from (2.9.4) and the values of E(d" In L*/dc") which are exactly the same as
in the situation when the underlying distribution is symmetric. Note also the factorization.

z Bi (Yay )2 =m (K -p)® + z Bi (e —K)?, (2.9.7)
=1 =1

K being a linear function. However, {1 and & are not independent of one another, even asymp-
totically, since the mixed derivatives E(0™ In L*/0u'0c®) are not zero forr=1 and s> 1.

Remark: We show in Section 2.11 that the distribution of (n — 1)6%/a2 is more accurately a
multiple of chi-square (equations 2.11.16 and 2.11.19).

Lemma 2.6: The asymptotic distribution of \/(n/v,;) (1(6) — w)/6 is normal N(O, 1), since

6 converges to o as n tends to infinity;  is given in (2.4.4). This follows from the well-known
Slutsky’s theorem, along the same lines as in Chapter 1 (Section 1.3);v,, is the first element in
the asymptotic covariance matrix such as (2.5.13).

Comment: If we have a linear contrast
C C
> Ll Y=o, (2.9.8)
=1 1=1
C
of ¢ MML estimators calculated from independent samples of size n, and % = S 6i2/c is the
i=1

k
“pooled” MML estimator of o2, the Bartlett conditions are satisfied and > I;{i; and &2 are
i=1

independently distributed (asymptotically). As a result, the asymptotic distribution of

\/Eiligi/ 6/§Ii2 (2.9.9)
i=1 i=1

is normal N(0, 1). For small n, the distribution is closely approximated by the Student t with
c(n — 1) degrees of freedom. This will be illustrated in Chapters 6-8. The results also extend to
situations where the sample sizes are not necessarily equal. Applications of the statistic (2.9.9)
are particularly in the area of Experimental Design and are discussed in Chapter 6.
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Comment: In addition to the location and scale parameters, numerous distributions
have a third parameter (called shape parameter) which usually determines the shape of a
distribution. For example, the parameter p in (2.2.9) or in (2.2.13) is a shape parameter
which might, in practice, be unknown. Determination of a shape parameter is discussed in
Chapter 9. It is, however, shown in Chapter 8 that the MML estimators {land ¢ and the
hypothesis testing procedures based on them are robust to plausible deviations from the
true value of a shape parameter. A very precise estimate of p is not, therefore, too crucial
for applications of the method of modified likelihood. Unlike the Huber M-estimators, the
MML estimators (and the hypothesis testing procedures based on them) are not confined to
long-tailed symmetric distributions. In fact, the MML estimators are defined and have good
efficiency and robustness properties for all the three types of distributions: skew, short-
tailed symmetric and long-tailed symmetric distributions. This is illustrated in Chapter 8.
See also Tables 2.1-2.4. It may be noted that skew distributions occur more frequently in
practice than do symmetric distributions (Pearson, 1931).

2.10 HYPOTHESIS TESTING

Testing H,: =0 against H,: u > 0 is an important problem both in theory and in practice. If
the underlying distribution is normal N(j, 02), the statistic

t = /n (y/s) (2.10.1)
is used. The null distribution of t is the Student t with v = n —1 d.f. The non-null distribution
of t is noncentral t with d.f. v and noncentrality parameter A , A,? = n(W/0)>. The test is UMP
(uniformly most powerful). For large n, the power of the test is given by

Power =P(Zzz - | A, |), (2.10.2)
where Z is a normal N(0, 1) variate and z_ is its 100(1 — a)% point. Consider now non-normal
distributions.

Symmetric: Suppose the distribution is one of (2.2.9). The test is now based on the
MML estimators (2.4.8). We note from the equation (2.3.18) that

V(1) Oc?/M (M =2pm/k) (p = 2).

Since 0?/M O(p — 3/2)(p + 1) 6?/np(p — 1/2) for large n and the expression on the right
hand side gives closer approximations to the true variances of I (Table 2.1), we define the

statistic
T= [J_P(P-12) (E) (2.10.3)
P-32)pP+1|l6) o

Large values of T lead to the rejection of H in favour of H,. In view of Lemmas 2.1-2.3,
the null distribution of T is referred to the Student t with v=n -1 d.f. For large n, the power
of the test is given by

PZzz,— A, D), (2.10.4)
whereA,2 ={np(p — 1/2)/(p — 3/2)(p + 1)}(/0)%. Since \,2/A 2> 1, the T test is more powerful than
the t test; this is also illustrated in the next chapter. We will show in Chapter 8 that the MML

estimators land 6 and the T test are remarkably robust to long-tailed distributions and to
outliers in a sample. This is due to the umbrella ordering of the coefficients B, (1 <i < n),
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namely, the coefficients increase until the middle value and then decrease in a symmetric
fashion. For p = 3.5 and n = 20, for example, the first ten {; coefficients are, B _;,, = B;:
0.006 0.259 0.452 0.604 0.725 0.820 0.893 0.946 0.981 0.998 (2.10.5)

Thus, the extreme observations on both sides of an ordered sample automatically re-

ceive small weights. This depletes the influence of long tails and outliers.
Skew distributions: Suppose that the distribution is one of (2.5.1). The MML estima-

tors fland 6 are given in (2.5.11). To test H,: p = 0 against H,: u# 0, for example, we define the

statistic
T= (L) (E) (2.10.6)
AN

where v,, is the first element in (2.5.13). For b =1 (logistic distribution), for example,
v, = (b +2)/b = 3. Large values of | T | lead to the rejection of H, in favour of H,. The null
distribution of T is referred to the Student t withv = n— 1 d.f. and gives remarkably accurate
approximations to the percentage points. For example, we have the following simulated val-
ues of the probability:

Prob (] T 2t,,5(v) | Hp): (2.10.7)
n b=05 1.0 2.0 4.0
10 0.045 0.040 0.046 0.069
20 0.045 0.046 0.048 0.061
30 0.050 0.051 0.051 0.053
50 0.046 0.049 0.050 0.052

It may be noted that the Generalized Logistic has considerable amount of skewness for
b = 4 (Appendix 2D). That seems to be the reason that a larger sample size n is needed for
(2.10.7) to give accurate approximations, for b > 4.
For large n, the power of the T test is given by
Prob(1 Z1z2z,-1A 1) (2.10.8)
A2 =(n/v;,)(Wo)2. Realizing that the variance of the Generalized Logistic distribution is
{y'(b) + Y'(1)} 02 (Appendix 2D), the power of the t test is given by (2.10.8) with A2 replaced by

2
I L
A ) U ) (0) : (2.10.9)

Since vy, <y'(b) + Y'(1), e.9. v, = 3 and Y'(b) + Y'(1) = 3.29 for b = 1, the T test is more
powerful than the t test. We will show in Chapter 8 that the T test is remarkably robust to
skew distributions and outliers. This is due to the half-umbrella ordering of the coefficients {3
(1 <i<n): they decrease in the direction of the long tail. For n = 10, for example, we have the
following values of these coefficients calculated from (2.5.5); b = 8:

0.206 0.161 0.130 0.105 0.084 0.065 0.049 0.034 0.020 0.007

Thus, the extreme order statistics in the direction of the long tail automatically receive
small weights (for b = 8, the long tail is on the right hand side). This depletes the effect of the
long tail.
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Before we consider testing for an assumed value of a scale parameter, it is pertinent to
introduce Huber (1964, 1981) estimators and the tests based on them.

2.11 HUBER M-ESTIMATORS

Lety,, ¥,.....y, be a random sample from a distribution of the type (1/0) f((y — W)/0). Huber
(1964,1981) assumed in particular that f is long-tailed symmetric (kurtosis p,/p,? > 3) and
proposed a new method to estimate p as follows:

The log-likelihood function is

n
InL=-nlno+ z Inf(zi), z =(y,-plo. (2.11.1)
=1
If the functional form f is known, the ML estimator of u is the solution of the equation
dlnL _ 1 ¢
=— Zi) = =—f
w o ; &(zi) =0, &) =-Ff (2/f(2). (2.11.2)

Writing w; = w,(z) = &(z;)/z;, (2.11.2) can be written as ; w; (y; — W) =0 so that
i=1

M= iWiYi/i Wi, (2.11.3)

Given o and &(z), one may solve (2.11.3) by iteration (Low, 1959; Gross, 1976).

In practice, however, neither ¢(z) nor o are known. Huber (1964) proposed a function
&(z) as

]z if Jz]<c
8@ =1csgn(2) if Jzl>c (2.114)

This is a combination of the normal distribution in the middle and the double-exponen-
tial in the tails. The popular choices of ¢ have been 1.345, 1.5 and 2.0 (Birch and Myers,1982)
because these choices correspond roughly to 10, 5 and 2.5 percent censoring on either side of a
normal sample.

For the unknown o, Huber (1964,1977), Gross (1976,1977) and many others have used
50 =mad = median| y,-median (y;) | as an estimate. Later, Huber(1981) and Birch and Myers

(1982) suggested changing mad to mad/0.6745 (an asymptotically unbiased estimator of ¢ in
case of a normal distribution).

The solutions of (2.11.2)—(2.11.4) are referred to as Huber M-estimators (Huber, 1964,

1977, 1981), to be denoted by [1,. Huber showed that the asymptotic variance of the M- esti-
mator is

(0%In) EE?(2)HEE @)} (2.11.5)

Hence, the estimator of o which matches with iy is

6 = nao{z zz(y'a_o“'*ﬂ {i z[y'a"o“'*ﬂ (2.11.6)
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Descending functions: A function like &(z) = z/(1 + z?) which decreases as | z | in-
creases is called a descending &-function. When the functional form f(z) is not known and one
wishes to deplete the effect of tails, one may then approximate f(z) by descending functions.
Three most popular descending functions are:

1. The wave function (Andrews et al.,1972; Andrews, 1974)

: £ o)<
E(z):{S'%(Z) :f :i:iﬁ (2.11.7)

2. The bisquare function (Beaton and Tukey, 1974)

_Jz(a-2%)? if Jz]=1 2118
D=1 0 itz (2.118)
3. The Hampel piecewise linear function (Hampel, 1974)

1z1 0<]z]<a

a a<]z]<b
€(z) =sgn(z) {c -z (2.11.9)

~—b b<)zl<c

0 c<|z]

This results in different estimators for different values of a, b and c.

In an extensive numerical study, Gross (1976) examined 25 representative estimators
(out of 65 discussed in Andrews et al.,1972) of u (and o) and particularly recommended three of
them, namely, the wave estimators w24, the bisquare estimators BS82 and the Hampel esti-
mators H22. Since the three have similar efficiency and robustness properties (Gross, 1976;
Tiku, 1980; Dunnett, 1982; Tiku et al., 1986), we reproduce the equations only for the pair
w24

T, =median {y;} and S, = median {] y,—-T,1} (1<i<n),
N 1| Zisin (z;)
=T,+ (hS,) tan™! | =+ ——
Hw = To *+ (NSo) {Zi cos(zi)}
Y. sin? (z;) vz
——| (2.11.10)
(Z; cos (z;))
h = 2.4, and the summations include only those i for which | z, | <m, z, = (y; = T)/(hS,). The
estimates are calculated in a single iteration.

The estimators w24, BS82 and H22 censor observations (smallest and largest) implic-
itly; the number of censored observations is not the same for every sample. For symmetric
distributions, the Huber estimators of p are unbiased and uncorrelated with the matching

and 0,, = (hS,) l:n

estimators of . For long-tailed symmetric distributions, {i,, (and other such Huber estima-
tors) are remarkably efficient, but not for skew and short-tailed symmetric distributions. Other
estimators which are equally efficient for long-tailed symmetric distributions are the Tukey
estimator and the Tiku (1980a) MML estimator based on Type Il censored samples

Yire1) S Yir+2) S-S Yinon- (2.11.11)

The formulae for calculating these estimators are given in Appendix 2E. For long-tailed
symmetric distributions with finite mean and variance (e.g., the family 2.2.9 with p 2 2), r in
(2.11.112) is chosen to be the integer value [0.5 + 0.1n]. For more extreme non-normal symmetric
distributions (e.g., Cauchy and normal/uniform) which can easily be identified by using
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Q-Q plots or goodness-of-fit tests, rin (2.11.11) is chosen to be [0.5 + 0.3n]. A detailed comparison
of Huber, Tukey and Tiku estimators is given in Tiku (1980a) and Tiku et al. (1986). See also
Dunnett (1982).

To test the null hypothesis H,: 1 = 0, the statistic based on the w24 estimators is
t, = VN (i,/8,,). (2.11.12)
The null distribution of t, is referred to the Student t with v = n — 1 d.f. The statistics
based on BS82 and H22 are exactly similar to (2.11.12). For sample sizes n < 20, however, the
t,, test (and those based on BS82 and H22) have type | error considerably larger than the

presumed level (Tiku et al., 1986). For the logistic distribution, for example, we have the fol-
lowing values;

ty = Jn (ig/6) is based on the BS82 estimators mentioned above:

Values of the Prob(t, <t, (V) | H,)

n=10 20 30 50
t, 0.072 0.061 0.054 0.046
tg 0.072 0.064 0.055 0.049

When the percentage points of t, and tg; and other such statistics are corrected (by
simulation since it is difficult to do this analytically), they have power and robustness proper-
ties similar to the Tukey and the Tiku statistics

trrim = /(N = 2r) (fryim G rir) @D 1= Jm ({1 /6c); (2.11.13)
see, for example, Tiku (1980a) and Dunnett (1982). It may be noted that the statistics (2.11.12)
and (2.11.13) are applicable only to long-tailed symmetric distributions. They do not give good
results if used for skew or short-tailed symmetric distributions. We illustrate this now with
respect to the Huber M-estimators.

Consider the Generalized Logistic distribution (2.5.1). The MML estimators {land &
are given in (2.5.11). Without bias corrections, the M-estimators give misleading results. For

iU =0, b =0.5and n = 20, for example, the simulated mean of I is — 0.017¢ but that of ﬁw
is —1.2360. The bias corrected M-estimators are

w24y * =, - [Wb) - w(b)] o,*

and 0,* = 6,,/{W (b) + ¥ ()} (2.11.14)

and, similarly, BS82 and H22. The bias corrected LS estimators are
LS: u=y - [W(b) - w(1)lo

=

and o= JZ (y; = ¥)?/(n = 1) {Y’ (b) + Y’ (1)} (2.11.15)

It may be noted that no such bias correction is needed for the MML estimators fland G;
they are self bias-correcting. Given in Table 2.4 are the simulated means and MSE (mean
square errors) of the estimators above. Since the values for BS82 and H22 are almost the same
as w24, they are not reproduced. It can be seen that the M-estimators are considerably less
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efficient than the MML estimators. They are even somewhat less efficient than the LS estimators
(overall). Moreover, ¢, * has substantial bias.

Table 2.4: Values of the mean and mean square error; | = O without loss of generality.

n b i 19 H G o,* o
(1/0) Mean
10 0.5 —0.025 —0.052 —0.063 1.032 0.843 0.947
1.0 —0.003 0.002 0.004 1.027 0.884 0.966
4.0 0.070 0.162 0.080 1.000 0.863 0.954
20 0.5 —0.017 0.006 —0.031 1.014 0.880 0.975
1.0 —0.003 —0.008 0.002 1.019 0.924 0.977
4.0 0.023 0.080 0.043 1.008 0.912 0.975
(1/6%) MSE
10 0.5 0.546 0.686 0.563 0.090 0.102 0.095
1.0 0.311 0.322 0.326 0.083 0.089 0.086
4.0 0.239 0.264 0.268 0.071 0.088 0.084
20 0.5 0.265 0.379 0.288 0.041 0.051 0.052
1.0 0.153 0.158 0.164 0.038 0.042 0.048
4.0 0.120 0.127 0.133 0.034 0.042 0.044

We show in Chapter 7 that for symmetric short-tailed distributions also the M-estima-
tors are considerably less efficient than the MML estimators. The use of the M-estimators
should, therefore, be limited to symmetric long-tailed distributions. However, there is a prob-
lem: the M-estimators of o can have substantial downward bias (Chapter 8). This is also illus-
trated in Chapter 11.

Scale parameter: To test H,: 0 = 0, against H,: 0 > ¢, the MML estimator ¢ is used.
The statistic d6'2/002 is employed and its null distribution is referred to a chi-square withn -1
d.f. (Lemmas 2.2 and 2.5). A sharper result, however, is obtained by using the technique of
Lawless (1982):

Denote the variance of /o by V =v,,/n where v,, is the last element of the covariance
matrix such as (2.5.13). Let

Jx? = d (6/0) (2.11.16)
where x? is a chi-square variate with v d.f. The constant coefficients d andv are determined by
equating the expected values of the variables and their squares on both sides of (2.11.16).
Realizing that E(6/0) 01 and writing Var (6/0) =V, d = v/(V + 1) since E(X?) = Var(X) + E2(X)
for any random variable X, and v is determined by the equation

m:ﬁr(;)/r(“l). (2.11.17)

2

Consider, for example, the extreme-value distribution (2.6.1). The MML estimator § = i
is given in (2.6.10). The bias-corrected estimator has the divisor 2n replaced by 2m. Therefore,
V = (n/m?)(6/m) from (2.6.11); v and d can now be determined. For example, we have the
following values:
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n= 5 10 15 20 25 30
Y 3.2 6.6 10.4 14 18 22
d 2.73 6.13 9.92 13.53 17.52 21.53

To illustrate the accuracy of this two-moment ,/x? approximation, Vaughan and Tiku
(2000, p.60) give the simulated values of the probability

d6? 2
Prob {— = Xq.05 (V) (2.11.18)
Og
as follows:
n= 5 10 15 20 25 30
Prob 0.052 0.051 0.050 0.050 0.050 0.050

It can be seen that the approximation is remarkably accurate. Large values of d(G/0,)?
lead to the rejection of H, in favour of H,.

A simpler chi-square approximation, although somewhat less accurate than (2.11.16), is
obtained as follows.

AN2
Write X2 = (”—;1) (3) (2.11.19)
o

where ¥? is a chi-square variate with n — 1 degrees of freedom. Equating the expected values
on both sides, we get

h=1+V, V=Var(6/o); E(6/o)01. (2.11.20)
Thus, the distribution of (n — 1)62/0? is a multiple of x% h 01 if V 00. The chi-square
approximation (2.11.20) is computationally much easier than (2.11.16).

SUMMARY

In this Chapter, we consider the problem of estimating the location parameter (mean)
M and the scale parameter (standard deviation) o of a given distribution. We consider three
families of distributions: (i) skew, (ii) short-tailed symmetric, and (iii) long-tailed symmetric.
The maximum likelihood estimators (MLE) being generally intractable, we derive the modified
maximum likelihood estimators (MMLE). The latter are obtained by (i) expressing the
likelihood equations in terms of the order statistics of a random sample and (ii) linearizing
the intractable terms. The resulting equations have explicit solutions called MMLE. We
show that the MMLE are asympototically fully efficient and have high efficiency for small

sample sizes n. We discuss the distributions of the MMLE {land 6. For large n, ﬁ(n - Wwlo

is normal N(0, 1) and (n — 1)62/a? is a multiple of chi-square with n — 1 degrees of freedom.
We compare the MMLE with the BLUE (best linear unbiased estimators) and show that the
former are jointly more efficient besides being much easier to compute. We give numerical
examples to illustrate these findings. We also compare the MMLE with the Huber M-
estimators and show that the former are generally more efficient. We study the distributions

of the Student type statistics +/m {1 /6 for the three families above. They are asymptotically
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normal N(O, 1) and, for small sample sizes n, they are closely approximated by the Student
t distribution with n — 1 degrees of freedom. We show that the MLE and the MMLE are
numerically very close to one another.

Note: As pointed out in Tiku (1996, p. 266) and Bian and Tiku (1997b, p.86), Balakrishnan
in several of his publications and in his book (Balakrishnan and Cohen, 1991) use the method of
modified likelihood and claim originality of the method. That is not true, however; see Balakrishnan
(1989a , b) and his retractions. See also the book review by Saleh (1994).

APPENDIX 2A

ASYMPTOTIC EQUIVALENCE

Asymptotic equivalence of a modified likelihood equation dIn L*/d6 = 0 (and its deriva-
tive) and the corrsponding likelihood equation d In L*/d0 = 0 (and its derivative) follows from
the following result due to Hoeffding (1953, Theorem 1).

Let z; (1 <i < n) be independent standard random variates (with location parameter
M =0 and scale parameter o = 1) with a common cumulative density function F(z). Let

Z4)ySZp SS 7, (2A.1)
be the ordered variates with t;, = E{z;}, 1 < i< n. It is assumed that

| 1Hdr@) <o (2A2)
which implies that t,. are finite for all i = 1, 2, ..., n. Let g(z) be a real-valued continuous
function such that | g(z) | < h(z) where the function h(z) is convex and
j h(z)dF(2) < . (2A.3)
1« @
Then lim =% g{ti:n}:J. 9(2)dF(). (2A.4)
n-en & -

Consider, for example, the likelihood equations (2.6.3)-(2.6.4) and the corresponding
modified likelihood equations obtained by replacing exp {— z(i)} by a; — iy the coefficients a;
and B3, (L <i<n)are given in (2.6.6). The differences

(1/n){d In L*/dd) —d In L/dd)}, (1/n) {d? In L*/d&?) — (d? In L/d&?)},
etc., are in the limit (n tends to infinity) expressions in terms of (t(i) =t.,)

i n
eS| gmel S e o)
Ilm E_l 0 - (e—Z(i) _e—t(i)):l
n- o n ; (i)
. 1 25726 _ ot
and r!'m,E - ;z(i) (e e )} 25

Realizing that the absoll_Jte values of the functions g,(z) = z2, 9,(z) = exp(- z), 95(2) =z
exp(- z) and g,(z) = z? exp(- z) are dominated by non-negative convex functions with finite
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expectations (with respect to the underlying extreme-value distribution), it follows from
(2A.4) that

1 ¢ _ _
tim = Z 0,{tin} = Ef,@} (=123, 4). (2A.6)
Further, r!lrrl)— z Ciin €XP(~tin) =0, 0y, = Var{z,}, (2A.7)

since the variances 0;;., (1 <i < n) are bounded above (David and Groeneveld, 1982), and

lim = z Oiin =0; (2A.8)

n-o N

(2A.8) follows from the fact that

1 ¢

im oY e =EE@

= lim E 1 i z (2A.9)
R P o :
f!lfrll:n z (tln +0lln):l

From the results (2A.5 - 2A.9), the asymptotic equivalence follows immediately (Vaughan
and Tiku, 2000, Appendix A).

Remark: The equation (2A.4) can be used to obtain the minimum variance bounds.

n
Consider, for example, the equation (2.4.6). Since 3 a; =0,
i=1

2 InL~* 2n p . .

a; is given in (2.3.14). From (2A.4),

ol L (2/k)z*
Jim ; %t E({(1+ (]Jk)zz}z)
= OK[1— 2E{1 + (IIK)Z2 + E{1 + (1/K)22F2].  (2A.11)

The expected values in (2A.11) are easy to evaluate from (2.3.20) and when substituted
in (2A.10) give the result that

— E(0? In L*/00?) = 2n(p — 1/2)/(p + 1)0?.
It is very interesting to note that to compute the MMLE and the second derivatives of
In L*, only the values of E(z;) are required and not E(z(l) ).

APPENDIX 2B

NUMERICAL COMPARISON

The MML estimators of p and o are asymptotically equivalent to the ML estimators. To
verify how close the two are numerically for small n, we followed Tan (1985, p.332). We calculated
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the MMLE from the modified likelihood equations and substituted them in the likelihood
equations.

Symmetric distributions: For the symmetric family (2.2.9) we calculated the MML
estimates [land & from (2.4.7) with the divisor 2./n(n - 1) replaced by 2n in the expression for

6 since the true solution has divisor 2n. We used the exact values of t ;, = E(z;)) given in Tiku
and Kumra (1981). We substituded them in the likelihood equations (2.4.1) to obtain the val-

ues of
le(a'”") and 8:1(6'”") . (2B.1)
u=Q,0=6 u=f,0=6

n{ ou n\ do

We repeated these calculations for N = [100,000/n] random samples of size n generated
from (2.2.9). The means and variances of the N values of T and & are given below; p =0 and
o = 1 without loss of generality:

p=35 p=5.0
n= 6 10 20 n= 6 10 20
10 x Mean % 2.11 0.18 0.17 -1.36 0.65 0.10
10* x Var % 6.35 2.33 0.69 4.49 1.84 0.55
102 x Mean 5 -5.70 —457  -2098 —4.24 -350 —2.42
102 x Var 5 0.33 0.18 0.07 0.16 0.11 0.01

The closeness of the ML and the MML estimates is apparent. Tan (1985) has similar
results.

Skew distributions: A similar process with the family (2.5.1) and the MML estimates
(2.5.10) substituted in (2.5.2)-(2.5.3) gave the following values. For n = 6 and 10, we used the
exact values of t; given in Balakrishnan and Leung (1988):

b=1.0 b=4.0
n= 6 10 20 n= 6 10 20
10*x Mean t  —0.43 036 -044  —2.86 ~164 -0.87
10% x Var 1.71 0.53 0.38 5.65 1.36 0.39
102 x Mean §  —5.13 -3.56 -3.11 -5.93 -389 -271
102x Var & 0.23 0.09 0.05 0.32 0.10 0.05

The ML and MML estimates are very close to one another for both symmetric as well as
skew distributions. There is all the reason, therefore, to use the MML estimators in situations
where the ML estimators are not readily available.
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APPENDIX 2C

ASYMPTOTIC DISTRIBUTIONS
It follows from (2.3.18) that [1 is asymptotically distributed as N(u, 62/M) From (2.4.8),

6% OC/(n—1) since B/4/nC 0O for large n. Solving the differential equations (2.4.5)-(2.4.6), we
get

_(n-16* M

2y- (n— 1)/2 ex (1 -w?
L* O(a?) p Py Py H=W"| Hy), (2C.1)

where H(y) is an analytical function free of u and o2. Making the transformation [i = [i(y), 2
=62(y), Wz=Ys....,W, =Yy, and integrating out (wj, ...... W), we obtain the joint density of
(i, X=(n-1) 6%/0?) as

f(i, X) = f,(i; u, 0?M) f,(X; n—1) R({1, 2) (2C.2)
where f, is the normal density N(y, 6%/M), f, is the chi-square density with n — 1 degrees of
freedom, and R({i, Z) is an analytical function free of p and o2. This follows readily from the
fact that — o < I < © and 62 > 0, and H(y) is free of p and o2 Now, ({i, 62) are complete
sufficient statistics from (2C.2) (see Hogg and Craig, 1978). Write U({i, z) = R({i, z) — 1; then

r rfl(ﬁ; u, 62IM)E, (X; n - )U(0, Z) didZ =0
—0 JO

forall —o <l <o and g2 > 0. Hence U({1, z) =0, i.e. R([1, z) = 1 almost surely. Thus

f(i, X) =f,(; u, 0?/M) £, (X; n-1) (2C.3)
and that proves the result.

APPENDIX 2D

THE PSI-FUNCTION
Consider the Generalized Logistic distribution (b > 0)

f(z)=beZ{1+e P+l —w<z<ow (2D.1)
The moment generating function of Z is
My(z) = E(e%)=br(1-6)r(b+06)r(b+1) (]6] <1). (2D.2)
The rth moment of Z is
dl’
TR {der Me(z)}e:0 (2D.3)

and is an expression in terms of the psi-function Y(x) = I'(X)/I'(X) and its derivative. In
particular,
E(2) = g(b) - w(1) and V(Z)=y'(b) +y'(1). (2D.4)
Given below are the values of (b) and {'(b). For several other properties of P(x) and its
derivatives, one may refer to Abramowitz and Stegun (1985):
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b w(b) Wb+ 1) w'(b) W'(b+1)
0.5 - 1.9635 0.0365 4.9348 0.9348
1.0 -0.5772 0.4228 1.6449 0.6449
2.0 0.4228 0.9228 0.6449 0.3949
4.0 1.2561 1.5061 0.2838 0.2213
6.0 1.7061 1.8728 0.1813 0.1536
8.0 2.0156 2.1406 0.1331 0.1175
10.0 2.2518 2.3518 0.1051 0.0951

The following results are needed in deriving the elements of the Fisher Information
matrix. Writing
g(z)=e %1 +e? and h(z) =e %1 +e??
it is not difficult to show that
E{g@)} = (b+1)* E{Zg(2)} = (b + 1)~ * (w(b) - Y(2))
E{h(2}=bb+ 1)1 (b+2)? (2D.5)
E{Zh(2)} =b(b + 1)~ * (b +2)"* [Y(b + 1) —(2)]
E{Zh@)}=bb+1) " (b+2)  [W(b+1)+y(2) +{wb + 1) - W2)¥]
The Pearson coefficients of skewness and kurtosis of the Generalized Logistic are given
below:

b= 05 1 2 4 6
Skewness py/u,%? -0.855 0 0.577 0.868 0.961
Kurtosis  p,/p,2 5.400 4.2 4.333 4.758 4.951

APPENDIX 2E
ESTIMATORS BASED ON CENSORED SAMPLES
The Tukey estimators of p and o are usually denoted by {i1,;,, and G+, ; the expression
for (i is given in (1.2.5) and ({1 = frrim)
n-r 1/2
z Vi =) + 1Y esy ~ B2+ 1Y (- —A7)°
ol (2E.1)

6- .=
Trim n-2r-1

Tiku (1982) states that “non-normality essentially comes from the tails and once the
extreme order statistics are censored, there is hardly any difference between a normal and a
non-normal sample”. See also Tiku et al. (1986, pp. 22-23). He assumes normality for (2.11.11)

and recommends the use of the MML estimators i, andd. (Tiku, 1967, 1968, 1973) in the
framework of robustness:
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n-r
fe :{ z Yy By (e + y(n—r))}/m (m=n-2r+2rB), and (2E.2)

i=r+1
6. ={B+.(B2+4AC)}/ 2{A(A-1}, A=n-2r, (2E.3)
n-r
B=ra(y,_—Ye.+y) and C= Z Yi© + BYm-n> + Yrp?) = MA%,
i=r+1
The coefficients a and (3 are calculated from the equations
f(t) f(t) { f(t)}
a=—"" —-fBt and B=—-—=|t—-——| (2E.4)
q q q

q = r/n, f(t) = (2m)~ Y2 exp(- t%/2) and t is determined by J-tf(t) dt =1-¢q; a and B are both

positive fractions.



CHAPTER 3

Linear Regression with Normal and
Non-normal Error Distributions

3.1 INTRODUCTION

In Chapter 2, we discussed the modified likelihood estimation of location and scale parameters
of distributions of the type (1/0)f((y — p)/o). We showed that the MML (modified maximum
likelihood) estimators are explicit functions of sample observations and are highly efficient. In
fact, they are asymptotically the MVB (minimum variance bound) estimators under some very
general regularity conditions (Appendix 2A). We also showed that they are numerically the
same (almost) as the ML estimators for all sample sizes (Appendix 2B); see also Chapter 4. In
this chapter and the next three, we consider certain very important (from theoretical as well
as practical point of view) topics, namely, linear regression, binary regression, autoregression
and exprimental design. We derive the MML estimators of the parameters and study their
efficiency properties. We show, in particular, that the MML estimators are considerably more
efficient than the LS (least squares) estimators. It may be remembered that the LS estimators
are widely used in these areas. In fact, we show that the LS estimators have a disconcerting
feature, namely, their efficiencies (relative to the MML estimators) decrease as the sample
size n increases and stabilize at values considerably less than 100 percent. We show that it is
advantageous to use the modified likelihood methodology presented here, since it gives enor-
mously more efficient estimators than the least squares estimators. We illustrate this by con-
sidering three families of distributions representing skew, short-tailed and long-tailed sym-
metric distributions. As in Chapter 2, it is shown that the weights given to ordered residuals in
the formulation of the MML estimators have distinct features: (i) for skew distributions they
decrease in the direction of the long tail, (ii) for short-tailed symmetric distributions they
decrease untill the middle value and then increase in a symmetric fashion, and (iii) for long-
tailed symmetric distributions they increase untill the middle value and then decrease in a
symmetric fashion. This is instrumental in achieving robustness, considered in Chapter 8.

3.2 LINEAR REGRESSION
Consider the simple linear regression model
Y;=8,+6,x,+¢, l<isn (3.2.1)

B, is called the intercept and 6, is called the slope ( more popularly the regression coeffi-
cient). The x; — values are presumed to be nonstochastic in nature and measurable without

56
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error. The errors e; (1 <i<n) are presumed to be random and iid (identically and independ-
ently distributed). There are numerous situations, however, where x; (1 <i<n) are stochastic
in nature. One such important situation is considered in Section 3.11.

Maximum Likelihood: Traditionally, e; (1 <i < n) have been assumed to be iid normal

N(0, 0?). Given a random sample y,, y,, ..., ¥,, and the corresponding design values x,, X, ,
X,,, the likelihood function is

n o _ 3 _0. — 32 2
LD(E) AT R
o

The ML estimators are the solutions of the likelihood equationsd In L/06,= 0,0 In L/06,=0
and 0 In L/do = 0. These equations have explicit and unique solutions, the ML estimators:

17(:60 = i(xi _)_()Yi/i(xi -%)? (3.2.2)
i=1 i=1

n . 2 12
and 6:{2 {yi—y—él(xi—i)} /(n—z)l ; (3.2.3)

D>

8=y -

n
1 n _glxi
1(6,, 6,) = — | n 'n‘ (3.2.4)
Ol Zx; = x?
i=1 i=1
The Fisher information matrix is
n
n 2 X 0
i=1
1 n n 2
I(GOI ell 0) = ? ingi ingi 0 . (325)
0 0 2n

Thus, Var(é) 0o%/2n asymptotically which agrees with the equation (1.2.9) since A,= 0 for a

normal distribution. Morever, él (being a linear function of y; 1<i<n)isnormally distributed

n ~
with mean 6, and variance o’/ i El(Xi - %)%, 1f8, =0, then §,Q/ o2 has a chi-square distribution

n
with one degree of freedom; Q = iEl(Xi —X)Y;. It may be noted that in view ofd In L/06,=0,

0 In L/06, can be reorganized to assume the form

n
o\2
X;i —X N
E (X =)

oinL _; ©,-0,). (3.2.6)

00, o?
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A
~

Therefore, g, is the MVB estimator. Note also the identity

nHM3>

(i -9 20,0+ Ty, -5 - 0y(x, =X, Q = 2 (, ~¥.. (3.27)

i=1

Consequently, (n— 2)(:52/02 has a chi-square distribution with n — 2 degrees of freedom,

and 6,Q and 6° are independently distributed. Therefore, the maximum likelihood methodol-
ogy has in this case all the beauty. Unfortunately, however, this beauty is lost as soon as we
move on to non-normal distributions which are more prevalent in practice. We illustrate this
in Sections 3.3-3.9.

Least Squares: No distributional assumptions as such are made in applying the least
squares methodology. Under the assumption that e, (1 <i < n) are iid, the LS estimators are
obtained by minimizing the error SS (sum of squares)

I M>

2_ 2 2
e;"=2(y; -0, —0,%x;)".
o1 i i:l(yl 0 1 |)
The resulting estimators 50 and 51, under the assumption of normality N(0, ¢?), are
exactly the same as the ML estimators (3.2.2). The LS estimator of 2 is defined as

- n
0% =min _Zleizl(n -r) (r is the number of parameters estimated, besidesag) (3.2.8)
1=

= 2y, -y -8, (; - X)Pln -2);

o is exactly the same as the ML estimator (3.2.3). Under the assumption of normality, the LS
estimators have all the desirable properties. We will see, however, that the LS estimators have
low efficiencies for non-normal distributions. In passing, the following generalization of the
least squares methodology may be noted.

Weighted LS: Suppose that the random errors g, (1 < i < n) in (3.2.1) are independ-
ently distributed with a common mean E(e;) = ac and variances Var(e;) = V,0%. Write
w;, =1/V, (1 <i<n). The weighted LS estimators of 8, and 6, are obtained by minimizing

n 2 n 2
.leiei = .lei(yi -8 —8:%;)". (3.2.9)
1= i=
This gives 8, = Elwi (x; - Y)yi/_glwi (X; ~X)%,8, =¥ - 8,% (3.2.10)
1= i=
~2 n ~ 2
and 0" = 1Wi(Yi Y = 0.(x; = x))7/(n - 2);
i=
n n n n
y= _leiyi/(_zlwi) and Xx= _leixi/(_zlwi) . Realize that
1= 1= i= i=
E@®,)=6, and Var (8= ozl_glwi (x; - %)2. (3.2.11)
i=

The LS estimator 50, however, needs a bias-correction. Specifically,

8, =y - 6,X - ao (3.2.12)
is the bias-corrected estimator.
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A further extension is the generalized least squares estimation but that has essentially
been discussed in Chapter 2 (Section 2.7).

3.3 THE WEIBULL DISTRIBUTION

In the linear model (3.2.1) suppose that e; are iid and have a Weibull distribution with shape
parameter p(>0),

p
. P _pa1 €
W(p.0): e’ exp {— (5) } 0<e<o. (3.3.1)
The mean and variance are
E(e)=F(1+1/p)c and Var(e) ={r(1 + 2/p) —2(1 + 1/p)}c?. (3.3.2)

To have an idea about the nature of the Weibull W(p, o), the values of its skewness
/M, and kurtosis p,/p,2 are given below:

p= 15 2 2.5 3 4 6
Skewness 1.064 0.631 0.358 0.168 ~0.087 -0.158
Kurtosis 4.365 3.246 2.858 2.705 2.752 2.538

Clearly, W(p, o) represents a wide variety of skew distributions, both with kurtosis
greater than as well as less than 3.

In the context of linear regression, we are primarily interested in values of p>1.3. The
reason is that 8, + 6,x + E(e) will often be used as a predictor of the expected response E(Y).
Therefore, a value of p that results in a value of the probability

Prob {y 26, + 6,x + E(e)} = exp {— [[(1 + 1/p)]°} (3.3.3)
substantially smaller or larger than 0.5 (say, < 0.4 or =0.6) is hardly of any interest. If e
has the Weibull distribution W(p, o) above, then the values of this probability are as follows:

p = 0.5 1.0 11 1.2 1.3 15 2.0 3.0 6.0

Prob = 0.24 0.37 0.38 0.39 0.41 0.42 0.46 0.49 0.53

We are, therefore, primarily interested in values of p > 1.3; see also Cohen and Whitten
(1988) who state that in most applications p > 1 (increasing failure rate). Writing

Z; :ei/O':(yi —Go—eixi)/O' (1S|Sﬂ),
the likelihood equations are

dlnL _ p-1¢ P <
- -1 p-1 _
=— z 1+ 2N z =0, 3.3.4
090 (0} iZl ! (0} iZl ! ( )
alnL -1 4P e -1
=-P 2§ iz + B ¥ xzP =0 3.3.5
ael (0] IZ]. = (0) |Z]_ ! ! ( )
dlnL _ n _p-1 P, Lp-1
and 90 - o o z Zizy ~ * o z Zj Z; =0 (3.3.6)
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The last equation can be simplified to give

olnL __np 4
= 5 z = (3.3.7)

As mentioned earlier in Chapter 2 (Example 2.8), the estimator of o obtained from (3.3.7)
might not be even real, let alone having the optimality properties one would desire; see also
Akkaya and Tiku (2001b) who give such an example in the context of time series. We will,
therefore, use (3.3.6) in estimating o as in the next section (Islam et al., 2001).

3.4 MODIFIED LIKELIHOOD

To obtain the MML estimators, we first order w; = y;—8,x; (for a given 6,) so that
Wiy SWip S e SWi s Wiy = Yy — Glx[i] (I<i<gn). (3.4.1)
We define the standardized ordered variates Zg = {W(i) -0/0 (L<i<n); (y[i], x[i]) may
be called concomitants of Z and is that pair of (yj, xj) values which determines W, Since
complete sums are invariant to ordering, the likelihood equations can be written in terms of

Ziy, namely,
dlnL _ p-1¢ WP 4 -
- sl 4P - 3.4.2
dlnL _ p-1 « 4
__ - 3.4.3
2, 5 Zl X2 Z XpiZa)' (3:4.3)
dlnL _ n p-1¢ WP 4
— -1
and ao' - E - T z Z(I) Z(I) E Z (I)Z(I) - . (344)

Realize the difficulty that can arise if ;) tends to zero in which case (3.4.2) — (3.4.3) are
not defined. This is more likely if n is large. Write t = E{z(i)} (1 <i<n). Harter (1964) gives
exact values of ti)- For n > 10, however, we use the approximate values of t; calculated from
(2.8.7). To obtain the modified likelihood equations, we incorporate the linear approximations
(2.8.8)-(2.8.9) in (3.4.2) — (3.4.4). That gives

n

olnL aInL p 1 p
= {Uuo Bioz@} + — ) {oi +Bizs} =0, (3.4.5)
dinL aInL*

n n
00, 20, Z Xi{tio ~ BioZp} + % Z xifai +Bizpt=0  (3.4.6)

n

BInLDGInL* n_
do Jo

and

n
io — BioZgy} + % z zip{ag +Bizl = 0.
=1

(3.4.7)
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The solutions of these equations are the following MML estimators (p > 1):

80 =¥y —0,%; - (&/m)6, 6, =K - D6 (3.4.8)
and 6 ={-B++(B? +4nC)} / 2,{n(n - 2)} ; (3.4.9)
0, = (P — 1)B;p + PB; A = (P — 1)ay5— pa;, m= z 3, A= z 4, (3.4.10)

i=1 i=1

n n
Yy =(¥m) z Sy Xy =(@m) z 3iX{ip»
i=1 i=1

n
K= i (Xqip ‘i[.])Y[i]/z i (Xgip ‘i[.])z,
i=1

N>

I}
=

n
A (X ‘i[.])/z 6i(X[i] ‘i[.])z
i=1

O
M

I}
=

W
.MJ

1}
=

A {ypip — Y — K (X = X}

n
S; {yri — Y — KX ‘i[.])}z = z S; (Vi ‘y[.])z
i=1

M-

1}
=

and C=

n
-K z 3; (X[i] _i[.])Y[i]' (3.4.11)
i=1

Since §, >0 (for all p > 1), the MML estimator ¢ is always real and positive.

Remark: Because of the asymptotic equivalence of the likelihood and modified likelihood equa-
tions, the MML estimators above are fully efficient (asymptotically).

Computations: The computations are carried out in two iterations. In the first itera-

tion, w; are obtained by ordering w; =y, - Elxi (L <i<n)inincreasing order of magnitude,

n n
61 = z (X; —Y)yi/z (x; = %)2 being the LS (least squares) estimator of 6,. Then, 6, is calcu-
1=1 1=1

lated from (3.4.9) — (3.4.11). In the second iteration, w; are obtained by orderingw; =y, — élxi

(I =i<n). The resulting concomitants (y;; .X; ), 1 <i<n, are used to compute the MML
estimators from (3.4.8) — (3.4.11). Only two iterations are needed for the estimates to stabilise
sufficiently enough (Islam et al., 2001; Tiku et al., 2001). The reason is that the MML estima-
tors above only depend on the concomitants (y[i] ,x[i]) and the concomitant indices [i] are deter-
mined by the relative magnitudes, not necessarily the true values, of w; (L <i<n).

The following result is true because of the asymptotic equivalence of the ML and MML
estimators (Chapter 2, Appendix A2).

THEOREM 3.1: For p > 2, the MML estimators 6, 8, and & are asymptotically fully
efficient, i.e., they are asymptotically unbiased and their variance-covariance matrix (asymp-
totic) is 171 (8,, 8,, 0), where (p > 2)
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2 2 n

(1_1J r(l—gJ (1—1J r(l—gJ z x;/n F(Z—EJ

p p p p) & p

2 n 2 n

| = np2 9 (1_1J r(l_ZJz x;/n (1—1J r(l—zJ xiZ/n F(Z—ljz x;/n
o? P P/ = P P/ = P/ =
1 1) ¢
rj2-= ri2-= y 1
( pj ( inzl .
- (3.4.12)

is the Fisher information matrix consisting of the elements — E(9? In L/36,?), — E(0° In L/06,08,),
etc. These elements are worked out in Appendix 3A.

If x; are such that their mean X =0 (e.g., the design is symmetric in the interval — 1 to 1),
then it follows from (3.4.12) that él is uncorrelated with éo and g for large n. Or, if x; are

measured from their mean X and the design points are taken to be (x; — X) (1 <i < n), then
n

z (Xij =X) = 0. In that case the elements I, and |, are both zero and él is uncorrelated with
=1

8, and & (for large n) and V(8,) 01,7,

l,,=(p—-12T(1 - 2/p) i (x; - %)2/0?:
=1

the result about the variance of él is, however, true irrespective of whether x; (1 <i <n) are
measured from their mean X or not.
Variances: The elements of 17! give the asymptotic variances and covariances of the

MML estimators 8,, 8, and 6. In particular,

2 <2
var (§.)0_9 ! + nx (3.4.13)
“ n(p-1|r@-2p)-r?(1-Vp r(1—2/p)i(x-—>_<)2
i=1 I
Var (8,) O o® . (3.4.14)
(P-D*r@-2/p) Yy (x;-%)?
2
and Var () 0 ra-2ppo’ (3.4.15)

np*{I" (1~ 2/p) —F*(1- Vp)}

Realize that the variance of 6 does not involve the design points X; (1<i<n).

n
Since the variance of él is inversely proportional to Z (x; - x)?, a design which is optimal

for normal is also optimal for the Weibull error distributidﬁ,lat any rate for large n. This avoids
the need of re-inventing optimal designs when the error distribution is Weibull rather than
normal.
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Small Samples: The MVB estimators of 6,, 8, and o do not exist for small n. All estima-
tors, therefore, will have their variances greater than the asymptotic variances given in (3.4.13)
—(3.4.15). Small differences will imply high efficiency. Islam et al. (2001) simulated the means

and variances of the MML estimators 6,, 6, and 6. The bias is negligible in all the three

estimators. For n = 50 and p > 2.5, the variances of éo, él and G are only marginally bigger

than their asymptotic values (computed from equations 3.4.13-3-4.15). The values are given
in Table 3.1. It can be seen that the MML estimators are highly efficient, at any rate for p = 3.

Table 3.1: Values of (n / 6 )Variance of the MML Estimators

8 8, 6

n p Asymp Simul Asymp Simul Asymp Simul
50 25 0.57 0.83 1.20 1.61 0.31 0.41
3.0 0.66 0.79 1.16 1.27 0.35 0.43

4.0 0.66 0.70 0.78 0.78 0.41 0.42

100 25 0.49 0.65 1.18 1.42 0.31 0.39
3.0 0.59 0.67 1.14 1.23 0.35 0.40

4.0 0.61 0.66 0.76 0.79 0.41 0.43

It may be noted that in applications of the Weibull distribution, large samples are needed
to achieve high efficiency of estimation (Menon, 1963; Harter, 1964; Lawless, 1982; Smith,
1985).

3.5 LEAST SQUARES FOR THE WEIBULL

Assuming the Weibull distribution W(p, o) for the errors, the LS estimators (corrected for bias)
are from (3.2.10)—(3.2.12):

8, =Y - 6,X-T(1+/p)5, 0, = S -yl Y - %)? (3.5.1)
i=1 i=1
and G ={) (i =¥ -0 (xi ~X)*n - (1+2p) ~T*(A+ VD)%, (35.2)
=1

n n
y= z yi/n and X= z x;/n. No such bias correction is needed in the MML estima-
=1 i=1

tors; they are, in fact, self bias-correcting. Consider, in particular, the LS estimator 51, which
is of primary interest from a practical point of view. Now,
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Table 3.2: Values of the relative efficiencies of the LS estimators

n E, E, E, E, E, E,
p=13 p=15
10 97 109 61 61 69 70
20 79 94 58 52 56 64
30 77 94 58 45 47 65
50 70 81 57 40 40 59
100 70 75 56 30 34 61
p=20 p=6.0
10 76 86 79 95 94 92
20 75 79 78 96 94 94
30 68 72 77 96 93 94
50 64 67 73 96 93 93
100 55 60 67 96 91 92
n
E(8,)=6, and Var (§,)={r(L+2/p)— L+ 1Lp)c?/ Z (x; - %)2. (3.5.3)
1=1

The asymptotic relative efficiency of the LS estimator élis, therefore,
RE(g,) = 100{Var(§,)/Var(p,)}
1
=100 > > (3.5.4)
(P-1)"T(1-2p}{r(1+2/p)-T-(1+Up)}
which assumes the values 67, 88, 91 and 81 percent for p = 2.5, 3.0, 6.0 and 10.0, respectively.

Clearly, the LS estimator 61 is considerably less efficient than the MML estimator.

The LS estimators 60 and g are, of course, asymptotically unbiased. Islam et al.(2001)

simulated the means of the LS and the MML estimators and the relative efficiencies of the LS
estimators, namely,

E, = 100{Var (8,)/ Var (8,)}, E,=100{Var (§,)/Var (8,)}

and E, = 100{Var (g)/Var (o)} (3.5.5)

The bias in the estimators is negligible and, therefore, not reported. The values of
E,, E, and E; are given in Table 3.2. The design points x; (1 < i < n) were generated from
a uniform(0, 1) distribution only once and were common to all the N = [100,000/n] samples
(Y Youeer ¥,) Qenerated to satisfy the model (3.2.1) with Weibull W(p, o) iid errors
e; (1 i <n). It can be seen that the LS estimators are considerably less efficient than the
MML estimators. For design points generated from the normal N(O, 1), the relative efficiencies
are essentially the same. In fact, the relative efficiencies are essentially the same as those
in Table 3.2, irrespective of the nature of the design points x; (1 < i < n).
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The following results are true which will be used later for hypothesis testing, e.g.,
H,:0,=0.

Lemma 3.1: Conditionally (o known) , él(o) = K - Do is asymptotically the MVB esti-
mator and is normally distributed with mean 8, and variance

n
OZ/Z i (X(ip ‘7[.])2 (p>2). (3.5.6)
i=1
Proof: In view of (3.4.5), d In L*/98, can be re-organized to assume the form
n
oinL oL+ & 0O )
n n i=1
0 = K-Dao)-6,}. 3.5.7
%, 09, 2 { )-8} (35.7)

The result then follows from the fact that 0 In L*/06, is asymptotically equivalent to
0 In L/06, and the third and higher derivatives of In L* are zero (Section 2.9). Also (p > 2)

2 n
— lim % Zai (g = %) = % F(l— %J Zl (x; - %)°. (3.5.8)
Since the expression on the left hand side gives more accurate approximations to the
true values, we use (3.5.6) for the variance.
Lemma 3.2: Conditionally (6, known), 6 (6,) is asymptotically the MVB estimator of o
and (n—1) 62 (6,)is a multiple of chi-square.
Proof: In view of (3.4.5), 0 In L*/dc can be re-organized to assume the form

olnL*_ _n [_BO+\/(BOZ+4nCO) —0][_80_\/(502"'4”(:0)

-0
do ol 2n 2n ] (3:5.9)

where B, and C, are exactly the same as B and C in (3.4.11), respectively, with K replaced by
8,. Since the only admissible root of (3.5.9) is

02(8,) = {- By +/(B” + 4nc0)}/2n,

the result follows (Section 2.9). Also, B,/,/(nC,) 0 for large n.
alnL DalnL* _n (&_02).
lile) lile) g’\n

Consequently,

(3.5.10)

3

This equation is structurally of the same form as (2.9.4). Therefore, 62 (6, OCJ/(n-1)
is the MVB of 02 (asymptotically). It also follows from the results given in Section 2.9 that
(n-1) 62 (8,)/0? is a chi-square with n — 1 degrees of freedom, for large n. The distribution of

(n —2) 62/0? is referred to a chi-square with n — 2 degrees of freedom. The result can be
improved as in (2.11.16) and (2.11.19).

The results of the two lemmas above will be used later in Section 3.13 for testing an
assumed value of 6,
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Example 3.1: Consider the following data (Johnson and Johnson, 1979) which repre-
sents the ordered survival times (the number of days/1000) of 43 patients suffering from
granulocytic leukemia:

e; = 0.007, 0.047, 0.058, 0.074, 0.177, 0.232, 0.273, 0.285, 0.317, 0.429,
0.440, 0.445, 0.455, 0.468, 0.495, 0.497, 0.532, 0.571, 0.579, 0.581,
0.650, 0.702, 0.715, 0.779, 0.881, 0.900, 0.930, 0.968, 1.077, 1.109,
1.314, 1.334, 1.367, 1.534, 1.712, 1.784, 1.877, 1.886, 2.045, 2.056,
2.260, 2.429, 2.509

It is reasonable to assume that the data comes from W(p, o), with p = 2.5; this will be
illustrated in Chapter 9.

Islam et al. (2001) introduced a design variable x; by taking

y;i=X;+e, 1<i<43, (3.5.11)

with the following 43 values of x; (generated from a uniform distribution):

0.00, 0.08, 0.60, 0.89, 0.97, 0.19, 0.52, 0.40, 0.26, 0.74, 0.09, 0.56, 0.58,

0.81, 0.59, 0.51, 0.88, 0.99, 0.73, 0.97, 0.30, 0.43, 0.90, 0.65, 0.90, 0.96,

0.16, 0.86, 0.91, 0.29, 0.94, 0.42, 0.31, 0.52, 0.40, 0.79, 0.69, 0.54, 0.59,

0.09, 0.61, 0.43, 0.60;
the model here is the linear model (3.2.1) with6,=0 and 8, = 1, o being unknown. We pretend
that6,and 8, are not known and proceed to calculate the MML estimate of 6, and its standard
error. From the equations (3.4.8)—(3.4.9) and (3.5.1)—(3.5.2), we get the following estimates:

Estimate Standard Error
e1 e1
LS 1.000 + 0.323
MML 1.025 +0.211

The two estimates of 6, are both close to the true value (8, = 1) but the standard error of
the MML estimate is 65% of that of the LS estimate. This illustrates the enormous advantage
that the modified likelihood has over the least squares methodology.

The methodology above readily extends to situations where the errors in (3.2.1) have
any other skew distribution, for example, Generalized Logistic. This is illustrated in
Example 3.4. See also Chapter 11.

3.6 SHORT-TAILED SYMMETRIC FAMILY

Short-tailed symmetric distributions are not only important on their own but are particulary
useful for modelling inliers (Tiku et al., 2001; Akkaya and Tiku, 2004). A coherent family of
short-tailed symmetric distributions was recently introduced by Tiku and Vaughan (1999),

namely,
r -p
1) A (y-py 1 (y—ujz
—J1+ 1+ — :
f(y) U 0{ Zr( 5 j} l: 2.\ o ,— <Yy < oo (3.6.1)

risaninteger,A=r/(r—d),d<r, k, =p—3/2and p >r + 3/2. This family has kurtosis j,/j.,? less
than 3 for all values of p. Here, we will focus on a special form of f(y) when p = o, i.e.,
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f(z)=C (1+212 ) @®z), —0<z<oo, (3.6.2)
where z = (y — p)/o, ¢(z) = exp (- z?/ 2)/ /2, and C, is a constant to make

[1@az=1

Realizing that j 2% gz) dz = (2j)1(2i j1), (3.6.3)

it is easy to work out the value of C,;

_ Cor (A @)
e=1/13 () Sl @64

It is also easy to work out the even moments of Z from (3.6.3), all odd moments being
zero because of symmetry. In particular, we have the following values of the standard devia-
tion and the kurtosis; d < r (A > 0):

r d= -05 0.0 0.5 1.0 15 2.5 3.5

2 U, /O 1.3572 1.4272 1.5275 1.6787 1.9149 — —
Kurtosis 2.559 2.437 2.265 2.026 1.711 — —

4 M, /O 1.5361 1.6051 1.6910 1.7990 1.9358 2.3189 2.7944
Kurtosis 2.464 2.370 2.255 2.118 1.957 1.591 1.297

It is seen that the family (3.6.2) represents a wide variety of short-tailed symmetric
distributions. For a given r, the kurtosis decreases as d increases. The minimum and maxi-
mum values the kurtosis assumes are 1 and 3, respectively. For d < 0, the distributions (3.6.1)
are unimodal. For d > 0, however, they are generally multimodal.

Suppose that e; (1 < i <n) in the linear model (3.2.1) have one of the distributions in
(3.6.2). The likelihood function is

n

1\ [ n A, r _i:leiZ/z-
LO (Ej l:iljl{1+zzi } }e ; (3.6.5)

z,=(w;—6)lo, w,=y;—06,x; (1<i<n).

Again, the ML estimators are elusive since the likelihood equations have no explicit
solutions and solving them by iteration is very problematic. To apply the modified likelihood
methodology, we first express the likelihood equations in terms of the ordered variates (for a
given 8,)

Wi =Y~ 0% 1 sisn (3.6.6)
dlnL _ 1 ¢
i == z z
that gives 0, o ; (i)~ Z o{z@t =0, (3.6.7)
dln L _

1 n n
= z Xri1 H{zi} =0 (3.6.8)
09, "o Z [i1 46 ~ izl [i] (1)



68 Robust Estimation and Hypothesis Testing

and olnL _ n+1iz 2 )\iz a{zi} =0; (3.6.9)
- (O (M (OF A o
(ole) 0 04 o0&
a(z) = z/{1 + (\/2r)z?}. (3.6.10)
Let t; = E{z;} (1 <i < n) be the expected values of the ordered variates z;. The exact

(M) (i)
values of t; are not available at the moment. For n > 10, however, their approximate values

obtained from the equations
0] i
_[ f(2) dZ——l, 1<is<n, (3.6.11)
are used (Tiku et al., 2001). The values of to forr=4andd=0,1,and n=10, 12, 15, 20, 30, 50
and 100, are given in Appendix 3B; the values for r = 2 and d = 0 are given in Tiku et al. (2001).
The values might have an error of up to 5 units in the last decimal place.

As said earlier, solving (3.6.7) — (3.6.9) by iteration is problematic. From the first two
terms of a Taylor series expansion, however, we obtain the linear functional

g{z(i)} Oa; + YiZy 1<is<n, (3.6.12)

where ;= ANt *{1 + (A2r)t;? P
and y;={1- ()\/Zr)t(i)z}/ {1+ (A/Zr)t(i)z}z. (3.6.13)
We also write Bi=1-Ay, 1<i<sn. (3.6.14)

It may be noted that B ;>0 (1 <i<n)ford<0(ie, A<1). Ford>0, we will give an
alternative linear functional which can be used if 3;< 0 (for some i). This ensures that the MML
estimator of o is always real and positive.

The coefficients B, (1 <i < n) have inverted umbrella ordering, i.e., they constitude a
decreasing sequence until the middle value and increase in a symmetric fashion. For n = 20,

r=2and d = 0, for example, the first ten coefficients are, B,_j+1 =B;:

1.06 0.97 0.87 0.74 0.61 0.46 0.31 0.17 0.070 0.008

Thus, the order statistics in the middle receive small weights. This is instrumental in
achieving robustness to short tails and to inliers (Chapter 8).

3.7 MML ESTIMATORS FOR SHORT-TAILED FAMILY

Incorporating (3.6.12) in (3.6.7)-(3.6.9), we obtain the modified likelihood equations. The solu-
tions of these equations are the MML estimators:

80 =Y -0:X, 8, =K -ADG (3.7.1)

and { B +/((\B)? + 4nc:)}/2,/{n(n —2); (3.7.2)

Y11 X3» mand K have exactly the same expressions as in (3.4.11) with g, replaced by 3, (1<i<n),
and

aiXpiy/ Z Bi(xpy — %)%, B = Z Ay — Yo — KO =Xk, 3.7.3)

O
.M:

1}
=

M:

B(Y[q Y[]) ‘KZ Bi (Xpiy = Xt)Yrir:

and
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a; and B, are given in (3.6.13)—(3.6.14). For d <0 (A < 1), B; is positive for all i = 1, 2,...,n
Consequently, & is always real and positive.

The estimators above are calculated as explained in Section 3.4, and the estimates sta-
bilize sufficiently enough in two iterations.

Alternative expression: As said earlier, the coefficients 3; (1 <i < n) form a sequence
of values which decrease until the middle value and then increase in a symmetric fashion. For
d >0 (A > 1), however, a few B, coefficients in the middle can assume negative values. Conse-
qguently, the MML estimator § can cease to be real. To rectify this situation, we use an alterna-
tive linear approximation (Tiku et al., 2001) as follows.

Since the function g(z) is bounded, and so are the coefficients a; and y, we are in a
position to recast the linear functional (3.6.12). Now,

g{z(i)} Oo* + B> ZGy, 1<is<n, (3.7.4)

(0t +(1-1/ Mt
{1+ (/2,2

@/n) = (/2nt?
{1+ /2nt,% )

where o * = and y*= A>1). (3.7.5)
Realize that o* +y*z, Ua; +vy;z, since z;, —t; U0 (asymptotically). We also write

B,* =1—Ay* (1 <i<n), which is always positive if A > 1. Incidentally, note that

n n
O =—=0pn _jiqr OF =0, 5,y ZU| Zai*zo; (3.7.6)

i=1 =1
Bi :Bn—i+1' Bi*:Bn—Hl'

this follows from the fact that for any symmetric distribution t;, =—t, _;.,,. To compute the
MML estimators, we proceed as follows:

For A=r/(r —d) > 1, we compute the MML estimators from (3.7.1)—(3.7.3) with a; and j3,
(equations 3.6.13-3.6.14) replaced by a;* and B;* respectively. Otherwise, they are computed
from (3.7.1)—(3.7.3). Ford=0 (A = 1), a; = q and B B,* (L<i<n).Realize that, irrespective of
the value of d, the MML estimators are unlque and epr|C|t This is a very desirable property
from a theoretical as well as a practical point of view. As for the Weibull W(p, o) distribution
considered earlier, the MML estimators (3.7.1)—(3.7.2) are asymptotically fully efficient. Their
asymptotic variances and covariances are given by 1-(6,, 6,, 0), where I is the Fisher informa-
tion matrix which exists for all rand d <r:

n PR 0
i=1
D n n 2
| = > Z Xi Z Xi 0 (377)
O |i=1 i=1
0 0 nD */D
D=1-AE, )+ ()\Z/r)E(l,Z) and D*=2-3AE,,+ ()‘Z/V)E(z,zy

S MY {2+
Eun=C Z( )(g)m (3.7.8)
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2 0.2

. A o2 nx A
In particular,  Var(§,) D—D 1+ ———, Var(@) l—F———
n

> i -%)? Z (x; = %)?

=1

(3.7.9)

and Var(g) 0o?/nD*.

To have an idea about the constants D and D*, we give their values below for r = 2; see
also equation (11.4.4):

o))
anc =13 fu 23]} o2 3 | 0710

It may be noted that 6, and 8, are both uncorrelated with & for large n. This is due to
the symmetry of the distributions in the family (3.6.2).

We do not give details, but the equations (3.7.9) give accurate values for n = 50. Note
that the information matrix | does not exists if d gets close to r, i.e., A tends to infinity.

3.8 LS ESTIMATORS FOR SHORT-TAILED FAMILY

The LS estimators for the short-tailed family above are

6 :_—éli, 51 = i(xi ‘Y)Yi/i i -y? (38.1)
i=1 i=1
and o= Z (Vi =¥~ 8 (x; ~X)/(n - 2)“2]'

= E(Z?) is the variance of the distribution (3.6.2). In fact,

{2(i + j)}! NG RUR)
uz— ()(er {2'”(1 J)'} JZO(J)(E) {21(1)!}' (382)

Relative efficiency: The asymptotic relative efficiency (ARE) of 61, in particular, is

100 {Var(él)/Var(ﬁl)} =100(1/Dy,). (3.8.3)

Its values can easily be computed from (3.7.8) and (3.8.2). They are slightly smaller than

the values given in Table 3.5 for n = 100. It can be seen that the LS estimators 6, particulary
51, have low efficiencies as compared to the MML estimators 8, and 6, .

We give in Table 3.5 the simulated relative efficiencies E,, E, and E; (defined in 3.5.5) of
the LS estimators for a few representative values of r and d (Tiku et al., 2001). It is seen that
the MML estimators are considerably more efficient. We show in Chapter 8 that the MML
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estimators are robust to short tails and inliers, but not the LS estimators. It is, therefore,
advantageous to use the MML estimators in place of the LS estimators.

Because of the symmetry of (3.6.2) and the following identity

Table 3.5: Relative efficiencies of the LS estimators for the
short-tailed symmetric family

N E, E, E, E, E, E, E, E, E,
r=2,a=-05 r=2,a=0 r=2,a=1.0
10 97 99 92 96 99 91 93 98 97
20 96 96 94 91 93 93 80 76 94
30 94 96 94 88 92 93 73 70 92
50 93 95 94 89 89 93 69 64 92
100 93 90 95 85 87 93 61 56 92
r=4,a=-1.0 r=4,a=0 r=4,a=2
10 97 98 91 94 96 89 89 95 95
20 95 95 93 89 91 92 68 62 88
30 93 95 93 86 89 91 57 53 86
50 93 94 93 84 86 91 52 45 86
100 93 90 93 82 81 91 44 37 86
n R n R
z Bi(Yriy ‘V[.])Z =0,Q + z Bifyri; — Y —61(xg ‘?[.])}Zr (3.8.4)
i= i=1

n
Q=) Bilxiy =Xy,
i=1
and factorizations exactly similar to (3.2.7), the following results are true (asymptotically);

n
() él is normally distributed with mean 6, and variance 02/{D Z (x; = )‘()2},
i=1

(i) (n = 2)62/0? is distributed as chi-square (more accurately a multiple of chi-square)
with (n — 2) degrees of freedom and
(iii) §, and g are independently distributed.
The results (i)-(iii) will be used later in Section 3.13 for hypothesis testing.

3.9 LONG-TAILED SYMMETRIC FAMILY

A rich family of long-tailed symmetric distributions is given by

1 e |7

k=2p—-3andp =2, the same as (1.2.4) with (y — w)/o = e/o = z. It is easy to show that E(e) = 0,

Var(e) =02 and kurtosis
H /12 = 3(p — 3/ 2)/(p - 5/2) (3.9.2)
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which assumes values », 9,4.2, 3.4 and 3 for p = 2.5, 3.5, 5, 10 and », respectively. Realize that
the kurtosis is always greater than 3 (equal to 3 for p = « in which case the distribution
reduces to a normal). It may be noted that t = ,/(v/k) (e/0) has the Student t distribution with

v = 2p — 1 degrees of freedom. The family (3.9.1) is particularly useful in modelling samples
which contain outliers.

Assuming that the random errors in the linear model (3.2.1) have one of the distribu-
tions in the family (3.9.1), the likelihood equations are expressions in terms of the intractable
functions

olzgt=zmA1+ 1+ K)zp®), 1<is<n, (3.9.3)
where z;, = {w; — 8y)/0, and w;, =y, — 6,x;; as in (3.6.6). The likelihood equations are, there-
fore, problematic (Tiku and Suresh, 1992a; Vaughan, 1992; Islam et al., 2001). Moreover,

Puthenpura and Sinha (1986) have shown that iterations with likelihood equations might
never converge if the data contains outliers.

To formulate the modified likelihood equations, we use the first two terms of a Taylor
series expansion of g{z(i)} around )= E{z(i)} to have
9lz@ oG +Bizgy, 1<is<n; (3.9.4)
the coefficients a; and [, are given in (2.3.14).
MML estimators: In the likelihood equations if we replace g{zw} by the linear func-

tions (3.9.4), we obtain the modified likelihood equations. Their solutions are the following
MML estimators:

8o =V -0:%, 8, =K+Do (3.9.5)
and { +4/(B? +4nC}/2,/ n(n - 2)} (3.9.6)
m = z Bi, Y Yy = (UUm) z Bi X[ips Xy = (UYm) z Bi X[i1»
i=1
Z Bi (Xpip — X[])Y[.]/Z Bi (Xpiy — X[])
= z o X[if z Bi (X(ip ‘?[.])2,
=1 =1
B= (2p/k)z oi{yr — Yo — KXy = Xpg)} (3.9.7)
=1
and = (2p/k) Z Bifyri — Y — K(Xqip = X[])}

= (2p/k) {z Bi (i) ‘)7[.])2 -K z Bi (X = X11) Y[i]}.
=
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The estimators are computed in two iterations as explained earlier. If for a sample C
is negative, 6 is computed from the sample with a; replaced by zero and B, replaced by B*
={1+ (1/k)t(i)2} as explained in Section 2.4 (Chapter 2). Thus, G is always real and positive.
For the same reasons as for other distributions, the MML estimators above are asymp-

totically fully efficient. Their asymptotic variance-covariance matrix is given by 1-1, where | is
the Fisher information matrix:

__ p(p-12) C . T 2
18y 01, 0) = 1 (0-3/207 > X Y X 0 (P22), (3.9.8)

2n(p - 3/2)
p

which is exactly of the same form as (3.7.7) and 8, and 8, are uncorrelated with & for large n,
irrespective of the design ponts x; (L<i<n).

Table 3.6: Values of (a) (n/a?) (MVB), and (b) (n/a?)Variance

6o 6, 6
n (a) (b) (a) (b) (a) (b)
p=2
20 1.71 2.31 4.21 5.52 1.00 4.19
50 1.73 1.98 4.40 491 1.00 2.20
100 2.05 2.26 5.67 6.27 1.00 1.58
p=3
20 2.73 3.00 6.74 7.32 0.80 1.30
50 2.76 2.93 7.03 7.45 0.80 1.05
100 3.28 3.42 9.07 9.72 0.80 1.05
p=5
20 3.16 3.19 7.75 7.86 0.67 0.79
50 3.22 3.37 8.20 8.38 0.67 0.74
100 3.82 3.97 10.58 11.01 0.67 0.70

The asymptotic variances of the MML estimators are

o (p+D(p-3/2) n
Var(eo) D_W{l+ } = % Z (x; = x) (3.9.9)
2

Val’(e)D(‘T (P+H(P-32) 1 1 and Var(g) O P+ o
n  ppp-12) s, p(p - V2) 2n

The asymptotic relative efficiency of 51 is

100{(p + 1)(p — 3/2)/p(p — 1/2)} (3.9.10)
which assumes the values 50, 80, 93 and 100 for p = 2, 3, 5 and o, respectively.
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Efficiency: To have an idea about the efficiency of the MML estimators, we give in
Table 3.6 the simulated values of the variances of 6,, 8, and . Their means are not given
since the bias is negligible (Tiku et al., 2001). Also given are the values of the minimum vari-
ance bounds. The variances of éo and él are only marginally bigger than the corresponding
asymptotic values, for all p =2 and n = 20. It can be concluded that both éo and él are highly
efficient.

For p = 2, the variance of G is considerably bigger than the corresponding minimum
variance bound. But then for p = 2 the population kurtosis is infinite which is a very awkward
situation for the estimation of o (Chapter 1, equation 1.2.9). For p = 3, however, the difference

between the variance of ¢ and the corresponding minimum variance bound is small which
implies that, like éo and él, G is highly efficient as expected.

Real-life applications of the results above are discussed in the last chapter (Chapter 11)
and in Example 3.3.

Distributions: The following asymptotic results are true because of the asymptotic
equivalence of the modified likelihood and likelihood equations and a decomposition exactly
smilar to (3.8.4), and factorizations exactly similar to (3.2.6) and (3.5.10), and the symmetry of
the distributions in the family (3.9.1); p 2 2:

(i) The distribution of él is normal with mean 6; and variance

(p+1) (p—3/2)a?/ {p(p -12) z (i —?)2},
1=1

(i) (n — 2)62/0? is distributed as chi-square (more accurately a multiple of chi-square)
with n — 2 degrees of freedom and

(iii) él and G2 are independently distributed.
These results will be used later for hypothesis testing.

3.10 GENERAL LINEAR MODEL

The results above readily genaralize to the multiple linear regression model (Islam et al.,
2001; Islam and Tiku, 2004)

Vi =6, +0,x; + ... +6.X,+e, l1<isn, (3.10.1)
Suppose that g are iid and have the Weibull distribution W(p, o). Let (y[i], Xqfige--- ka)
be the concomitants of e, 1< i <n. The MML estimator of 6, is
00 = Vig ~0:Xqyy == B, Xy — (B/M)G. (3.10.2)
If we write Y, = Ypip — Y1 Xy = Xapp = Xaggee- Xigip = Xkpip = Xk (3.10.3)
then the MML estimators of 8, (1<i<Kk)and o are

§ = {XTX) ™ {XT,Y — 6X'A1) (3.10.4)

and 6 ={-B++(B% +4nC)} / 2\{n(n - k - 1)}. (3.10.5)
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Y[l] _Xl[l] ...... Xk[l] ]
Y[Z] X 1[2] ------ X k[2]
Here, | T, o] s | (3.106)
v | [
[n] Xl[n] ...... Xk[n]_
8 O, 0 A, O..... 0
0 &peeennn. 0 0 A,...0
T I RN O , (3.10.7)
0 oo 5, 0 oo, A,
n
B= » AilY — KiXyiy —-m KiXih, (3.10.8)
i=1
n
and C= Z &Y~ KiQq = ..m KyQy; (3.10.9)
i=1
n
i=1
n n
and K= D Silxj, _Xi[.])y[i]/z & (xjg ~ X% 1<is<n.
i=1 i=1

The coefficients §, and A; (1 < i < n) are defined in (3.4.11). The estimators in (3.10.2) —
(3.10.5) have essentially the same efficiency properties as for the case k = 1.

The results (3.10.2) — (3.10.10) readily extend to other distributions, e.g., the families of
distributions in (3.6.1) and (3.9.1); see Chapter 11 (Appendix). For symmetric distributions,
there are no terms involving 6 in (3.10.2) and (3.10.4); the distribution theory is similar to the
case when k = 1. For example, (8,, 8,,....., 6,) have a k-variate normal distribution and (n — k
- 1) 6%/ has a chi-square distribution with n — k — 1 degrees of freedom and the two are
independently distributed (asymptotically), for symmetric distributions.

3.11 STOCHASTIC LINEAR REGRESSION

In the model (3.2.1), suppose that the variable X is also stochastic (Chakraborty and
Srinivasan, 1992) and has a normal distribution N(y,, 0,%). Assume that the random error e is
normal N(0, 6,%), 0,2= 0,% (1 - p?. In other words, the conditional distribution of Y given X =
x is normal with mean 6, + 6,x = W, + p(0,/0,)(x — W,) and variance ¢,% 8,= W, — 6,1, and
8, =p(0,/0,). Realize that the joint distribution of X and Y is bivariate normal. The likelihood
function is

N L 12 L
LO — = 1 exp ——(x-—p)z}
!:ll {012 a,% (1- pz)} { 20,2 '

1
x EXp {‘m[)’i ~Hy —p (03 /0y)(X; = IJi)]Z} (3.11.1)
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The solutions of the equations d In L/oy, = 0, d In L/dp, = 0 etc., are the ML estimators
of ,, Ky, 6,2, 6,2 and p, respectively:

I n n
T=m Y x, 7= v, s2= 2, &-D/@-D, 3112
i=1 i=1 i=1
2= z (y;-»?/m-1 and f):sxy/sxsy;
i=1
S,= 2,0 - Oy; /(-1
i=1

The estimators can also be obtained from (3.2.2)-(3.2.3) by invoking the invariance
property of the ML estimators. In other words, if (X, Y) has a bivariate normal distribution
fX,Y) = gX) h(Y|X) (3.11.3)
then the estimators of 6, 6, and o,2 obtained from the complete likelihood function (3.11.1)
are exactly the same as those obtained from the conditional likelihood function

1 n
Lylx‘)c (a) exp{ 2 z (yl -elxi)z} (3.11.4)

with i, and 5,2 replaced by X and s respectlvely In case of a bivariate normal, therefore, it
suffices to use the conditional hkehhood (3.11.4) for statistical inferences about 6,,8, and c,2.
The estimators of W, L, 6,% 0,2 and p are very different if the marginal distribution of Xis
non-normal. We illustrate this by considering an important data set as follows.

EXAMPLE 3.2: Consider the following data where X = In U, and U represents 100 times the

white blood counts and Y represents the survival times (in weeks) of patients who died of acute

myelogenous leukemia (Gross and Clark, 1975);

X: 3.135 2.015 3.761 3.258 4.094 4.654 4.605 5.136 3.989 4.248 4.543 5.768
5.858 6.908 6.908 6.254

Y. 65 156 100 134 16 108 121 4 39 143 S 26
22 1 1 5
Using graphical techniques (Q-Q plots) and goodness-of-fit tests (Chapter 9), Vaughan
and Tiku (2000) identified a plausible model for this data: the marginal distribution of X is the
extreme-value distribution (2.6.1), (i) the regression of Y on X is linear, i.e., E(Y | X =x)=9,
+ elx and (iii) the conditional distribution of Y given X = x is normal N(6, + le c,2); 8,= 1u-
8, 5, 8, = p(o/m) and 6,2 = 6%(1 — p?). Here, the likelihood function is

1 n
e (reim) { R e ) B

i=1
wherez, = (x, —-8/m and e =y, - p(cr/n)(xi ~9), 1 £1 £ n. The likelihood equations for
estimating the parameters 8, n, 1, ¢ and p (and 6,) are

alnL n &
exp-z) - —P 3 ¢ =0, (3.11.6)
2 P no(1-p? ),z"1
alnL n N
= z; exp(—z;) + — i€ =0 (3.11.7)
z xP ; no(l p? )2‘
E)lnL n
3.11.8
o’ (1 p%) z ( !
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dlnL,.  n 1 o o p S
e O oSN e;=0 (3.11.9)
o o o®1-p?) 2_“ T ST 1-ph) Z #e
dlnL np C
and = Ziei =0. (3.11.10)
d  (1-p>) ol (1 p? )22 0(1 p? )z
n
Algo, ABL___ 1 Y ze; =0. (3.11.11)

29, o’(1-p* <

The equations are intractable. To formulate modified likelihood equations, we write

zg = (X;—8)/Mm and ey=yp—-H- plom)(x;—98), 1<isn; (3.11.12)
X, are the order statistics of x;. The fact that complete sums are invariant to ordering implies

that Z e =0 and z z¢eq =0, from equations (3.11.8) and (3.11.11). The equations
i=1 i=1

(3.11.6) — (3.11.10) when expressed in terms of z;, and €[i] are given by
dnL _n 1%

35 H—H exp(—z;) =0,

i=1
dlnL. n 1 1x
=——+= Z; —— Z exp—z;) =0,
a.n n nlzz‘,; n; 1) (i)
olnL 1 <
= e =0, (3.11.13)
au 62(1-¢?) 12::1 )

olnL n 1 X 2
o S — : =0
oo o o’(1- pz) Z el

dlnL _ np
and E 42 =0.
d (1-p 5 o (1 p2)? & o1l

The first two equations are intractable because of the terms exp(— z;), 1<i<n.

3.12 MML ESTIMATORS FOR THE BIVARIATE DISTRIBUTION
To work out the MML estimators, we replace exp(- z;,) by the linear functional

e 20 =0y~ Pz, 1<is<n, (3.12.1)

and obtain the modified likelihood equations 9 In L*/28 = 0,9 In L*/dn = 0, etc. The coefficients
o, and B, are given in (2.6.6). The solutions of the modified likelihood equations are the follow-
ing MML estimators:

§=K+Dfi, fi=(B+(B%+4nC))/2n, (3.12.2)
i= - pEMmE-98) (3.12.3)

2 /.o 12 s V4
and 6:[ g Sxy2 (TI_2_ 1]:‘ and P=(SX};]2‘; (3.12.4)
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X, 5,828 y2 and s, are the sample means, variances and the covariance as defined in (3.11.2).

The expressions K, D, B and C are the same as in (2.6.10). A bias correction in § and 7 is
instituted as in Chapter 2 (equation (2.6.10)). The MML estimator of 8, is obtained from (3.11.11),

él =2 (x; -8 yi - ﬁ)/z (x; - 8)? (3.12.5)
g i=1 i=1

which simplifies to §, = sx/sxz, since d In L*/06, = 0.
n

Similarly, 8,=0-68 and 8.2=Y (y;-i-0,(x;-®P/n-2). (3.1286)

i=1
It is very important to realize that §, §, 1, § and p are entirely different than those
obtained under the assumption of bivariate normality. Under bivariate normality, all the esti-
mators are functions of the sample means, the sample variances s 2 and s 2, and the sample
covariance s, . That ceases to be true if the marginal distribution is non-normal. The MMLE
6,, 6, and 6,2 are, however, exactly the same as under bivariate normality. This is due to the
fact that the conditional distribution in (3.11.3) is normal.

Remark: The estimator § is always positive. This follows from the fact that sxy2 <s? sy2 so that

8,2—(s, s, 2282 —8?=0.Since 8,2 1%/ 8,2 is always positive, the result follows.

Remark: The estimator ﬁz is bounded between 0 and 1. This follows from the fact that

4. 2 2
52 = /{u i [1- e 2)} (3.12.7)
Sxy n Sy Sy

Variance-Covariance Matrix: The asymptotic variance-covariance matrix of the
MML estimators (3.12.2)-(3.12.4) is given by I"1(§, n, i, o, p), I being the Fisher information
matrix consisting of the elements — E(d? In 1/982), — E(22 In 1/dn?) etc. After some laborious
algebra, we have the following expressions for the asymptotic variances (Vaughan and Tiku,

2 2. 2
andOSsxy <88t

2000); ¢ = J.: Inuexp(-u)du=057722 is the Euler constant and

k= (n2+6c2+6—12c)/n2=1.10866:
V(§) = xn%n, V((#) = 6n%/(nn2),

V() ={k+ (1~ p2)(12c - 6)/n%}c¥n, (3.12.8)
Vé)= {1 - p)2r2 + 12p2}c%(2nn2?)
and V) = (1 - p?)2 (12 + n2p2)/(2nn2);

(3.12.8) are entirely different than the corresponding expressions under bivariate normality.
For the data of Example 3.2, we have the following estimates with their standard errors
given in brackets:
8 = 4.065(x 0.332), 1| = 1.260(x 0.246), i = 81.429(+ 14.370),
G = 53.485(+ 8.763) and p = — 0.7121(z 0.114).



Linear Regression with Normal and Non-normal Error Distributions 79

The standard error of § is the smallest (8% of the estimate) and that of N is the
largest (20% of the estimate). With only 16 observations, this is quite reasonable. The

estimate p = — 0.7121 is large in magnitude as compared to zero and is a clear indication
that a higher white blood count tends to shorten the survival time of a patient. A formal test
of Hy: p = 0 is given in Section 3.13.

Tiku and Kambo (1992) consider the situation when the marginal distribution of X is
long-tailed symmetric and the conditional distribution of Y given X = x is normal. They work
out the MML estimators and their asymptotic variances and covariances. The situation when
the conditional distribution of Y is also non-normal is difficult. No solutions are presently
available. The topic is, however, under investigation at the present time (Sazak, 2003).

3.13 HYPOTHESIS TESTING

Testing the null hypothesis H: 8,=0 in the linear model (3.2.1) is of enormous practical inter-
est. This can be done as follows.
Skew distributions: Suppose that the error distribution is Weibull (3.3.1). We as-

sume that the shape parameter p is known. If not, we determine its value by using one of the
techniques given in Chapters 9 and 11.

To test H,: 6,=0, we define the statistic

T= {i 8i("[i] —iu)z}(él/é); (3.13.1)

i=1

8, and & are the MML estimators (3.4.9)~(3.4.10). Large values of T lead to the rejection of H,
in favour of H,: 8,>0, and large values of | T | lead to the rejection of H,in favour of H;: 0, 0.

n

If the design is symmetric in which case I x; = 0 or the design points are taken to
i=1

n ~
be x, - X; with X (x;-X;) = 0, then 8, and c are uncorrelated at any rate for large n
i=1

(matrix 3.4.12). In view of Theorem 3.1, therefore, the null distribution of T is referred to

the Student t with v = n — 2 d.f. Islam et al. (2001, Table 4) show that the Student t

distribution gives acccurate aproximations to the percentage points of T, for all p > 1.4,
The statistic based on the LS estimators (3.5.1)-(3.5.2) is

G = \(ns, {6, /(T(1+2/p) -T2+ 1/ p)521V2, (3.13.2)

n

Y

ns2= Y, &-%7°
i=1

Islam et al. (2001, Table 5) show that the null distribution of G is not well approximated
by the Student t or the normal N(0, 1). However, the Student t (and the standard normal)
provide more accurate approximations for the percentage points of |T| and |G| than for T

and G. This is due to the fact that 6, and 6, and 6,and G are not independent of one another

if the underlying distribution is skew. Consequently, the null distributions of T and G are not
symmetric unless n is large. See also Tiku (1971a) who gives Leguerre series expansions for
the null and non-null distributions and shows that the distribution of G is very sensitive to
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non-normality, particularly to population skewness; see also Srivastava (1959). Islam et al.
(2001, Table 5) show that the power of the G test is considerably lower than that of the T test.
For example, Islam et al. give the following simulated values of the power of the T and G tests;

o taken to be equal to 1 without loss of generality, and presumed value of the type I error is
0.050:

Values of the power; p = 2.0, n = 20.

0, 0.0 0.2 04 0.6 0.8 1.0 1.2 1.4
T 0.033 0.12 0.32 0.57 0.79 0.92 0.97 1.00
G 0.008 0.03 0.10 0.24 0.42 0.65 0.81 0.92

The very low power of the G test is partly due to its type I error being much smaller than

the presumed value and partly due to the inefficiency of the LS estimator 61 (Islam et al,,
2001, p. 1008).

The asymptotic power functions of the T and G tests are, respectively,

Prob(Z2z,~ |A;|) and Prob(Z2z, - |A]); (3.13.3)
Z is anormal N(0, 1) variate and z_ is its 100(1 — ) percent point. From equation (3.5.8),
A2 =n(p - 12 I'(1 - 2/p)s 2(8,/0)? (3.13.4)

n52

2 _ X
A = Tas 2/p) -T2(1+ Vp)
are the noncentrality parameters. SinceA,%A,2 > 1 (equation 3.5.4), the T test is asymptotically
more powerful than the G test.

Symmetric distributions: Suppose that the random errors have a distribution in the
family (3.9.1). In view of the results (i)-(iii) stated in Section 3.9, we define the statistic (p = 2)

= [ ope-12) ol a s
= J{(P+l)(p—3/2) o }(91/0)’ (3.13.5)

6, and 6 are the MML estimators (3.9.5) - (3.9.6). The null distribution of T is referred to the
Student t withv=n-2d.f.

The statistic based on the LS estimators is

and (8,/0)2

G = (ns,*)(6,/3). (3.13.6)
Like the statistic T, the null distribution of G is symmetric and is well approximated by

the Student t with v = n — 2 d.f. Since for symmetric distributions
Prob(|T| 2t , (V) |Hy) =2 Prob(T > ,(v)}|H) (3.13.7)
and similary for the statistic G, it suffices to test H against the one-sided alternative H;: 8, >
0. Tiku et al. (2001) show that the T test is somewhat more powerful than the G test, as
expected. For example, they give the following simulated values of the power; 6 = 1 and pre-

sumed type I error is 0.050:

Values of the power; p = 3.0, n=20.

D

4 0.0 0.4 0.8 1.2 1.6 2.0

T 0.050 0.15 0.35 0.59 0.81 0.92
G 0.052 0.15 0.35 0.58 0.79 0.90
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The asymptotic power functions of the T and G tests are the same as (3.13.3) with
noncentrality parameters
2__T1p (p-12)
L (p+D(p-32)
Since A,%/A,% = p(p — 1/2)/(p + 1) (p — 3/2) is greater than 1 for all values of p, the T test is

asymptotically more powerful than the G test. Moreover, the T test is remarkably robust but
not the G test (Chapter 8); see also Islam et al. (2001, Table 7).

Comment: Statistics for testing H, can similarly be defined for other distributions. For
the short-tailed symmetric family (3.6.2), the T statistic is (Tiku et al., 2001)

s.2(8/0)2 and A,%=ns %6,/0)2. (3.13.8)

T = {(nDs,?)(8,/6); ) (3.13.9)

8, and & are the MML estimators (3.7.1)~(3.7.2), and the constant D is the same asin (3.7.7).
The Student t distribution with v = n — 2 degrees of freedom gives remarkably accurate

approximations for the percentage points of the null distribution of T, and the T test is more
powerful than the G test (Tiku et al., 2001, Table 4):

G = J(05,*) 81/ Jus), (3.13.10)
51 and G being the LS estimators (3.8.1). The T test is remarkably robust to short-tailed

distributions and to inliers in a sample but not the G test (Tiku et al., 2001, Table 4). This is
illustrated in Chapter 8.

Stochastic covariate: In situations where the design variable X is stochastic, and
there are many such situations, testing H: p= 0 (p being the correlation coefficient between X
and Y) is of primary interest. For the data in Example 3.2, for example, this can be done as
follows (Vaughan and Tiku, 2000, p. 61).

Since the MML estimators are asymptotically equivalent to the ML estimators, the like-
lihood function (3.11.5) is maximized by the MML estimators (3.12.2) — (3.12.4). Asymptoti-
cally, therefore, the likelihood ratio statistic is

"2 n/2 -1 2
;\zmax(uHo)_[_c_] (1_ﬁ2)n/2Xexp[(n Sy 1-ph-22 @asan

max(L|H,) sy2 2(1-p*) 62 ,

where pg = S,y/S4Sy 18 the Pearson product moment correlation coefficient. Since p and p, both
converge top and 6 and sy both converge to ¢ as n tends to infinity, the exponent is essentially

zero for large n. Therefore, A is a monotonic function of p2 for large n. For testing H, against

H,:p>0 (orp <0), the test based on A is uniformly most powerful (asymptotically). To test H:
p = 0, the proposed statistic is (Vaughan and Tiku, 2000, p.62)

W= pn J0/6), (3.13.12)

6/nn? being the asymptotic variance of p obtained from (3.12.8) by equating p to zero. Since p
is asymptotically equivalent to the ML estimators, the asymptotic null distribution of W is
normal N(O, 1).

For the data given in Example 3.2, W = - 3.654. Since this value is less than — 2.33,

we reject H in favour of H: p < 0 at 1% significance level. The conclusion is that a higher
blood count tends to shorten the survival time of a patient.
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3.14 NUMERICAL EXAMPLES

EXAMPLE 3.3: The following data is reproduced from Draper and Smith (1966, p.8). The
response variable Y represents Pounds of Steam used monthly and the design variable X
represents Average Atmospheric Temperature (degrees Fahrenheit) in a certain production
process; n = 25:

y: 1098 11.13 1251 8.40 9.27 8.73 6.36 8.50 7.82 9.14
x: 353 29.7 30.80 58.8 61.4 71.3 74.4 76.7 70.7 57.5
¥ 824 1219 11.88 9.57 10.94 9.58 10.09 8.11 6.83 8.88
x: 464 28.9 28.1 39.1 46.8 48.5 59.3 70.0 70.0 74.5
y: 7.68 8.47 8.86 10.36 11.08

x: 721 58.1 44.6 33.4 28.6

To investigate the error distribution, we constructed Q-Q plots of w; = y, - 5ixi. The
family (3.6.1) withr =2 and d = 1.0 (A = 1) provides the most plausible distribution; its stand-
ard deviation is 6, = 1.6790. Here, we have the following estimates:

26
§, = 13.623, §, = 0.0798,s = 0.8901, D, (x; - ¥)* = 7154.420,

i=1
2
SE(5,) = + "M = £ 0.0105
7154.420

8, = 13.665, 8, = — 0.0805, & = 0.5430, 6, = 0.912,

LS:

(3.14.1)

MML:

(0.5430)*
0.6364(7154.420)
since D = 0.6364 from (3.7.10). The MMLE él is clearly more precise than the LSE 51.

The statistics |T| =10.08 and |G| =7.60; (3.14.3)
both are significantly different from zero at 1 percent significance level.

SE(6,)=+ ‘/ = + 0.0080, (3.14.2)

EXAMPLE 3.4: Consider the computer generated errors e, (1 <i < 30) from the Generalized
Logistic GL(b, 0); b = 8. 0 and 6 = 1. The model is

¥, =0,+0,x,+¢, (1<i< 30), (3.14.4)
where 8, = 1 and x; are uniform (0,1). The data is given below.

Y: 5646 7.741 7463 10692 8150 5662 5910 3.334 4.335 6.463
X: 0.863 0334 0311 0747 0466 0.796 0.144 0448 0.359 0.820
Y: 5335 6.515 5978 3568 4.892 8535 7.035 6.004 4.087 4.926
X: 0470 0009 0699 0518 0624 0295 0867 0720 0.060 0.519
Y: 6.357 3.798 5448 7.251 5.645 6.349 5473 7494 7213 7.264
X: 0.766 0669 0.134 0762 0.823 0412 0.168 0.722 0.659 0.553
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Proceeding exactly along the same lines as in Sections 3.3-3.4, we obtain the MML esti-
mators. They are exactly the same as (3.4.8)~(3.4.11) with §, replaced by B;, A, = o, — (b + 1)1,
and B and C so obtained are both multiplied by (b + 1). The coefficients o, and B, are exactly
the same as (2.5.5). The elements of the Fisher information matrix 1(6,, 6,, 6) are

I, =nb/(b+2)c?, 1,=nbX/(b+2)c?

n
Ly=nbly(b+D-y@)}/(b+2c2 I,=b 2 x;2 /(b +2)02, (3.1.4.5)
i=1

L = nb{y (b+ 1) — y(2IX/ (b + 2)c>

and L, = nb{(b+2)/b+ [y’ (b+ D +y @]+ [y +1) - yw@12 Wb + 2)c2
It may be noted that
dlnL* (b+1 ¢ —
%, o ;Bi (xy ~ %))*[K ~ Do - 6] (3.14.6)

Thus, we obtain the following estimates and their standard errors.

LS: 0, = 0.983 with standard error +

u ~2
MML: 0, = 1.087 with standard error + l - o
V(b +D I Bilxy - F))*

,(1252)2
=% m =+ 1.066. (3.14.7)

The estimated standard error of élcalculated from the asymptotic formula

MEICE 2)02/102 (x; - D)2 (3.14.8)
i=1

i + L_+1017
8 “Vs8(s9e) T

which is very close to the value given in (3.14.7).

Again, the MML estimate is numerically close to the LS estimate and is clearly more
precise.

SUMMARY

In this Chapter, we consider linear regression models. Traditionally, the errors in the
models are assumed to be normally distributed. The least square estimators (LSE) of the
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parameters are identical to the MLE under normality and are fully efficient. In practice,
however, non-normal distributions are more prevalent. The MLE are intractable under non-
normality and the LSE are inefficient. We derive MMLE for the three families of distributions
considered in the previous chapter. The estimators are obtained by ordering the errors
e; (1 <1 < n). We show that the MMLE are asymptotically fully efficient. For small n, their
variances are only marginally bigger than the minimum variance bounds. We investigate the
relative efficiencies of the LSE: they are much less efficient than the MMLE. A disconcerting
feature of the LSE is that their relative efficiencies descrease as the sample size n increases
and stabilize at values considerably less than 100 percent. We develop hypothesis testing
procedures. We give numerical examples to illustrate the superiority of the MMLE over the
LSE. We extend the methodology of modified likelihood to the important situation when the
design variable X is also stochastic.

APPENDIX 3A
INFORMATION MATRIX

To derive the elements of the Fisher information matrix (3.4.12), consider the equation
(3.3.5),1.e.,

dlnL -(p-1 v 1. PY% _
00, T o g{ XiZ; 1+EZ xizi" 7, z;=(y;- 8,-8;x)0. (BA.D

First, realize that E(d In 1/08,) = 0. This follows from the fact that

E(E) =P Jm exp(-zP)zP 2 dz=T (1_ l)
zZ 0 P

and . E(zP-1) =P Jm exp(—zP)z 2P~V dz=I‘(2— 1]=2:—1 F(l— l)
0 p P p
n n
NOW, _ [a lnzL)_p_—il xi2E(zi—2)+£(_E_2:_Qz xizE(ziP—Z)
29 i=1 Y i=1
-1 o - c
g r(l_z)z xfl‘l(p—z-llr(z-g) x;2 (3A.2)
9 p i=1 Y P/ica

(p 1) (1__Jz %,

All other elements in (3.4.12) can, similarly, be obtained. Alternatively, one can work
with d1n L/08, and 9%21n L*/96,2 and use the asymptotic arguments of Appendix 2A to arrive at
exactly the same results as (3A.1)-(3A.2). The information matrices (3.7.7) and (3.9.8), and
others given in this book, are obtained exactly along the same lines.
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APPENDIX 3B
VALUES OF E{Z(i)}
The approximate values of tyforr=4,a=0.0
noi b n i b n i Y n i Y
10 1 - 2.1868 30 6 -—1.5209 50 6 -1.9866 100 16 -1.7236
10 2 - 1.5868 30 7 -1.3466 50 7 - 1.85583 100 17 -1.6648
10 3 - 1.1053 30 8 -1.1795 50 8 - 17330 100 18 -1.6074
10 4 - 0.6580 30 9 -1.0173 50 9 -1.6174 100 19 - 15512
10 5 -0.2187 30 10 -0.8581 50 10 - 15069 100 20 -1.4962
12 1 - 2.3057 30 11 -0.7007 50 11 -1.4003 100 21 -~ 1.4421
12 2 - 1.7513 30 12 -0.5444 50 12 -1.2968 100 22 -1.3889
12 3 - 1.3205 30 13 -0.3885 50 13 -1.1957 100 23 -1.3365
12 4 ~09313 30 14  -0.2329 50 14 -1.0964 100 24 -1.2847
12 5 - 0.5564 30 15 -0.0773 50 15 -0.9984 100 25 -1.2335
12 6 —0.1850
' 40 1 -29727
15 1 —2.4438 40 2 -2.5968 50 16 -0.9016 100 26 -1.1828
15 2 - 1.9361 40 3 -2.3399 50 17 -0.8055 100 27 -1.1326
15 3 - 1.5547 40 4 -21341 50 18 -0.7100 100 28 -1.0827
15 4 —1.2208 40 5 —1.9569 50 19 -0.6148 100 29 -1.0332
15 5 - 0.9076 50 20 -0.5199 100 30 -0.9840
15 6 - 0.6029 40 6 -1.79771
15 7 - 0.3010 40 7 -1.65068 50 21 -0.4252 100 31 -0.9350
15 8 0.0004 40 8 -~1.51222 50 22 -0.3305 100 32 -0.8863
40 9 -1.37996 50 23 -0.2359 100 33 -0.8378
20 1 -2.6111 40 10 -1.25220 50 24 -0.1413 100 34 -0.7894
20 2 - 2.1523 50 25 - 0.0468
20 3 - 1.8196 40 11 - 1.12772 100 35 -0.7411
20 4 - 1.5380 40 12 -1.00561 100 1 -3.3826 100 36 -0.6930
20 5 - 1.2822 40 13 -0.88516 100 2 -3.0740 100 37 -0.6449
20 6 - 1.0403 40 14 -0.76587 100 3 -2.8724 100 38 -0.5970
20 7 - 0.8055 40 15 -0.64732 100 4 -2.7170 100 39 -0.5490
20 8 -0.5741 40 16 -0.52922 100 5 - 2.5880 100 40 -0.5012
20 9 -0.3441 40 17 -0.41139 1006 6 -2.4761 100 41 -0.4533
20 10 -0.1143 40 18 -0.29366 100 7 -2.3763 100 42 -0.4055
40 19 -0.17600 100 8 —-2.2854 100 43 - 0.3577
30 1 — 2.8290 40 20 -0.05835 100 9 -2.2014 100 4 -0.3099
30 2 —2.4233 100 10- -2.1229 100 45 -0.2622
30 3 - 2.1402 50 1 -3.07877
30 4 - 1.9091 50 2 -272259 100 11 - 2.0489 100 46 -0.2144
30 5 - 1.7064 50 3 -248240 100 12 -19785 100 47 -0.1666
50 4 -229231 100 13 -19112 100 48 -0.1189
50 5 —213046 100 14 -1.8466 100 49 -0.0711
100 15 -1.7841 100 50 -0.0233
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The approximate values of tyforr=4,a=1.0
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CHAPTER 4

Binary Regression with Logistic
and Nonlogistic Density Functions

4.1 INTRODUCTION

In the previous chapter, we assumed a linear relationship between a response variable Y and
a design variable X. For the random error component in the model, we considered three fami-
lies of distributions: (i) skew, (ii) short-tailed symmetric, and (iii) long-tailed symmetric. By
using the method of modified likelihood, we estimated the unknown parameters. We extended
the methodology to k (= 1) design variables. We showed that for all these three families of
distributions, the likelihood equations are intractable. As a consequence, the ML estimators
are elusive. We formulated modified likelihood equations which have explicit solutions, the
MML estimators. We showed that the MML estimators are asymptotically fully efficient, and
are highly efficient for small sample sizes. We also showed that the MML estimators are con-
siderably more efficient than the LS (least squares) estimators. In fact, the LS estimators have
a disconcerting feature, namely, their relative efficiencies decrease with increasing sample
size n and stabilize at values considerably less than 100 percent. We also developed hypothesis
testing procedures. In numerous biomedical and industrial applications, however, the response
variable Y can assume only two values 0 and 1 and depends on one or more design variables
called risk factors or covariates. Since Y is a binary random variable, its expected value is
between 0 and 1. A model which quantifies a relationship between Y and a risk factor(s) X has
to be structured in such a way that E(Y) assumes a value between 0 and 1. This is accom-
plished as follows.

4.2 LINK FUNCTIONS
In the first place, suppose that Y depends on a single covariate X through the relationship
) = E(Y]X = x) = sz(u) du = F(2) (4.2.1)

where z = n(x) (a function of x) and f(u) is a completely specified density function, and Y is
presumed to increase with X. In the first place, we assume n(x) to be linear so that z =y, +y;Xx,
y, > 0 a priori. The function F(u) is the cumulative density function of u and, in the context of
binary regression, F is called the link function. The problem is to estimate y, and y, and to
verify whether there is statistical evidence to support the presumption thaty, is positive.

87
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The density function that has been used very extensively in binary regression is the
logistic:

fluy=e Y(1+e Y2 —o<u<on, (4.2.2)
The logistic density has a beautiful property, namely,
(X)) = F(z) = e?/(1 + €?) (4.2.3)
which gives the very interesting result that
In[r(x)/(1 — 1(X))] =Y, + Y, X (4.2.4)

The value 1(x)/(1 — (X)) = OD is called odds. Thus, the logistic density (4.2.2) has the
property that In(OD) is a linear function of the covariate X (Hosmer and Lemeshow, 1989;
Collett, 1991; Kleinbaum, 1994; Agresti, 1996). Realize that for the logistic density, the link
function (also called logit) is

F~1 = In[r(x)/(1 — 1(x))]. (4.2.5)

In binary regression, the assumption of the logistic density is very predominant. There
is, however, a need to open up this area to nonlogistic density functions (Tiku and Vaughan,
1997). Robinson et al. (1998) give link functions for several nonlogistic density functions.

Given a random sample (y;, X;), 1<i<n, we want to estimate y,and y,. Assuming that X
is nonstochastic and is measurable without error, the likelihood function is

L= |‘|1 {F@)P {1-F @) (4.2.6)

Z
where F(z) = J f(u) du and f(u) is any density function not necessarily logistic. An alternative

expression of L in terms of the ordered variates Z4 is obtained as follows.

Sincey, isapriori positive, z; are determined by the ordered values (Tiku and Vaughan,

(1)
1997) '

X1y S Xy S oS Xy (4.2.7)
Clearly, the ordered variates z; are given by
Ziy = Yo + YaXy: 1<isgn. (4.2.8)

Let Yii be the y-observation (concomitant) which corresponds to X iy Then

L=[] (Fept™ {1-Fpy ™ W=y (4.2.9)
i=1
The likelihood equations for estimating y, and y, are

=Y wgi(zg) - (- w)ga (e} =0 and (4.2.10)

0 i=1

dlnL _ ¢

3y, = z X {wig:1(za) — (1 -w;i)ga(z)}=0; (4.2.11)

=1
9,(2) =f(2)/F(z) and g,(z) = f(2)/(1 - F(2)). (4.2.12)

Due to the intractrable nature of g, (z) and g,(z), the equations (4.2.10) — (4.2.11) have no
explicit solutions. However, when the density function is logistic, computer software is avail-
able to solve these equations by iteration. The software also gives the approximate values of
the standard errors which it computes from the Fisher information matrix. The elements of
this matrix will be given later in Section 4.4.
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4.3 MODIFIED LIKELIHOOD ESTIMATORS

We now derive the MML estimators of y, and y, and calculate their approximate standard
errors as follows.
We linearize the g, and g, functions and write
0,(zgy) Doy =By zy and  g,(z) Doy, + By Zg, (4.3.1)
As in earlier chapters, the coefficients (a,;, B,;) and (a,;, B,;) are obtained from the first
two terms of a Taylor series expansion around t; (1 <i <n):
B, ={f (t;) — F(ts) f'(t(i))}/FZ(t(i)) and oy; = g,(t;) + Byt (4.3.2)
and By = {fz(t(i)) + (1= F(t, )f ()M (1 - F(t(i))2 and (4.3.3)
0y = Oy(ts) — Byt
f'(z) is the differential coefficient of f(z) with respect to z which exists for all z=t; (1 <i < n)
for the wide variety of densities listed in Appendix 4A. The values of t, are obtained from the
equations

L) i .
.[_mf(u)du —— Lsisn (4.3.4)
t; could be called “population” quantiles. The random variates Z; (1 <i<n)are regarded as
ti1e order statistics of a random sample of size n from a population with density function f(u).
This would imply that Zoy— L (1 <i<n)tend to zero as n tends to infinity.

Incorporating the linear functions (4.3.1) in (4.2.10) — (4.2.11), we obtain the modified
likelihood equations, namely,

n

dlnL _dInL™*
O = m:{. /m:)-v, -yx,n}=0 and (4.3.5)
0\/0 ayo ; |{( i |) Yo yx(|)}
dlnL _dInL* _ <
0 =Y mix{(d; /m;) =y, - yXi}=0; (4.3.6)
3y, 3y, 2 iX (i) {(9 i)~ Yo ~ YX@iy}
o =a;w,—ay(l-w;,) and m,= B.w, + B, (1-w,), (4.3.7)

W=y (Lsisn).
The solutions of (4.3.5) — (4.3.6) are the following MML estimators:

n
Vl = 6|(X(|) - ia)/z mi(X(i) - ia)z and VO = (6/m) - Vl)_(a; (438)
=1
19

n
2
=1
n n n
Zl5i,mzzlmi and ia:(]_/m)z mix(i).
i= i= =1

If ¥, turns out to be negative, equate it to 0.000001, since y, is positive.
It may be noted that

n n

< \2 _ 2 - 2
zmi(x(i)_xa) = zmix(i) - mXg©
i=1 =1

Revised estimates: Following a suggestion by Lee et al. (1980), we now calculate (a;,
B;;) and (ay;, B,;) from (4.3.2) — (4.3.3) by replacing t;, by

t; = Vo +ViXs, l<isn, (4.3.9)
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and calculate the revised estimates Yo and Y1 from equations (4.3.8). If need be, this process is
repeated a few times until the coefficients (4.3.2) — (4.3.3) stabilize sufficiently enough. This
process needs to be repeated only a few times as calculations reveal that the coefficients a; and
B, in (4.3.2) — (4.3.3) stabilize very quickly; see also Lee et al. (1980).

Comment: The procedure above for calculating the MML estimates is straightforward.
The procedure for calculating the ML estimates is to first find the link F~1 = inverse of the
cumulative distribution function m(x) = F(z), and use the initial aproximations 1,=(y;+0.5)/
(n;+1) (often n;=1). The 11, values are then regressed on the covariate(s) to get initial approxi-
mations to the y-coefficients (using a weighted least square approach, e.g. equations (3.2.9) —
(3.2.10)) and then re-evaluating the testimates and repeating (Collett 1991, Appendix B). The
weights used are obtained from either Hessian or information matrix, and their inverses. For
the logistic density, the estimates of the variances of the ML estimators of y, and y, are the
same regardless of the use of the Hessian versus the information matrix. This is, however, not
true if the density function f(u) is nonlogistic. This creates difficulties in computing the ML
estimates from nonlogistic density functions. The MML estimates have no such computational
difficulty. Besides, the MML estimates are the same (almost) as the ML estimates (Examples
4.1 — 4.5); see also Appendix 2B (Chapter 2).

4.4 VARIANCES AND COVARIANCES

Since the MML estimators are asymptotically equivalent to the ML estimators, their asymp-
totic variances and the covariance are given by I71(y,, y;) where 1 is the Fisher information
matrix. Alternatively, we proceed as follows to obtain the asymptotic variances and the
covariance.

The equations (4.3.5) — (4.3.7) can be written as
dlnL*

n

P) :Z mi{(&;/m;) -y —y1x;}=0 and (4.4.1)
Yo =1
alnL* o _
dy :Z m;x;{(3;/m;) = Yo —Y1X;} =0 (4.4.2)
1 i=1

6i = C(1iyi - GZi(l - yi) and mi = Bliyi + BZi(l - yi)a (4-4-3)
and t; =Y, VX is replaced by t; =y, +y,X; in (4.3.2) - (4.3.3). The initial values are taken as
t;= Yo + Wi,

where Vo and Vl are the least squares estimators, namely,
n n
Vi= Y -0y /Yy (xi-%)? and Yo=Y -YiX. (4.4.9)
=1 =1

The solutions of (4.4.1) — (4.4.3) are exactly the same as those of (4.3.5) — (4.3.7), and are
obtained by iteration. For long-tailed density functions, however, (4.4.1) — (4.4.3) need a con-
siderably larger number of iterations to stabilize than do the equations (4.3.5) — (4.3.7). The
latter benefit from the advantages of ordering which yields the MML estimates quickly in a
very few iterations. This is indeed a basic characteristic of the modified likelihood estimation
based on order statistics as shown in Chapter 3; see also Lee et al. (1980).

Noting that t, = Yo + ¥iX; and z, = y, + y,x; and since Yo and ¥1 converge to y, and v;,
respectively, z,— t; (1 <i < n) converge to zero as n tends to infinity. Consequently, a;'s and 3;'s
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are treated as constant coefficients for large n, in which case (since Y; is binary with expected
value F(z,))

E@®)0Qzz; and E(m)OQ;; Q,=fz,){F(z,)[1- F(z,)I} (4.4.5)
The MML estimators Yo and V1 are asymptotically unbiased. This follows from the fact
that E(6, /6,) OE(®,)/E®,) for large n (Stuart and Ord, 1987, p. 325) and &/n, m/n and

n
(2/n) Z m;X; converge to their expected values as n tends to infinity. Moreover, the asymp-
=1

totic variance-covariance matrix of Y, and ¥, is given by (since asymptotically E(0? In L/36?)
OE(82 In L*/062))

-1
B E(az InL) B (az |n|_J
ve 0vo° 0YodY, :[ 2 XQix; T_ 4.4.6)
_E(azlnLJ _E azlnL) 2QiX;  2Qix;
Y0y ay,°
Realize that y; is a binary random variable and its variance is F(z;)[1 — F(z;)]. An esti-
mate of V is obtained by replacing Q; by

Qi = f2(2)/[F@)(L-FE)) (4.4.7)
where 2=y +Vx; (A<isn).

45 HYPOTHESIS TESTING

Testing the null hypothesis H,: y, = 0 is of great practical interest. Rejection of H, clearly
implies that the risk factor (covariate) X has an effect on the response Y. Under H,, the esti-
mated probability of observing n, number of 1's and n, number of O’s is

(ﬁjnl (&)n[’, n, +n, =n. (4.5.1)

n n
Assuming that H, is not true, the estimated probability is

n

[ 6o -y i = F). (45.2)

1=1
The likelihood ratio statistic is, therefore,

G=-2In {(?}1)” (r::’)no/!j fiv(1- ﬁi)l'yl_ (4.5.3)

Large values of G lead to the rejection of H, in favour of H,:y, > 0. For large n, the null
distribution of G is chi-square with 1 degree of freedom. Alternatively, one calculates the Wald
statistic

W = ¥,/V(SE)® (4.5.4)

and rejects H if W is large, (SE)? being the estimated variance of Y1. For large n, the null
distribution of W is referred to N(O, 1).
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4.6 LOGISTIC DENSITY

The modified likelihood estimation can be carried out for any density function without much
difficulty. For the logistic density, however, it simplifies, i.e., the coefficients (4.3.2) — (4.3.3)
are given by

Bi=B,=B,0a,;=0; and a,=1-qa; (L<i<n) (4.6.1)
where B = e'0[1+e"}? and o ={1+e"m}t + Bty (4.6.2)
and with w; =y,
m, =B, and 9, =aw,—(1-a)(l-w,). (4.6.3)
And, L) is calculated from the equation
ty=-In(g'-1),q;=i/(n+1), 1<is<n, (4.6.4)

which is the solution of (4.3.4) if f(u) is the logistic density.

Remark: There is enormous difficulty in calculating the ML estimates for nonlogistic density
functions. Most of the work reported is, therefore, based on the logistic density. Since the MML estima-
tors are computationally straight forward, they provide an opportunity to open up the area to nonlogistic
density functions, and to stochastic covariates (Section 4.11).

4.7 COMPARISON OF THE ML AND MML ESTIMATES

We now consider real-life data sets where the ML estimates and their standard errors are
available based, of course, on the logistic density function (4.2.2). We report the ML and the
MML estimates and their standard errors. The two are seen to be the same (almost).

Example 4.1: Consider the widely reported CHD data given on page 3 of Hosmer and
Lemeshow (1989). We reproduce this data in Appendix 4B for ready reference. The data repre-
sents the values of Y (coronary heart disease status) and the corresponding values of the
covariate X (age) of 100 subjects; y = 0 and 1 represent the absence and presence of the disease,
respectively. The problem is to determine the relationship between Y and X.

The ML and the MML estimates and their standard errors are given in Table 4.1. Only
two iterations were needed for the MML estimates to stabilize. Also given are the values of the
Wald statistic W and the likelihood ratio statistic G . The values in brackets are the results of

the first calculation, i.e., the MML estimates (and their standard errors) based on i obtained
from (4.3.4).
Table 4.1: Estimates and standard errors for the CHD data.
Coefficient Estimate Standard error W G
ML Yo —-5.310 1.134
Y1 0.111 0.024 4.61 29.31
MML Yo - 5.309(- 4.754)| 1.134(1.073)
A 0.111 (0.098) | 0.024 (0.023) 4.61(4.26) 29.31(28.93)

The ML estimates and their standard errors quoted above are from Hosmer and
Lemeshow (1989, p.11). It can be seen that the method of modified likelihood gives essentially
the same results as the Fisher maximum likelihood. Both methods overwhelmingly reject H, :
y, = 0. The conclusion is that age has a definite effect on the CHD. It may be noted that the
computations with the MML estimators are straightforward and, unlike the ML estimators,
no software package is needed to compute them.
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Example 4.2: The data set used in previous example was large with sample size n=100.
Consider now the following data (y;, x;) with n=10 observations taken from Hosmer and
Lemeshow (1989, p. 132):

y;=0,1,0,0,0,0,0,1,0,1
x;=0.225, 0.487, -1.080, - 0.870, — 0.580, — 0.640, 1.614, 0.352, — 1.025, 0.929

In fact, y, are randomly generated from a uniform(0, 1) distribution and x; are generated
from a standard normal. Here, we have the following values, based on the logistic density. The
ML estimates and their standard errors are from Hosmer and Lemeshow (1989).

Table 4.2: The ML and MML estimates, n=10.

Coefficient Estimate Standard error
ML Yo -1.0 0.83
A 1.4 1.00
MML Yo -1.00 0.829
A 1.38 1.010

Even for this small data set, the modified likelihood methodology gives essentially the
same results as the maximum likelihood. This is typical of modified likelihood estimation as
will be illustrated from time to time.

Example 4.3: Another data set of n = 27 observations is given in Agresti (1996, p.88).
For this data, X quantifies the proliferative activity of cells after a patient receives an injection
of tritiated thymidine. The response variable Y is 1 if the patient achieves remission and Y=0
otherwise. Here, we have the results given in Table 4.3. The ML estimates and their standard
errors are from Agresti (1996, p. 87). Only two iterations were needed for the MML estimates
to stabilize sufficiently enough.

Table 4.3: The ML and MML estimates for Agresti’'s data.

Coefficient Estimate Standard error G
ML Yo - 3.777 *
A 0.145 0.059 *
MML Yo - 3.777(- 3.319) 1.379
A 0.145 (0.122) 0.059 8.299

*Are not given in Agresti (1996). The values in brackets are the results of the first iteration, as in Table
4.1.

Assuming the logistic density (4.2.2) in every situation is, however, too restrictive. Tiku
and Vaughan (1997) extend the modified likelihood methodology to non-logistic density func-
tions as follows.

4.8 NON LOGISTIC DENSITY FUNCTIONS

Z
Let f(u) be any completely specified density function with F(z) = J f(u) du as the cumulative
density function. For example, Tiku and Vaughan (1997) consider the following densities:
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(1) normal, (2) logistic, (3) Student t,
(4) extreme value I, (5) extreme value 11, and (6) Generalized Logistic,
(4.8.1)

which represent a very wide range of symmetric and skew distributions. The functional forms
of the densities (1)-(6) above and their cumulative density functions are given in Appendix 4A.
The modified likelihood equations are exactly of the same form as (4.3.5) — (4.3.7), and their
solutions are exactly of the same form as (4.3.8). The only difference is that for the logistic, t
(1 <i<n) are obtained from (4.6.4) and the a; and B, coefficients are obtained from (4.6.1) —
(4.6.2). For a nonlogistic density function, t,=F" Yi/(n+1)), 1 <i<n, and the coefficients (a;,
B,;) and (a,;, B,;) used in the computation osf the MML estimators are obtained from (4.3.2) -
(4.3.3). The cumulative density functions are given in Appendix 4A and it is easy to find t(i) and
the coefficients needed to calculate the MML estimators. For a given data set (y;, x;), 1< 1<n,
we proceed as follows (Tiku and Vaughan, 1997).

Table 4.4: The MML estimates and their standard errors, and the values of the
W and G statistics for the CHD data; n = 100, SE = Standard error.

Statistic Statistic
Coeff MMLE SE w G MMLE SE w G
Normal Logistic

Yo —3.146 0.625 —2.927 0.625

A 0.0658 0.0134 491 29.16 0.0611 0.0133 4.59 29.31
Studentt (v =7) Student t (v = 5)

Yo —2.897 0.634 —2.747 0.610

A 0.0605 0.0134 451 29.20 0.0574 0.0129 4.45 29.25
Student t (v = 3) Extreme value Il

Yo -2.215 0.514 -3.313 0.648

A 0.0462 0.0109 4.24 29.42 0.0617 0.0127 4.86 29.12

Generalized Logistic (b = 2) Generalized Logistic (b = 0.5)
Yo —-2.951 0.764 - 2.733 0.532
A 0.0787 0.0169 4.66 29.02 0.0490 0.0107 4.58 29.36

Graphical technique: A Q-Q plot is obtained by plotting the ordered x-values (4.2.7)
against the " population” quantiles t; determined by (4.3.4). A density function f(u) which
yields a straight line (or closest to such) is one which is apparently most appropriate (Chap-
ter 9). The Q—Q plots of the data considered in Example 4.1 above are given in Tiku and Vaughan
(1997) for the normal, logistic, extreme value, Generalized Logistic and Student t. The Q—Q
plot based on the Generalized Logistic with b=0.5 most closely approximates a straight line
over the entire data set. Since the method of modified likelihood automatically assigns very
small weights to the extreme order statistics in a sample from long-tailed symmetric distribu-
tions (Chapter 2), Student t with v = 3 is also a reasonable model. For illustration, the MML
estimates of y, andy, and their standard errors for various density functions are given in Table
4.4, reproduced from Tiku and Vaughan (1997, p. 892). For a comparison to be meaningful, the
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scale of the x-values has to be the same for all density functions. This is accomplished by
dividing each x; (1 <i < n) by the square root of the dispersion

o © 2
0= [ u*f(du)du —U uf (u)du} . 4.8.2)

For the logistic density, for example, 0,2 = 3.2898.

It can be seen that considerable improvements over logistic are realized by utilizing
either the Student t (v = 3) or the generalized logistic (b = 0.5). For example, the relative
efficiency

E =100 (Variance under nonlogistic density) / (Variance under logistic) (4.8.3)
is given below for the CHD data:

Relative Efficiency

Density Yo A

Student t (v = 3) 67 67
Generalized logistic (b = 0.5) 72 64

Moreover, the two density functions yield almost the highest values of the W and G
statistics (Table 4.4). It is, therefore, very important to process a given data set through vari-
ous density functions and determine the best fit. The method of modified likelihood estimation
makes this task very easy.

For the data in Example 4.2 with n =10, it is the extreme value | density function which
provides the best fit. For example, we have the following MML estimates and their standard
errors, and the corresponding W and G statistics:

Coeff. MMLE SE W G MMLE SE W G
Logistic Extreme Value |
Yo —0.552 0.457 —0.152 0.272
Y, 0.761 0.554 1.37 2.47 0.622 0.376 1.65 3.39

Here the relative efficiencies E are 35 and 46 percent for Yo and V1, respectively. The
logistic density is clearly inadequate.

Remark: Treating the covariate X as nonstochastic is, in numerous situations, an oversimplifi-
cation. In general, X will be stochastic in nature and its distribution should be incorporated in the
likelihood function. This will be done later in Section 4.11.

4.9 QUADRATIC MODEL

In prevous chapters, z =n(x) was taken to be a linear function so that z =y,+ y,x. The modified
likelihood methodology readily extends to higher order relationships, e.g.,

Z:V0+V1X+---+ijj- (4.9.1)
Consider j = 2 (Oral, 2002) so that,
2= Yo+ Yo Xy + V2 Xy (4.9.2)

y, andy, are a priori positive. Although the method works for any density, but we will consider
the logistic for illustration. Writing,
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O =a;w;—(1-0;)(1-w) and m, =B, w; =y, (I<isn), (4.9.3)
where a;and {3, are given by (4.6.2), the modified likelihood equations are
olnL _dInL*

o, O o, = - my,— (ZMXy)Y; — (Zmix(i)z)y2 =0, (4.9.4)

olnL _dInL*

oy, O oy, = 20X — (ZMX )Y, — (Zmix(i)z)yl - (Zmix(i)3')y2 =0 and (4.9.5)

dlnL _dIlnL~*

v, Da—y2 = Zéix(i)2 - (Zmix(i)z)y0 - (Zmix(i)3')yl - (Zmix(i)“)y2 =0, (4.9.6)
each sumcarriedoveri=1,2,...,n;m=Xm,. The solutions of (4.9.4) — (4.9.6) are the following
MML estimators:

-1
Vo m ImXg  Imix? 5
Vi|=| Zmixg  Imixg? Imixe®| | Z8ixg | (d=30). (4.9.7)

5 2 3 4
The estimators Yo, Y1 and V2 are computed in a few iterations, exactly the same way as
in Section 4.3. If ¥; (i = 1, 2) turns out to be negative, equate it to 0.000001 (a small number).

Asymptotic covariance matrix: Exactly for the same reasons as before, the asymp-
totic covariance matrix of the estimators in (4.9.7) is

Qi Qi ZQix;’
V=12Qix;  IQix% Qx| (4.9.8)
SQixi? TQix;® IQix’

Q; is the same as in (4.4.5); V is estimated by V obtained by replacing Q, by
Qi = R(Z)[F(Z)(L - F@))], Zi = Yo + ¥ax, + Y2x2. (4.9.9)

It may be noted that the matrix V above and its estimatory are positive definite. This
follows from the fact that their minors are all positive. Consider, for example,

2 3
My, = Eg::s ;8;:;4} = (ZQXA(EQXY - (Qx
Realizing that Q, is positive, we define a; = \/Q;x; and b; = ,/Q;x;%.
By Cauchy-Schwarz inequality
M, = (Za,?)(Zb;?) — (Za;,b)? > 0.
Since x;? # cx; (c being a constant), M, # 0. Similarly, all other minors are positive.

Example 4.4: Consider the CHD data with n = 100 observations considered in Example
4.1. Assuming the logistic density and the quadratic relationship z = y, + y,x + v, x?, we have
the following MML estimates and their standard errors. Three iterations were needed for the
estimates to stabilize sufficiently enough.

Coefficient MML estimate” Standard error W G
Yo — 0.440 (- 0.408) 0.318
Y, 1.283 (1.160) 0.281 4,561
Y, 0.075 (0.000) 0.292 0.256 29.38
* The values in brackets are the results of the first iteration.




For this data, the linear relationship z = y, + y,x is clearly adequate since ¥, is not

significantly different from zero.

Consider the data referred to in Example 4.3 with n = 27 observations. Here the results

are as follows; z =y, +y, X +y, X?:
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Coefficient MML Estimate Standard Error W
Yo - 0.222 0.648
A 2.940 1.330 2.210
Y, 0.000 — —

Since Y2 =0.000, the G statistic is the same as before (G =8.299). Clearly, the quadratic
model does not give a better fit than a linear model. The null hypothesis H, :y, =0 is rejected in
favour of H, :y, >0, at 5% significance level. The estimated model T(x)= F(z) is

=-0.222 +2.940 x. (4.9.10)

4.10 MULTIPLE COVARIATES

The method of modified likelihood estimation readily generalizes to k (= 2) covariates.
Here, we have

k
Zi=Yo* ) VX (Lsis<n) (4.10.1)
=1
and assume that
v4
E(YIX; = Xy s Xy =%,g) = F(2) = [ T(W) du. (4.10.2)

A priori we have no reason to believe that all the covariates X;, 1 <j <k, are not equally
effective in increasing the response Y. Therefore, we initially take y;'s all equal and positive in
which case the ordered z-values Zs correspond to the ordered x-values Xy S Xz) S - - S Xy,
where

X; = X H Xt o X, I<isn. (4.10.3)

LetY[i] be the y-observation which corresponds to x; , 1<i<n. The modified likelihood

equations are exactly of the same form as (4.3.5) — (4.3.7). Their solutions are the following
MML estimators:

[ = (X'MX)) X'A, (4.10.4)
where " = (Y, Yy« ,Y,) and
[1 xil xgl xEl_
1 X3 Xy Xk2
X =
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is the matrix

1 X1 X9 -« o . X

1 X Xo + 0 0 Xpo
X =

_1 X1n X2n an_

with rows arranged so as to correspond to the ordered variates Xiy» 1< i<n,

m; O 0 3,
0 m, 0 5,
M = 0 and A=| . |; (4.10.5)
. 0 .
0 m o)

m; and g, are exactly the same as in (4.3.7).

The MML estimates are obtained exactly the same way as before, initially calculating
(g, Byy) and (ay;, By) from (4.3.2) — (4.3.3) with t ;) obtained from (4.3.4). Subsequently, t is
replaced by

k
t= Yo+ ) Vx5, ls<isn, (4.10.6)
=1

and the process repeated. The coefficients (a;, 3,;) and (a,;, B,;) stabilize very quickly in a few
iterations.

Exactly along the same lines as before, it is not difficult to prove that the MML estima-
tors (4.10.4) are asymptotically unbiased and their covariance matrix (asymptotic) is
-1

2Q; 2QiXyi - o ZQiXyg
2
2QiXyi  ZQiXy; co ZQiX X
v=| - : - : , (4.10.7)
QX ZQiXpX - - ZQiX®

each sum carried over 1 <i < n; Q; is the same as (4.4.5) but z; is given by (4.10.1) and is
estimated by

k
2,=9, +Z Vi, l<isn. (4.10.8)

The matrix V and its estimate V are both positive definite.

Example 4.5: Consider the data from Finney (1947), reproduced in Appendix 4C for
ready reference. The data is also given in Aitken et al. (1989, Appendix 4, p. 346). There are
n = 39 observations on three variables: VOL= Volume of air inspired, RATE = Rate of air in-
spired, and RESP = presence of vaso-constriction. RESP is the response variable, with value 1
if no vaso-constriction exists and O if there is.

Assuming the logistic density for f(u) as in (4.2.1) — (4.2.2) and

z=y, +y, RATE +y, VOL, (4.10.9)
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Aitken et al. (1989) give the MML estimates and their standard errors. The values are
given in Table 4.5. Also given are the MML estimates and their standard errors (Tiku and
Vaughan, 1997, p. 895); five iterations were needed for the MML estimates to stabilize suffi-
ciently enough. It is seen that the MML estimates are essentially the same as the ML esti-
mates and are equally efficient.

Table 4.5: The ML and MML estimates for the Finney data, under logistic density.

Coefficient Estimate* Standard Error W G

ML Yo —9.530 3.224

A 2.649 0.912 2.90

Y, 3.882 1.425 2.72 24.27
MML Yo —9.530 (- 7.730) 3.233 (2.605)

A 2.649 (2.232) 0.914 (0.771) 2.90

Y, 3.882 (3.013) 1.429 (1.138) 2.72 24.27 (23.83)

* The values in brackets are the results of the first iteration based on t; given in (4.6.4).

Tiku and Vaughan (1997) processed this data through the density functions (4.8.1). Itis
the Generalized Logistic (b = 0.5) which provides a better model with the following results.
Each covariate was divided by a suitable constant 1.4142 so as to have the same dispersion o, ?
as that of the logistic (i.e., 3.2898).

Generalized Logistic (b = 0.5)
Coefficient MML Estimate Standard Error w G
Yo - 9.577 3.134
A 2.398 0.831 2.89
Y, 3.684 1.369 2.69 26.06

It can be seen that the standard errors are smaller, W statistic is almost the same, and
the G statistic is larger. This is a substantial improvement.

Remark: In the context of binary regression it clearly seems advantageous to process a given
data set through various density functions to locate the one which yields best results. The method of
modified likelihood makes this task possible. The method also makes it possible to study the effect of
outliers on the MML estimators as we will see later in Chapter 8.

4.11 STOCHASTIC COVARIATES

Treating the covariate X as nonstochastic in all situations is an oversimplification. In Example
4.5, for example, the rate of air inspired is not measureable without error and should not,
therefore, be treated as a nonstochastic variable. In Example 4.2, x-values were generated
from a normal distribution N(0, 1) but treated as nonstochastic values in subsequent analysis
(Hosmer and Lemeshow, 1989). We will now consider the more realistic situation when X is
also a stochastic variable and is treated as such. We will show that the resulting estimators ¥,

and y, have considerably smaller standard errors than those obtained by imposing the unnec-
essary restriction that X is nonstochastic.
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Generalized Logistic: Consider the situation when the covariate X in Section 4.2 has
the Generalized Logistic distribution (Oral, 2002)

h()() = byle‘(yo +Y1X) /{1 + e‘(Vo "’le)}b + 1, — 00 < X <00, (4111)

withy, > 0. In principle, f(u) in (4.2.1) can be any density function. For illustration, however,
we take f(u) = be Y /(1 + e™Y)P*! (— 0 < u < ®), the same as h(z); z = Yo + Vi X
Writing,

“()=F@)=]" fwdu (4.11.2)

where z, =y, + v, X; (y, > 0), the likelihood function is

L=Lly= {llj Vlh(Zi)HllJ [Fz)"'[1- F(z)]"™ } (4.11.3)

h(ZI) — be—Zi/{l + e—Zi }b+ l.
This gives

InL=nlny, + Z Inh(z,) + Z {y, InF(z,)+(1-y)In (1 -F(z))}- (4.11.4)
1=1 1=1
The likelihood equations are

INL - -n+0+D Y 0@)+) 410.@)-A-y)0,@)}=0 and  (4115)

%Yo
onL _n _§ S N —0; (4.116)
. —y—l—z X +(0+) H xg@) T Y xi0:@) - (1L-y)g.)=0r (‘1L
- | _f@ _ f@
9(2) = Qi) 1+ 9,(2) = FQ) and g,(2) = 1-FQ)" (4.11.7)

The functions g,(z) and g,(z) are exactly the same as (4.2.12). The equations (4.11.5)-
(4.11.6) are intractable and solving them by iteration is problematic, as is generally true with
likelihood equations.

4.12 MODIFIED LIKELIHOOD

Let X1y SXS .S X (4.12.2)
be the order statistics of the n random observations available on the covariate X. Sincey, > 0,
the corresponding ordered z; variates are

Ziy= Yot Y1 X Lsisn. (4.12.2)
The likelihood equations (4.11.5)-(4.11.6) expressed in terms of z,; are
dlnL - c
ay =-n+(b+1) z 9(zy) + z {wig1(zg) - (A -w;i)g2(z)}=0 (4.12.3)
0 1=1 =1
dlnL _ n < 4
and =— - Xai +(b+1) Xi9(Ziy)
. v, ; 0) Zl 9 )

+ z Xiy{wWig1(z) — (1 -w;)92(2;)} =0, (4.12.4)
=1
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Wi = Y being the concomitant of X (I <i<n)asin (4.2.9). To obtain the modified likelihood
equations which are asymptotically equivalent to the likelihood equations (4.11.5) — (4.11.6)
above, we linearize the g-functions:

Vi(zg) Hog; —Byizgy and  gy(z) Doy +Byz, 1sisn; (4.12.5)
the coefficients (a,;, B,;) and (a,, B,;) are given in (4.3.2) and (4.3.3), respectively, with to
obtained from

. .
J_ f(u)du——l, =ty
From the first two terms of a Taylor series expansion of g{z( )} around t; * E{z(l)} we
have

1<i<n. (4.12.6)

g(z(i) ) Oo* - By* Zg, 1< i<n. (4.12.7)
The coefficients (a;*, B;*) are given by the equations
o* = (1+e} s B*a, and B*=ed /(1+e%)?, a = t(u) (4.12.8)

For n =10, the approximate values of t(i)* = a; obtained from the following equations are
used:

.[w h@)dz =¢q;= -7 (L<is<n) (4.12.9)

which for the Generalized Logistic gives a; = — In (q;°~ 1) as in (2.5.6). Realize that t is
initially equal toa;, 1 <i<n.
4.13 THE MML ESTIMATORS

Incorporating (4.12.5) — (4.12.7) in (4.12.3) — (4.12.4) and solving the resulting equations, we
obtain the MML estimators:

Yo = (1/m) 3-n) - ¥:X;, and §, ={B+4/(B? +4nC)}/2C (4.13.1)
n n n n
where 5= z 5, m= Z m;, X = (Um) z MiX Gy » z ~ DX = X(y)
= =1 =1 =1
n n 2
and C= z m; (X = X()) z m; X(u) (1/m)(z mix(i)J ; (4.13.2)
=1 =1

O, =w,a;—(L-w)a, +(b+1)a,” and m,=w,p;+(1-w)B,+(b+1)B"

Realize that m, is positive. Consequently, ¥, is positive.

Revised estimates: The estimators above are sharpened by doing a few iterations as
explained in Section 4.3 (equation (4.3.9)). On the second and subsequent iterations, t(.)
(4.3.2) — (4.3.3) are replaced by

;= =Vo *V1Xi, 1l<i<n, (4.13.3)
and the revised estimates calculated from (4.13.1) — (4.13.2) as explained in Section 4.3. No
revision is needed in the coefficients o;* and 3,* given in (4.12.8); they are computed only once.

Remark: The estimator Y is scale invariant andy; is location invariant, andV; is real and
positive.
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4.14 ASYMPTOTIC PROPERTIES

Since the MML estimators are asymptotically equivalent to the ML estimators (Chapter 2,
Appendix 2A), they have all the asymptotic properties of the ML estimators. In particular,
they are asymptotically unbiased and their variances and the covariance (asymptotic) are
given by

1
2 2
B E(aa |n2|_) B E(g |2|_J
V= 2y° ZO Yol (414.1)
(aInLJ aInL)
-E -E 2
0yo0Y, ay,

Writing (Oral, 2002)

Q= z Qi,P,=nb/(b+2) and Q,=f(z)/[F(z;)1 - F(z))] (4.14.2)
1=1
the elements of V are (Appendix 4D)
d%InL
_ E[ e ) B (4.143
_E 02InL 1
Bvodys ) = ya T (Q+Povo * [W(b) —w()]Q (4.14.4)

2
+ Wb+ 1) - WP,y and - E (" a\'/”ZLj - yiz {Q + Py)ye? ~ 2¥,([W(b) ~ W(DIQ
1 1
+[W(b + 1) —p(2)IP,) + ([W'(b) + ¥'(1)] + [Ww(b) — Y(1))Q
+ (P(b+1) + ¢'(2) + [W(b + 1) — P(2)I9P, + n};  (4.14.5)
Y(x) is the psi-function and §'(x) its derivative as said earlier. Its values are given in Appendix
2D (Chapter 2).
Comment: For b = 1 (logistic density), the expressions above simplify, that is, P, = n/3

and
2 2
_E(a |n2|_j _o+ D gL :_v_o(Q+g)and
ay, 3 0Yo0Y, Y1 3
2
_E (" '”2'-] - L {(Q + ﬂ)yoz +32898Q + 14299n}. (4.14.6)
0y, Y1 3
In particular,
Var({,) 0y;2/(3.2898 Q + 1.4299n); (4.14.7)

n
its estimate is obtained by replacing y, by Y1 and Q by Q = Z QI
=1

where Qi =f2(2,) /I [FE)A-FE)N] ., Zi =Vo + V1X;. (4.14.8)

Example 4.5: Consider again the CHD data with n=100 observations. Assume the lo-
gistic density (4.11.1). We reproduce below the previous estimates and their standard errors
based only on the conditional likelihood L ., and the new estimates and their standard errors

&1
based on the full likelihood L =L, L :
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Estimates for the CHD data
X o SE({o) 2 SE({y) w
Nonstochastic ML -5.310 1.134 0.111 0.024 —
MML - 5.309 1.134 0.111 0.024 4.63
Stochastic MML -6.181 0.463 0.136 0.010 13.6

There is not much change in the numerical values of the estimators but their standard
errors are substantially smaller than those based on L, . This was to be expected since the
likelihood function is now used in full; see also Chapter 3 (Section 3.11).

We also did similar computations with Agresti (1996) data considered in Example 4.3.
The results are given below for the logistic density:

The MML estimates and standard errors

Yo SE(Yo) V1 SE(Y1) w
X nonstochastic - 3.777 1.379 0.145 0.059 2.46
X stochastic — 3.688 0.576 0.175 0.024 7.29

Again, there is not much change in the estimates but the standard errors are substan-
tially smaller. The advantages of using the full likelihood are irrefutable. The method general-
izes to (k > 1) risk factors (covariates).

The G statistic is exactly similar to (4.5.3) but calculated by using the new estimates
(4.13.1). Its value does not change much. The statistics W and G will be shown to be robust to
deviations from an assumed distribution and to outliers (Chapter 8).

4.15 SYMMETRIC FAMILY

Assume that the covariate X has a distribution in the symmetric family (y; > 0)

Y1 1 2}_’) .

h(x) = 1+= +V.X , —o00<X<oo; 4.15.1
0= Tepan s Taa |1 o+ ¥ w<x<w  (@4151)
k=2 p -3, p=2. Here, the modified likelihood equations are

dlnL _dInL* _ o
O = 0; —m;z;) =0 and 4.15.2
O Yo ; (O = miza (@152
dlnL _dInL* _ n <
O =—+ 3 X3 —miz) =0; 4.15.3
3y, . Vi Zl (i) (i iZ(i)) = 0; ( )
Y, = w0, — (1 —=w)a,, — (2p/k)a; and (4.15.4)

mi = Wiﬁli - (1 - Wi)BZi + (Zp/k)Bi (Wi = y[i])-
The coefficients (ay;, B;;) and (a,;, B,;) are the same as in (4.3.2) — (4.3.3) with ti obtained
from the equation
1

(i) i P
j_tm f(u)du:ﬁ asisn; W= g (1+%u2j . (4.155)
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The coefficients (a;,[3;) are the same as in (2.3.14) with t; replaced by a; and the latter

a
obtained fromf_ f(z)dz =i/(n + 1).
The solutions of (4.15.2) — (4.15.3) are the MML estimators (Oral, 2002):

Vo =(8/m)-¥:X(, and ¥, ={B+,(B?+4nC)}/2C (4.15.6)
n n n
where 0= o, m= m;, X, =(1/m) m;X),
; I 1=1 ;

n
B= 6i(Xi—XA) and C= m. (X, —X,,)2.
; M ~ X0 ; (X = X()

The computation proceeds as in Section 4.13; (a,;, B;;) and (a,;, B,;) are revised in each
iteration but not (a;, B;). The latter are computed only once. If for a sample, C in (4.15.6)
assumes a negative value, o, is replaced by 0 and p; is replaced by ,* = 1/{(1 + (1 + (1/k)a;%}, and
the estimators calculated.

Asymptotic covariance matrix: As in Section 4.14, the asymptotic variances and the
covariance of ¥, and ¥, in (4.15.6) are given by

Q+R)7V+@Q+P)H (Q+R) yovs
V= { Q+R)'voys  Q+R)y/ } (4.15.7)
Q and Q, are exactly the same as those in (4.14.2) and f(z,) is the same as in (4.15.5) with
ureplaced by z; =y, +vy,x;, (1<i<n), and
P=np(p-12/2)/(p+1)(p—-3/2) and R =2n(p-1/2)/(p + 1). (4.15.8)

The estimators Yo and Y1 are considerably more efficient than those based on the condi-
tional likelihood LyD(, as in Example 4.5.
Remark: Oral and Tiku (2003) take
Zi=Y,t V(X —wo (1<i<n) (4.15.9)
in (4.11.1) - (4.11.3) and work out the MML estimators of i, g, y, and y,. The results are interesting. For
example, the estimator of y, is

n n
Vl =06 Z 6i (X(i) - i()) /Z mi(x(i) —i())z (41510)
=1 =1

where §, and X() are exactly the same as in (4.3.8) and ¢ is exactly the same as in (2.5.11); if V1 turns

out to be negative, it is equated to 0.000001. It is interesting to see that V1 is location and scale invari-
ant. The MML estimators of y, given in (4.3.8) and (4.13.1) are not scale invariant and, for a comparison
of efficiencies for different distributions, they have to be painstakingly adjusted for the scale. No such
adjustments is needed for the estimator in (4.15.10).

SUMMARY

In binary regression, the dependent variable Y assumes only two values 0 or 1 and is
related to a design variable (called risk factor) X through a link function. Specifically, E (YIX
= X) = F(z) where z = y, + y, x and F(z) is the cumulative density function of a completely
specified density function f(u); F~ is called the link function. We consider the estimation of y,
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and y, in this chapter. Traditionally, f(u) has been assumed to be logistic and X regarded as
nonstochastic. This is too restrictive for real-life applications. We give solutions in both situa-
tions: (i) f(u) is not necessarily logistic and X is nonstochastic, and (ii) f(u) is not necessarily
logistic and X is stochastic. We derive the MMLE and show that, besides being easy to com-
pute, they are highly efficient. In situations when the MLE are available, we show that the
MMLE are numerically the same (almost) as the MLE. We give procedures for testing an
assumed value of y,. In particular, we show that assuming X nonstochastic (conditional ap-
proach) results in enormous loss of efficiency if X is in fact stochastic. We also give solutions
when X is nonstochasticand z =y, +y, X, + ... +y. X, (k>2). We generalize the results to two
or more nonstochastic risk factors.

APPENDIX 4A
DENSITY AND CUMULATIVE DENSITY FUNCTIONS

Density (- < u < )
Normal*: (22 exp(- u?/2)

1 1 —(v+1)/2
Studentt’; —————— (1 += tzj
JV B2, vi2) v

Extreme value I: e™ exp(—e™)
Extreme value I1: eY exp(—eY)
Generalized logistic: be /(1 + e u)P+1

Cumulative density

Normal: Intractable

1 +1tan_l (Lj +
2 1

-1 2y
Student t: Jvu Z _ (@+u'h) ifv=2l+1
(U +v) & (2i+DB(L/2,i+1/2)
She— IEI Aru? IV e o)
2 omyfu?+v) & BA/2i+1/2)

Extreme Value I: exp(—e™)
Extreme Value Il: 1 — exp(— e")
Generalized logistic: (1 +e™Y)™®
*IMSL subroutine is available to give the value of the cumulative density function for
a given u.
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Y = CHD status, X = Age
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APPENDIX 4B
y: 0 0
x: 20 23
y: 0 0
x: 32 32
y: 0 0
x: 37 38
y: 0 0
x: 49 50
y: 0 1
x: 57 57
y: 0 1
X: 64 64

APPENDIX 4C

0
24

0
33

0
38

1
50

1
57

1
65

0 1
25 25
0 0
33 34
0 1
39 39
1 0
51 52
1 1
57 57
1
69

0
26

34

40

52

58

Y = Existence of vaso-constriction
X, =Volume in litres
X, =Rate in litres

y:

1
3.70
0.825

0
0.80
0.570

0
0.40
2.000

1
2.70
0.750

1
3.50
1.090

0
0.55
2.750

0
0.95
1.360

0
2.35
0.030

1
1.25
2.500

0
0.60
3.000

0
1.35
1.350

0
1.10
1.830

1
0.75
1.500

1
1.40
2.330

0
1.50
1.360

1
1.10
2.200

26

34

40

53

58

1

28

34

41

53

58

0.80
3.200

1

0.75
3.750

1

1.60
1.780

1

1.20
2.000

28

34

41

54

59

1
0.70
3.500

1
2.30
1.640

0
0.60
1.500

1
0.80
3.330

29 30

35 35

42 42

55 55

59 60

0
0.60
0.750

1
3.20
1.600

1
1.80
1.500

0
0.95
1.900

30

36

42

55

60

0
1.10
1.700

1
0.85
1415

0
0.95
1.900

0
0.75
1.900

30 30

36 36

42 43

56 56

61 62

0
0.90
0.750

0
1.70
1.060

1
1.90
0.950

1
1.30
1.625

30

37

43

56

62

0
0.90
0.450

1
1.80
1.800

0
1.60
0.400

30

37

43

57

63



Binary Regression with Logistic and Nonlogistic Density Functions 107

APPENDIX 4D

ELEMENTS OF THE INFORMATION MATRIX
To find the expected values — E(9? In L/dy,?), — E(0? In L/dy,dy,) and — E(d? In L/dy,?), we
use the well known result that for a bounded function in two random variables,

E{n(z. y)} = EJE 5 n(z, y)}- (4D.1)
Consider, for example,

1 (Il _ | 1< | f@)F@)-f@)
n E(ayoa\/l]_l{ n ;Xl{yl F? (i)

_-y) f'(zi)<1—F<zi))+2f2<zi)}
(1-F(z))

b+l « xe&
- z (1+Ie'zi)2}
=1
1w (z,-v b+l (z; -V e i
—E.l = [ 0 o+ i 0
“In Z( V1 ]Q' n ,zl( Vi J(a+e?)
_(z-yo )1l < b+1 ze™” e’
= — A E —
[ Y1 jn z < Y1 (1+e™)? Yo (1+e7?)?

1
=y 7 (Q+PYe + {W(b) —W(1}Q + {W(b + 1) — w()IP]

n
from the results given in Appendix 2D (Chapter 2): Q = z Q; and P,=nb/(b+2).
=1



CHAPTER 5

Autoregressive Models in Normal
and Non-Normal Situations

5.1 INTRODUCTION

In Chapter 3, we considered linear regression models with normal as well as non-normal error
distributions. We did, however, assume that the errors are iid (identically and independently
distributed). We derived the MML estimators and showed that they are highly efficient. In
fact, they are asymptotically the minimum variance bound estimators. In numerous applica-
tions in biology, biomedical and agricultural sciences, business and economics and hydrosciences,
however, the errors are not independently distributed but are correlated with one another.
This gives rise to autoregressive models. There is a very extensive literature on the subject but
based primarily on the normality assumption (Anderson, 1949; Durbin, 1960; Tiao and Tan,
1966; Beach and Mackinnon, 1978; Kramer, 1980; Magee et al. 1987; Velu and Gregory, 1987,
Maller, 1989; Cogger, 1990; Weiss, 1990; Schaffler, 1991; Nagaraja, et al. , 1992). As men-
tioned in previous chapters, there is now a realization that non-normal distributions occur so
frequently in practice. It is, therefore, of paramount importance to consider non-normal distri-
butions in autoregressive models. In an interesting paper, Tan and Lin (1993) assumed nor-
mality but based their estimators on censored samples (considered here in Chapter 7). They
showed that their estimators have good efficiency and robustness properties for numerous
non-normal distributions. In this chapter, we consider non-normal distributions and derive
MML estimators from complete samples. We show that they are remarkably efficient. In Chapter
8, we show that the estimators have excellent robustness properties. For illustration, we con-
sider three families of distributions: gamma, short-tailed symmetric (STS) and long-tailed
symmetric (LTS) distributions (Tiku et al., 1999; Akkaya and Tiku, 2001a, b; 2002a, b). The
latter two families have been considered in Chapter 3 in the context of linear regression. We
also consider the LS estimators; they have low efficiencies as compared to the MML estima-
tors. In fact, the LS estimators have a disconcerting feature, namely, their relative efficiencies
decrease as the sample size n increases. This is not a good prospect from a theoretical as well
as a practical point of view.

108
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5.2 A SIMPLE AUTOREGRESSIVE MODEL

A simple autoregressive model is given by
Ye= W +0X + e
e,=¢e _,+a (1<st<n) (5.2.1)
where y, = observed value of a random variable y at time t
X, = pre-determined value of a nonstochastic design variable x at time t
@ = autoregressive coefficient (| @|< 1) ;
a, are called innovations and assumed to be iid. An alternative form of (5.2.1) is
Ve— W =H+FOIX, —@x,_ ) +a, (1<st<n). (5.2.2)
Of particular interest here is the estimation of 4 and testing the null hypothesis H,: 8 =

0 when @ # 0. For @ = 0, (5.2.2) reduces to a simple linear regression model considered in
Chapter 3. For 8 =0, it reduces to a time series AR(1) model considered in Section 5.13.

There are two models for y, (Vinod and Shenton, 1996), x, being a nonstochastic design

value, see also Dickey and Fuller (1979) and Abadir (1995);
Model A :y, is constant, y,= 0 in particular,
Model B :y, is random.

We will primarily work with Model B for its flexibility. We assume that y , has the same
variance as y, (Appendix 5A). Also, the likelihood function (conditional to y, ) under Model B is
exactly of the same form as that under Model A. The conditional likelihood of y, (1 <t < n)
makes the estimation of parameters easier (of course, at the expense of losing the information
in the observation y,), and there are other advantages (Hamilton, 1994, p.123). Since n is large
in the context of autoregression, losing this information is not of much consequence. Realize
that (5.2.2) is a nonlinear model because of the parameter dg and the estimation of parameters
is, therefore, involved.

5.3 GAMMADISTRIBUTION

Assume that the innovations a, in (5.2.2) are iid and have the gamma distribution (k > 1)

G(k, 0): f(a) = oKF () e ak-1 0<a<oo, (5.3.1)

We assume that the shape parameter k is known. Determination of shape parameters
such as k is considered in Chapter 9 in case their values are not known. See also Chapter 11.

Denote the sample observations by (y;, ¥;_;; X;» X;_;), 1 <i<n, where x; are design values
andy; (1 <i<n)are random observations. Writing

Zi={y;—QYy,_,—H-0X —9x,_)}o, 1<isn, (5.3.2)
the likelihood function (conditional to y) is
n _ E . n
L0 (1) e =[]z (5.3.3)
o i=1
Let Za) = {W(i) — UW}o, where w; are the order statistics (for given 6 and ¢) of
W, =Y =@y, —0(X; —@x,_;), l<isn. (5.3.4)
In fact, Wiy = Vi~ g1 — 6(x[i] - q)x[i]_l), 1<isn. (5.3.5)

The quadruple (Yy, Ypip1i Xy Xj-0) May be called concomitant of w, and is that observa-
tion (Y, Yi_13 X;» Xi_y) whiclh d[etermines Wy Since complete sums are invariant to ordering, the
likelihood equations can be written in terms of 7, as follows:
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: :;LL - g B kc; : Z 20" =0, (5.3.6)
: g:pL :% Z V-2 = -1) = n =) 2 = o, (5.3.7)
a ;SL :% Z (cpy = @00 n ~o) 2 =0 (5.3.8)
and ? :;;L = ‘%*% 21 Z4) ~ k; : 21 2626 " =0, (5.3.9)

Solving these equations by iteration is very problematic realizing that (5.2.2) is a
nonlinear model. There are other difficulties too, e.g., if z;, converges to zero which is more
likely for large n, the first three equations are not defined, and the simplified equation (5.3.9),
ie.,

n
81In L/do = - (nklo) + (o) § 24y =0 (5.3.10)
i=1

may give negative estimates of o (Akkaya and Tiku, 2001 b). We now obtain modified likeli-
hood equations which have no such difficulties.

5.4 MODIFIED LIKELIHOOD

Write ti= E{z(i)}, 1<i<n. The values of t; are available for n < 20 (Biometrika Tables Vol Il,
Table 20). For n = 10, their approximate values obtained from the following equations are
used,
'[") ez ldz=— 1<i<n. (5.4.1)
(k) Jo n+1

The use of the approximate values in place of the exact values has essentially no effect
on the efficiencies of the MML estimators, particularly for n = 20. To linearize z,~, we have
from the first two terms of a Taylor series expansion (Akkaya and Tiku, 2001a),
zg ™ Oa; - Bz o; = 2/t;, and B =1/t,7% (5.4.2)

It may be noted that 3,(1 < i<n) is a decreasing sequence of positive numbers. Substitut-
ing (5.4.2) in (5.3.6)-(5.3.9), we obtain the modified likelihood equations:

aInLDaInL* _n_
ou o

olnL aInL* 1< k -
30 :EZ(Y[i]—l_éx[i]—l)_

k-1 Z (@; - Bizg) =0, (5.4.3)
i=1

n

- 6X[i]—1) (o; = Biz(i)) =0

(5.4.4)

olnL _dInL*_1 4
Y P :E Z(X[q MXpip-1) ~

dlInL _0dlin L* n
and 0 f+f z
ls} le} Z M

- OX[-1) (@ =Biz@) =0 (5.4.5)

Z (0 = Bizgpy) = 0. (5.4.6)
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The solutions of these equations are the MML estimators and have explicit algebraic
forms:

=V -dUy - (A/m)S, 3=G-HG, (5.4.7)

x {Z Bi(y[i] - 8X[i])} - 6' z {(Ai - (Nm) Bi}(y[i]_l_ Sx[i] _1) i|
i i=1

= {Z Bi (Vi1 — 8X[i]—l)2 - (Um) {Z Bi (Vi1 — Sx[i]—l)}2:| (5.4.8)
=1 =1
and & ={- B+(B? +4nC¥2,/{n(n - 3)}; (5.4.9)

n n _ n
m=3Bi;A=0—-(k-1)% A= iElAi; Vi = (1/m) ingiV[i],
=i = =

<

n
i = Yo~ @1 Unin = (/M) S By Upgs Uy = Xy — @Xpp_ 1
=1

G= ZBi(u[i] _U[A])V[i]/z B (up; _U[A])Z,

=}

n
H= ) A(up ‘U[.])/z Bi(up; ‘U[.])Z,
=1 =1

=1
and C= (k - 1) z Bi{v[i] - V[] - G(U[l] - U[])}Z
i=1

- (k- 1){isi<vm ~vy)? -6 3 Bilug -UH)V[”}'
i=1 =1

Realize that §, @ and G do not involve [1. The resemblance of the expressions above with
those in (3.4.8)—(3.4.11) may be noted.
Remark: Since B, (1 < i < n) are all positive, the MML estimator 0 is always real and positive.

The ML estimator of o does not necessarily have this property and can assume negative values if, for
example, some of the initial observations vy, in (5.2.2) are outliers (Akkaya and Tiku, 2001b).

Computation: Since o > 0 and [ is a constant, the ordered variates z pare determined
by W) The latter are obtained by ordering w; =y, — @y, _; —0(X; — @x; _,), 1< i1<n. To initialize
ordering of w;, we ignore the constraint d = — & (Durbin, 1960; Akkaya and Tiku, 2001a) and
calculate the initial estimates from the equations (obtained by minimizing w?):

. -1
% 5Yi-i 2yi-1Xi  2Yi-1Xi-1 Vi _1Yi
§0 = 2Yi- X zXi2 2Xj - 1X; XY , (5.4.11)
do 2Yi-1Xi-1  2XiXi-q X1 2Xi -1



112 Robust Estimation and Hypothesis Testing

each sum carried over i =1, 2,. . ., n. Initially, therefore,
W =Yg~ @oYg—1— Sox[i] - d, Xy lsisn (5.4.12)
Using the concominants (y[i], Y- 13 X Xpig ,) determined by (5.4.12), the MML esti-
mates & and § are calculated from (5.4.7) and (5.4.9) with @= @,. The MML estimate ¢ is then
calculated from (5.4.8). A second iteration is carried out with fpo 30 and ao replaced by fp 5

and — (})3 respectively. The third iteration gives the final estimates fp & and G. In all our
computations, not more than three iterations were needed for the estimates to stabilize suffi-

ciently enough (Akkaya and Tiku, 2001a). The estimate i is then computed from (5.4.7).

5.5 ASYMPTOTIC COVARIANCE MATRIX

Since the MML estimators are asymptotically equivalent to the ML estimators (Chapter 2),
the asymptotic variance-covariance matrix of Q,S and g (for given @) is equal to I-X(y, 3, 0), |

being the Fisher information matrix. The elements of I, i.e. the values of — E(6? In L/0p?), — E(0?
In L/0pad), — E(82 In L/3&?) etc., are not difficult to work out (Chapter 3). Thus, we have the
following asymptotic variances (k > 2):

- (k=20 [k nu?
v o n {2 ¥ Z(u; —U)Z]

(k - 2)a? . o?
s - and VOUr—3

Since fp converges to @ quickly as n becomes large, u, is replaced by 0; = x; - pri _p1<i

(5.5.1)

V(d) O (5.5.2)

It is interesting to note that V(ES)/g2 is free of u, and V((j)/o2 is free of u, d and @. The

equations (5.5.1)-(5.5.2) give close approximations to the true variances for large n. The simu-
lated values of the variances (based on N = [100000/n] Monte Carlo runs) are given in Table 5.1
and compared with the theoretical values. The latter are obtained by averaging the values of

V(S)/gz, calculated from (5.5.2) for the N random samples. There is close agreement between
the two for large n.

The values given in Table 5.1 are slightly different than those of Akkaya and Tiku
(2001a). Here, U, and a; (1 <i<n) are generated simultaneously from the Uniform (0, 1) and
gamma G(a, o) distributions, respectively. Then, the design points are obtained from the equa-
tion

Table 5.1: Values of 10 (Variance)/ 52 ; k = 3.

n =200 n =300
¢=0.5 »=0.9 ®=0.5 »=0.9
o o o o o o o o
Asymp. 0.302 0.254 0.0524 0.254 0.200 0.168 0.0350 0.168
(0.300) (0.0524) (0.201) (0.0351)
Simul. 0.367 0.288 0.0590 0.250 0.231 0.201 0.0440 0.174
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X, =12 (U; —05)4/1-¢* , 1 <i<n. (5.5.3)

The divisor /1 - ¢* gives awider spread to the design points realizing that the variance
V(y;) = 0%/(1 — ¢?). The values in brackets are obtained by replacing u; by 0; (1<i<n).

The design point x, is generated as x; in (5.5.3) from an independent observation U, and
Yo =2a,/,/1- ¢? Where a, is an independent innovation and has the same distribution as that of
a(l<isn).

Akkaya and Tiku (2001 a) generate the design points x; only once to be common to all
the N number of y-samples. We generate x; and y; (1 <i < n) simultaneously but regard x; as
nonstochastic values. This procedure is perhaps more realistic in practice particularly in busi-
ness and economics. It must be said, however, that the two procedures yield results not much
different from one another.

Since the simulated values are close to the asymptotic values, it follows that the MML
estimators are highly efficient for large n. These results are true for other designs, e.g., X;
generated from normal N(O, 1); see Table 5.5, for example.

5.6 LEAST SQUARES

Since the ML estimators are intractable in the context of autoregression, the LS estimators
have been used very extensively. They are obtained by minimizing * a? and, if necessary,
corrected for bias. The LS estimators are computed by iteration exactly the same way as the
MML estimators. In fact, the LS estimators can be obtained from (5.4.7)-(5.4.10) simply by

equating A; and 3, (1 <i<n)tozero and 1, respectively, and replacing the multiplier k — 1 by
1 in the expression for B and C. Denote the LS estimators by [, g, 6 and g ; 3 and 6 are

exactly the same as 5 and @ with A, =0andp; =1 (1<is<n). While the MML estimators 1 and

0 are self bias-correcting, the LS estimators i and g need to be corrected for bias. The bias-
corrected LS estimators of g and o are, as in (3.2.9)-(3.2.12),

H=v-odu-ks and (5.6.1)

and 6:\/2 v, -V -3(u, -~ /,/{k(n —3)}; (5.6.2)

ViSYi— @Yl U=X— X, (L<is<n),

\_/:(]jn)ivi and u=(1n) i V.
i=i i=1

It is, however, very difficult to work out the expected values and the variances and
covariances of the LS estimators. Their means and variances have to be obtained by simula-
tion.

Relative efficiency: The LS estimators have very low efficiencies as compared to the
MML estimators. Also, the relative efficiency

RE =100 (Variance of the MMLE /Variance of the LSE) (5.6.3)
of the LS estimators decreases with increasing n. To illustrate this, we give in Table 5.2 the
simulated values of the means and variances. We give values only for ¢ = 0.5 and k = 2. The

relative efficiencies are more or less the same for other values of . The mean of ¢ is almost the
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same as that of 6 and is not, therefore, reported. For n = 50, we have the following values of
the mean and variance of the MMLE, and the mean and RE of the LSE, for =0.9; k=2,6=1
and o = 1 (without loss of generality):

o) (0] o
MML LS MML LS MML LS
Mean 1.00 1.00 0.88 0.87 0.97 0.99
n(Variance) 0.090 42 0.059 38 0.688 56

Table 5.2: Values of (1) Mean, (2) n(Variance), and the relative efficiency of the
LS estimators; k=2,86=1, ¢=0.5,0=1.

o) (0] o o) (0] o

MML LS MML LS MML MML LS MML LS MML

n=230 n =50
1) 1.00 1.00 0.47 0.43 0.96 1.00 1.00 0.49 0.46 0.97
2) 0.58 1.28 0.38 0.77 0.70 0.47 1.25 0.31 0.78 0.61
RE 45 49 58 38 40 52
n =100 n =200
1) 1.00 1.00 0.50 0.48 0.98 1.00 1.00 0.50 0.49 0.99
2) 0.37 1.23 0.23 0.74 0.62 0.29 1.29 0.18 0.89 0.59
RE 30 31 51 22 20 41

It can be seen that the use of the LS estimators results in substantial loss of efficiency.
We show in Chapter 8 that, unlike the MML estimators, the LS estimators are not robust to
deviations from the true value of the shape parameter k and other data anomalies.

The parameter U in the model (5.2.2) is of much less importance, but the MML estima-
tor [i is substantially more efficient than the LS estimator p and its bias is more or less of the

same magnitude. The efficiency of the LSE p as compared to the MMLE [i decreases as n
increases.

5.7 HYPOTHESIS TESTING FOR GAMMA

Testing the null hypothesis H, : =0 is of primary importance in the context of autoregression.
To that end, we have the following lemma.

Lemma 5.1: The conditional (¢ and o known) distribution of 5 is asymptotically normal
with mean o and variance (k > 2)

02/{(k -1 ilBi O U[.])Z}; Ui = X = @Ky _ s Ty = (Um) iBiu[i] . (5.7.1)
Proof: In view of al]n L*/ou = 0, the modified likelihood equatiorﬁ/vhen re-organized
assumes the form
olnL Daln L*_(k-J
05 05 o?

(Z Bi(up ‘U[.])ZJ{S((P, 0) -0} =0, (5.7.2)
i=1
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5=G-— Ho; the parameter @ occurs in (5.7.1). The result then follows from the fact that the

modified likelihood equation 0 In L*/0d = 0 is asymptotically equivalent to 0 In L/0d = 0, and
E(0"In L*/0d") = 0 for all r = 3.
Comment: In practice, @ and o in (5.7.1)—(5.7.2) are not known and are replaced by

their MML estimators fp and g. Since fp and G converge to @ and g, respectively, as n tends to
infinity, the distribution of v/n (8 - 0) is normal for large n.

Testing H,:3=0. To test the null hypothesis H,, we define the statistic (Akkaya and
Tiku, 2001a)

= \/{(k -1) lei (up; - U”)Z} (g] s Upiy = X~ P (5.7.3)

Large values of T, lead to the rejection of Hg in favour of H,: 8> 0. The asymptotic null
distribution of T, is normal N(0O, 1). In fact, the normal distribution N(0, 1) provides accurate
approximations to the null distribution of T,, even for small sample size n. For example, we
have the following simulated values of the probability P(T, 21.645 | H); k = 3:

n =30 50 100 30 50 100 30 50 100

0.053 0.048 0.040 0.050 0.052 0.054 0.050 0.053 0.047

It can be seen that the normal approximation is adequate.
Power function: The asymptotic power function of the T, test is

n
PZ2z,~ 1N I} A= @0 (k=1) 3 By = Tl gy =xy =033 (5.7.4)
=1

Zis anormal N(0, 1) variate and z, is its 100(1 — a)% point, and A 2 is the noncentrality
parameter. It may be noted that u; —u O for large n, and (Appendix 2A)

I|m—zB(u[,] u[]) —EE( )Z(u -1)?

n - o

1

= _m2
S nk-1k-2) i:Zl(Ui 0)* (k> 2) (5.7.5)

n
so that asymptotically A 2 O(k — 2 (8/0)2 Y (u; —0)?.
=1

The corresponding test statistic based on the LS estimators is

= fi (u; - T)? (BIVKS). (5.7.6)
i=1

The asymptotic null distribution of G, is N(O 1). Its asymptotic power function is
PiZzz,— |\, I}L A2 =k (6/0)22(u -1)2. (5.7.7)

Since A,?/A % = ki(k — 2) is greater than 1, the T test is asymptotically more powerful
than the G, test
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Comment: For the values given in Table 5.2, the design points X; are generated asin
(5.5.4). The relative efficiencies of the LS estimators are essentially the same if the design
points x, and x; (1 < i< n) are generated from a normal distribution N(O, 1). As expected, only
the variances of the MML and LS estimators & and & are affected substantially by a change in
the design; see, for example, Table 5.5.

5.8 SHORT-TAILED SYMMETRIC DISTRIBUTIONS

Assume that the distribution of the innovations a, is STS (short-tailed symmetric)

2 r
f(a) O (lj 1+ Zl (Ej e 320" _n<a<w; (5.8.1)
o r\o

A=r/(r—d), d <r. Here, the likelihood equationsd In L/dp = 0,0 In L/0d= 0, etc., are expressions
in terms of
9(z) = z,/{1 + (A\/2r)z;2}, z, = {y; — @y,_; — 1 — d(X; — @x;)}O. (5.8.2)
Solving these equations is almost impossible (Akkaya and Tiku, 2002b).
Modified likelihood: We express the likelihood equations in terms of the ordered
variates
Zgy = Wy =G, Wy = Yy = @Yy — 00Xy = PXpp_y),
as in (5.3.6)-(5.3.9). We then linearize (as in Sections 3.6-3.7) the function
9(zg) = z{1 + (M2r)z, )2} l<i<n. (5.8.3)
For A <1, we use the linear functional (3.6.12); for A > 1, we use (3.7.4). This ensures that
the MML estimator of ¢ is always real and positive. The resulting MML estimators are

=V -dU; . 8=G-AHG, @=K-\DG (5.8.4)
and 6 ={- AB +,/(AB)2 + 4nC}2\/n(n - 3); (5.8.5)

n
Vi =Y~ W U =X~ X Vg =(@m) Yy Bivg,
i=1

Uy =(Um) ) Bug, m=3 P
=i =i

> Bilup — T vy Z o (upy —Upy)
i=1 1=1
G =1t —— H= , (5.8.6)
_:Zl Bi(u[i] - u[-]) Z Bi(up = U[A])2
1[Q : 2
K= A a Bi Viip = i) Vpig-1 = OX[ig-1)
—% {z Bi(Ypip - 8X[i])}{z Bi(Yij1 — 8X[i]-lH'
i= i=1
10 :
D= n .:zla i Vpip-1 — OXgig-1),
n N n ~ 2
A= ZB (y[|] 1 6X[i]—l)2 _%{Z Bi(y[i]-l B 6X[i]-l} , (5.8.7)
i=1 i=1
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n
i=1
c o = 2

C= ZBi{V[i] =V~ G(up —up} (5.8.8)
i=1

= i:lei{V[i] -vp)? _Gi:lei(u[i] — UV

Itis interesting to note that the expressions (5.8.4)-(5.8.8) are exactly similar to (5.4.7)-
(5.4.10) in spite of the fact that the distributions (5.3.1) and (5.8.1) are entirely different from
one another.

Least squares: The LS estimators j, 3 and @ are exactly the same as 1, dand @ above
with a; and 3; (1 <i < n) equated to 0 and 1, respectively. The bias corrected LS estimator of o
is

5:\/i {(vi -V) _S(Ui - o) /\/(n = 3)H; (5.8.9)
i=1

-~ ~ n n
where ViTYi— @i, U= X — @Xg, \_/:(]Jn)zvi and U:(]jn)zui;
i=1 i1

H, is the variance of the distribution (5.8.1). Realize that s, = g /U, isexactly the same as &

with o; and B, equated to 0 and 1, respectively, and is the LSE of the population standard
deviation.

Remark: The MML estimators (5.8.4)-(5.8.8) are computed exactly the same way as those in
Section 5.4. The LS estimators are computed in a similar fashion.

5.9 ASYMPTOTIC COVARIANCE MATRIX

The asymptotic variance-covariance matrix of [, 5 and 6 (for agiveng) is equal to 17X(y, 3, 0), |

being the Fisher Information matrix. The non-zero elements of | are given below:
I,, =— E(0? In L/op?) = (n/0?)Q, (5.9.1)

n
1, = — E(@2 In L/6pdd) = (Q/a?) 3 u;,
i=1

n

l,, = —E(0% In L/03%) = (Qlo?) § U (U, = X, — @X; _,) (5.9.2)
i=1
and I3 = — E(0% In L/dc?) (5.9.3)
= (n/o?)[-1 + 3u, = 3AE(r — 1, j + 1) + (A\?/r) E(r — 2, j + 2)];
Q=I1-AE(r—1,j)+ (AIr)E(r—2,j+1). (5.9.4)

The variance |, is given in (3.8.2) and for r > i,

- < (r-i\(AY| 26+K1 C A @)
E<f-'11+k>{;(rj I)(zr)lzjaw}/{z m(zr) 2 :j)!]' (5.9:5)

The beauty of the expressions (5.9.1) — (5.9.3) may be noted. Realize that for large n,
n
V(3) 0c%Q Y (u; —T)?.
i=1
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It is easy to find the asymptotic variances of the estimators from (5.9.1) — (5.9.5). The
simulated variances for n = 100 given in Table 5.3 were found to be only marginally bigger
than the asymptotic variances. It can, therefore, be concluded that the MML estimators are
highly efficient. We show in Chapter 8 that they are also remarkably robust to STS distribu-
tions and to inliers.

Remark: For the STS distributions, the convergence of the variances to their asymptotic values
is much faster than for the gamma family (skew distributions). This is partly due to the fact that for
symmetric distributions, the bias in {1 (and p) is negligible even for small n.

Efficiency of LS Estimators: We simulated values of the relative efficiencies of the
LS estimators defined in (5.6.3), the design points being the same as in (5.5.4). The values are
given in Table 5.3 for @ = 0.5. The relative efficiencies for ¢ = 0.0 and 0.9 are essentially the
same as for 9= 0.5 and are not, therefore, reported; E,, E,, E; and E, are the relative efficiencies

of the LS estimators i, g, ?p and g, respectively;uy=0 and d=1:

Table 5.3: Variances of the MML estimators and the relative efficiencies of the
LS estimators: (1) (r=2,d=1)and (2) (r=4,d =2); ¢=0.5.

(n/o?) Variance Relative efficiency

n o e @ Y E, E, Es E,
Distribution (1)

30 2.69 1.52 0.681 0.238 67 73 74 91

50 2.38 1.02 0.515 0.251 70 63 66 93

100 2.07 0.89 0.486 0.234 70 57 57 94
Distribution (2)

30 3.48 1.52 0.505 0.187 57 55 57 87

50 3.21 1.20 0.364 0.171 58 46 44 87

100 2.80 0.87 0.335 0.162 59 40 41 88

It can be seen that the MML estimators are enormously more efficient than the LS
estimators.

5.10 HYPOTHESIS TESTING FOR STS DISTRIBUTIONS

To develop a test for H,: 6 = 0, we have the following result.

Lemma 5.2: Conditionally (¢ and o known), the asymptotic distribution of §(¢, o) is
normal with mean & and variance

02Q Y (u; )7, (5.10.1)
i=1

u; and g are exactly the same as in (5.7.5).
Proof: Follows exactly along the same lines as Lemma 5.1 and the fact that

_A=(V2n)z2?

lim (V S B (Urs —Tn)? - S (U - T)2 —_—
2T 2 B ~H)” = W 3 (- E{l {1+ (\V2n22Y

} (5.10.2)
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- WUNQY (u-0?; (5.10.3)
i=1

Qisgivenin (5.9.4) and u=(1/ n)% u.
i=1

To test H,, we define the statistic (u; = x; — pri_l)

T,= /Qi (u; -1)? (g] (5.10.4)
i=1

as in Akkaya and Tiku (2001b). Large values of T, lead to the rejection of H, in favour of H;: &
> 0. The null distribution of T, is asymptotically normal N(O, 1). It may be noted that the

variances of fpand 6 are both considerably smaller than that of 5 (Table 5.3). That speeds up
the convergence of the distribution of T, to normality.

The test based on the LS estimators is (u; = X; — ?pxi_l)

G, = fz (u; —T)% (3/5,fuy). (5.10.5)
i=1

The null distribution of G, is asymptotically normal N(O, 1).
The asymptotic power functions of the T, and G, tests are, respectively,

PiZzz - | A I} and P{Zzz, - | A I}; (5.10.6)
n n
A2 = {Q > (u; - U)Z} (Bl0)2 and A2= {Zl (u; - u)ﬂ (8101, )? (5.10.7)
i=1 1=
are the noncentrality parameters and u; = x; — ¢x;_,. The ratio
A 22 = Qu, (5.10.8)
is always greater than 1. For example, we have the following values:
(r=2,d=0) (r=2,d=1) (r=4,d=0) (r=4,d=2)
A 2N 1.12 1.80 1.17 2.79

The T, test is, therefore, asymptotically more powerful than the G, test.

The null distributions of T, and G, are closely approximated by normal N(O, 1) for all n
> 60. The T, test is, however, considerably more powerful than the G, test. For n = 70 and
n = 100, for example, we have the simulated values of the type | error and power given in
Table 5.4.

Comment: For n <60, the normal N(0, 1) gives values of the type | errors

P(T,2z,1H,) and P(G,2z,|H,) (5.10.9)
quite a bit larger than its presumed value. But, that is due to the fact that the asymptotic
variances used in (5.10.4) and (5.10.5) are a little too small than their exact values. Unfortu-
nately, it is very difficult to work out the exact variances of both the T, and the G, test statis-
tics.
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Table 5.4: Power of the T and G tests; u=0, ¢@=0.5.

Short-tailed symmetric o= 0.0 0.1 0.2 0.3 0.4 0.5
distributions

(r=2,d=0) n=70 T 0.059 0.21 0.54 0.87 0.97 1.00
G 0.064 0.20 0.49 0.83 0.96 1.00

n =100 T 0.049 0.27 0.60 0.86 0.98 1.00

G 0.048 0.24 0.54 0.83 0.97 1.00

(r=2,d=1) n=70 T 0.055 0.25 0.62 0.71 0.97 1.00
G 0.058 0.17 0.42 0.53 0.88 0.95

n =100 T 0.054 0.28 0.77 0.90 0.98 1.00

G 0.051 0.20 0.52 0.73 0.89 1.00

For n< 60, therefore, the simulated variances may be used. Using the variances given in

Table 5.3, we have T, = 8/(0.1425) and G, = 8/(0.1797) forn=50and ¢=0.5(r=2andd =1).
The values of the type 1 error and power of the two tests are given below:

Simulated power values (r =2, d = 1): 9= 0.5, n = 50.

Statistic o= 0.0 0.1 0.2 0.3 0.4 0.5
T 0.055 0.20 0.41 0.67 0.86 0.95
G 0.049 0.16 0.30 0.52 0.70 0.85

The normal N(0, 1) provides accurate approximations for the percentage points of the
variance-adjusted T, and G, statistics. The T, test is, however, considerably more powerful.
We show in Chapter 8 that the T, test is also remarkably robust. This is due to the inverted
umbrella ordering of the coefficients 3, as explained in Chapter 3.

5.11 LONG-TAILED SYMMETRIC DISTRIBUTIONS

Assume that the innovations a, in the model (5.2.2) are iid and have a distribution in the long-
tailed symmetric (LTS) family

1 a2 |’
f@O=<1+—} , —w<a<o; (5.11.1)
o ko?

k =2p -3, p = 2. Here, the likelihood equations are
0 In L/ou = (2p/ko) 2,9(z;) =0
0 In L/3d = (2p/ko) Z(x; — gx;_,) 9(z;) =0
0 In L/og = (2p/ko) Z;(y,_, — 0X;_;) 9(z) = 0 and (5.11.2)
0 In L/dc = - (n/o) + (2p/ko) Z;z,9(z) = 0;
Zi = (Wi - “)/01 Wi = yi - (pyi_l - 6(Xi - (PXi_l),
g(z) = z/{1 + (1/K)z?}. (5.11.3)
It is almost impossible to solve the equations (5.11.2). Hence, the ML estimators of , 9,

@ and o are not available. The modified likelihood equations are obtained first by expressing
(5.11.2) in terms of the ordered variates
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Zi) = Wiy = WO, W) = Yy = @iy g = 0%y = PXq), 10,
as before. Then, g(z(i)) is replaced by the linear functional

g(z(i)) Ua; + Biz(i)y 1<i<n; (5.11.4)
the coefficients a, and B, are given in (2.3.14).
The solutions of the modified likelihood equations are the MML estimators:
1=V, -8l 8=G+Hs, ®=K+DG and (5.11.5)
6 ={B ++(B2 +4nC)}y2,/n(n - 3); (5.11.6)

Vi Y Vi Upp G, H, D and K have exactly the same expressions as those in (5.8.6)
-(5.8.8) with

n
B =(2p/k) ) o; {Vi;— v~ Glup — uy} and
i=1

C= (2p/k)i5i {vii; =V —G(up; - U[.])}2 (5.11.7)
=1

n n
= (2p/k){z Bi(vpy = v[.])2 -G Bilug - U[.])V[i]}-
i=1 i=1
The expressions (5.11.5)-(5.11.7) are refined versions of those given in Tiku et al. (1999,

pp. 320-321).

Remark: The estimators (5.11.5)-(5.11.6) are computed in three iterations, exactly along the
same lines as the MML estimators (5.8.4)-(5.8.5). If for a sample, C in (5.11.7) is negative, the MML
estimators are computed with a; and 3, replaced by a;* =0 and B* = 1/{1 + 1/k)t(i)2}, respectively.

Least squares: The LS estimators are obtained from (5.11.5)-(5.11.7) by equating a;
and 3, to 0 and 1, respectively, and equating 2p/k to 1.

Asymptotic relative eficiency: To evaluate the asymptotic efficiencies of LS estima-
tors relative to the MML estimators for a given @, we have the following results. These results

also apply to the MML estimators i, dand 6 for the STS distributions with Cov(p(ﬁ, 5, 6) evalu-
ated from the corresponding Fisher information matrix.

Theorem 5.1: For a given ¢, the MML estimators [i(¢), 8(<p) and 6(¢) are asymptotically

unbiased with variance-covariance matrix Covq,(ﬁl. 5,0)

- o B _
(p-3/2) 1+u_2 _( 3/2)L2 0
, p Sy p Sy
_prdo | _(p-¥2 U (p-32) 1 ) (5.11.8)
n(p - 1/2) p S, p Sy
0 0 172

n

U=x-¢X_;, T=Yu/n and s2=3 (U —T)%m.

i=1

Proof: The asymptotic unbiasedness follows from Taylor series expansions. Consider,
for example, 0 In L*/ou. For large n (Kendall and Stuart, 1979, p. 52)
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. dlnL>* %InL*
E((l) Ou-E E .
(1) Op ( o J/ ( 6u2 J

But from the results given in Appendix 2A, E(d In L*/0y) is asymptotically equal to E(0

In L/dp) and the latter is zero. Therefore, E({1) Ou for large n. Similarly, E(S) Odand E(¢) Do
for large n.

The information matrix I(p(pl, 3, 0) is given by the expected values of the second deriva-
tives. Realizing that (equation 2A.4)
(P-12 ,

1 n
lim = Bi(up; —Upy)? =
n”mniZlBl( [i] [.]) p+1 u’
(5.11.8) is obtained by taking the inverse of the information matrix.

Lemma 5.3: For a given @, the LS estimators [, 3and o are asymptotically unbiased
with variance-covariance matrix

-, _ -
1+ - 2L 0
SU SU
C ~ < = —0_2 —l i 0 . 5.11.9
ovy(u, 8,0) = n 5,2 2 , (5.11.9)
0 0 1(1+i>\4j
2 2

A, = (u/,%) —3and u4/u2_2 is the kurtosis of the distrib_ution (5.11.1).

Comment: For a given @, the asymptotic relative efficiencies of the LS estimators p and &
are

RE(}1) = RE(3) = 100(p + 1)(p — 1/2)/p(p — 1/2) (5.11.10)

which assumes values between 50 and 100 percent as p increases from 2 to . Realizing that
for the family (5.11.1), the kurtosis is

M, /1,2 = 3(p — 3/2)/(p — 5/2), (5.11.11)
the asymptotic relative efficiency of the LS estimator g is

- 3|(p-32
RE(g) = 100(p + 1)/(p — 1/2) {1+ > {(p “52) 1H (5.11.12)
which assumes values between zero and 100 percent as p increases from 2 to «. Clearly, the LS
estimators have very low efficiencies unless p =« in which case (5.11.1) reduces to normal N(O,
0?) and the MML estimators reduce to the LS estimators.

Small sample efficiency: Tiku et al. (1999) reported the results of an extensive simu-
lation study carried out to determine the relative efficiencies of the LS estimators. They con-
sidered three designs: (a) x; generated from a uniform distribution (- 1, 1), (b) x; generated
from a standard normal distribution (Tan and Lin, 1993), and (c) x; generated from a Cauchy
distribution. They found the MML estimators enormously more efficient than the LS estima-
tors. For illustration, we give the values for designs (a) and (b) in Table 5.5. It can be seen that
even for small sample sizes, the bias in both the MML as well as the LS estimators is negligi-
ble. It is also interesting to see that the relative efficiencies of the LS estimators are almost the
same for the two designs (a) and (b). The values given in Table 5.5 are slightly different than
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those of Tiku et al. (1999). This is due to the fact that we generate (y,, x,) here somewhat
differently as said earlier.

Table 5.5: Means and mean square errors of the estimators;
H=0,0=1,9=05andoc=1and p=3.5;n=30.

Design (a) Design (b)

Estimator Mean (Bias)? MSE Mean (Bias)? MSE

u LS - 0.006 0.000 0.056 0.003 0.000 0.057
MML - 0.005 0.000 0.042 0.003 0.000 0.043

19 LS 0.999 0.000 0.097 0.999 0.000 0.035
MML 1.000 0.000 0.071 0.999 0.000 0.025

(0} LS 0.400 0.010 0.039 0.400 0.010 0.038
MML 0.429 0.005 0.034 0.427 0.005 0.034

a LS 0.919 0.007 0.039 0.919 0.006 0.039
MML 0.977 0.001 0.028 0.977 0.000 0.028

It may be noted that the design effect is pronounced only in estimating the regression

coefficient 9, e.g., the variances of Sand 5 change substantially with the design. The variances
of other estimators are unaffected (almost).

5.12 HYPOTHESIS TESTING FOR LTS DISTRIBUTIONS

To test the null hypothesis H,: 8 = 0, we have the following result.
Lemma 5.4: For a given ¢, the MML estimator is asymptotically the MVB estimator
with variance
(p + 1)(p - 3/2)a?/np(p - 1/2)s 2,

n

S22 = 3 (Uy = W)2/n(u; =% — ox;_y), (5.12.1)
i=1
and is normally distributed.

Proof: The modified likelihood equation 0 In L*/0d = 0 assumes the form (k=2p-3,p=2)

olnL DalnL*: 2np
a5 3 ko

Hzlﬁi(“m ‘U[.])Z} (5() —8) =0, (5.12.2)

and the result follows.
The asymptotic value of the constant on the right hand side of (5.12.2) is the reciprocal

of that in (5.12.1); see also (5.10.3). Therefore, to test the null hypothesis H,: & = 0, the pro-
posed statistic is (Tiku et al., 1999)

_ |[rp(p-12)8,%] (3 (5.12.3)
E P+DpP-32)||6]) o

where §u2 is s,2 with u, replaced by 0; =x; - fp)(i_l (1 <i<n). Large values of T, lead to the

rejection of H, in favour of H;: 6 > 0. Since fpand 6 converge to @ and o, respectively, as n
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becomes large, the asymptotic null distribution of T, is normal N(O, 1). Its power function P(T
2z | H,)is
a 1

Power = Prob (Z=z,— | A;]); (5.12.4)
_ 2 2
)\32 = M(é) (5.12.5)
pP+D(p-32)\o

is the non-centrality parameter.
The corresponding statistic based on the LS estimators is

G, = \/(ns,2)(8/3). (5.12.6)

The asymptotic null distribution of G, is normal N(0, 1). The power function of the G,
testis
Power =P(Zzz - | A, ) (5.12.7)
where A2 = ns 2(3/0)?. The ratioA,?/A,2 = p(p — 1/2)/(p + 1)(p — 3/2) is greater than 1. The T, test
is, therefore, asymptotically more powerful than the G, test, as for other families of non-nor-
mal distributions.

Comment: Simulations reveal that the normal approximations are adequate for the
null distributions of T, and G, for n > 30. The T, test is, however, considerably more powerful
than the G, test (Tiku et al., 1999). We show in Chapter 8 that the T, test is remarkably robust
to LTS distributions and to outliers in a sample.

Turker (2002) has extended the estimation and hypothesis testing procedures above to
k autoregressive models

Yiem @i =H O @ X )ty (Isisk lstsn). (5.12.8)
For example, she develops a procedure for testingd, =9, = ...... =9, a;, being non-normal
iid innovations.

Remark: For ¢ = & = 0, (5.2.2) reduces to a location-scale model considered in Chapter 2. For
@=0, it reduces to a linear regression model considered in Chapter 3. For =0, (5.2.2) reduces to a time

series model. We now briefly discuss such models when the innovations a, (1s t< n) have non-normal
distributions.

5.13 TIME SERIES MODEL

In the first place, consider a time series AR(1) model
Vi =@, ta (Ists<n); (5.13.1)

| o] <1, and E(a,) =0 and V(a,) = 0% We take y, = a,//(1- ¢%) . Assume that the innovations
Ag, Ay, , a, are iid and have the LTS distribution (5.11.1). Realize that E(y,) = 0 and V(y,)
=0%/(1 - ¢), 1 <t<n. Writing

Zt = (yt - qut_]_)/GI
the likelihood function conditional to y,, is

1 n n a 2\7P
LO (5) |‘| [1+ kéz) . (5.13.2)
t=1
The likelihood equations are
olnL _2p &

0 ko tzlyt—l g(z¢) =0 and
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dinL n
5 __E+_Zzt g(z,) = (5.13.3)
9(z) = z/(1 + z2/k). It may be noted that y, , and z, are independent of each other. Solving
(5.13.3) by iteration is problematic. Let z; = a,/o be the ordered variates, where a;,

@y (for a given ) are the order statistics o% a; (1 <i < n). The equations (5.13. 3) can 1be
written as

JinL 2p
09 ko Zym 19(z3) =0 and
dinL n
0 o +7 ZZm 9(zq) = (5.13.4)

Replacing g(z;) by the Iinear functlon (2.3.13), we obtain the modified likelihood equa-
tions. The solutions of these equations are the MML estimators:

@=K+D6 and &={B++(B?+4nC)}2n; (5.13.5)

K= Z Biy[i]y[i]—l/Z B.y%i1, D = Z aiy[i]—l/Z Biy’m-1,

o (Y — Kyij-1) and (5.13.6)

8= 20
n 2 n n

?p ZB Yy = Ky[i]—1)2 = ?p(z Bi(y[i]z - KZ Biy[i]y[i]—lj.
i=1 =1 =1

The divisor n in (5.13.5) may be replaced by /n(n—1) as a bias correction. If for a
sample, Cin (5.13.6) is negative, the MMLE are computed by replacing a; and 3, by a;*and 3;*,
respectively, as said earlier. That ensures that g is always real and positive. Realize that fp is
scale invariant and ¢ is location invariant, as they should be.

Computations: The MML estimators (5.13.5) are computed in two iterations. In the

first iteration, fp is computed from the order statistics of a, =y, - ?pyi_l 1 <i<n);

6: Eyiyi_l/ % y2, is the LS estimator. In the second iteration, 5 is replaced by @ and a
i=1 i=1

~

revised value of ¢ obtained. The MML estimator & is then computed. Not more than two
iterations are needed for the estimates to stabilize sufficiently enough (Tiku et al., 2000).

5.14 ASYMPTOTIC PROPERTIES

Realizing that the modified likelihood equations (and the expected values of the first two de-
rivatives of In L*) are asymptotically equivalent to the corresponding likelihood equations
(and the first two derivatives of In L), the following result is true.

Thorem 5.2: The MML estimators {p and g are asymptotically unbiased with variance-
covariance matrix (p = 2)

(P+D(P-32) (1-¢°)

Cov(@éyn| PP-12 n et 0| (5.14.1)
0 _pT>: 9
(p-22) 2n
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Proof: Unbiasedness follows from Taylor series expansions as in Theorem 5.1. Now, the
expected values of the second derivatives of In L* are exactly the same asymptotically as those
of In L (Appendix 2A). Using the integral (2.3.20), the values of the Fisher information I(¢g, o)
are obtained; 17! gives the covariance matrix (5.14.1).

n
Least squares: The LS estimator of @is as usual obtained by minimizing ¥ a,?. That

1=
n n
gives = 5 YiVi-o/d Vi-i. (5.14.2)
i=1 i=1

The LS estimator of o is

n -~
a:J > i=o Y- (5.14.3)
i=1

Since in time series analysis n is usually large (say, n=50), it is immaterial whether the
divisor in (5.14.3) is taken to be n or n — 1. The estimators ® and g are asymptotically unbi-
ased with covariance matrix (asymptotic)

2
2 0
Cov(go)o| " , (5.14.4)
1 o
0 (1 . —m)—
2 2n
A, = (4,/1,%) — 3; the expression for the kurtosis p,/p,? is given in (5.11.12). The efficiencies of
the LS estimators @ and g relative to the MML estimators @ and & are, therefore, the same as

those in (5.11.11) and (5.11.13), respectively. The efficiencies are quite low for small p, as
stated earlier.

The covariance matrix (5.14.1) is valid for p = 2. Tiku et al. (2000) give the simulated
values of the means and variances for p < 2. We report some of their values for p = 1.5 as
follows; @ = 0.5, 0 =1. Note that for 1 < p < 1.5, the mean of the distribution exists but not its
variance, and o is simply a scale parameter. This is called Mandelbrot’'s phenomenon. It can be
seen that the LS estimators have very undesirable features: the relative efficiency of @ is very
low and decreases with increasing n, and the bias in g is very high even for sample sizes as

large as n = 300. The bias in the MML estimator G is almost nonexistent for large n, and @and

G are highly efficient. We show in Chapter 8 that the MML estimators are robust due to the
umbrella ordering of the coefficients 3, (L <i<n).

n=100 n=300
Mean (Bias)? MSE Mean (Bias)? MSE
p=15
® LS 0.491 0.000 0.0062 0.496 0.000 0.002
MML 0.502 0.000 0.0030 0.501 0.000 0.0007
o) LS 1.945 0.892 6.602 2.100 1.210 5.244
MML 1.200 0.040 0.655 1.090 0.008 0.134
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Small sample efficiency: Since the MMLE are asymptotically the MVB estimators,
the LSE are bound to have low relative efficiencies for large n. We give in Table 5.6 the simu-
lated values of the means and variances for smaller sample sizes; (1) = (1/ o )Mean, (2) =
(n/g?)Variance, and RE is the relative efficiency of the LS estimator:

Table 5.6: Values of the means and variances: ¢ = 0.5

Parameter (1) (2) RE (1) (2) RE
p=2
n =50 n =100
(0] LS 0.482 0.730 78 0.491 0.730 70
MML 0.497 0.570 0.500 0.510
o LS 0.934 5.560 75 0.955 8.000 46
MML 1.144 4.170 1.093 3.690
p=35
n =50 n =100
(0] LS 0.480 0.785 94 0.489 0.770 92
MML 0.487 0.735 0.497 0.710
o LS 0.980 1.075 97 0.989 1.110 86
MML 1.051 1.040 1.035 0.960

It can be seen that the bias in both the MML as well as the LS estimators is negligible.
The MMLE are, however, considerably more efficient than the LSE particularly for smaller
values of p. A disconcerting feature of the LSE is that their efficiencies decrease as the sample
size n increases.

Hypothesis testing: Testing @ = 0 (random walk) and ¢ =1 (unit root problem) are of
enormous interest in time series: @= 0 implies that y, (1 < t<n) are random, and ¢ =1 implies
that the differences y,—y, ; (1<t<n) are random. We first discuss the problem of testing
H, : =0 in the AR(1) model.

Under H,, the asymptotic variance of the MML estimator ®is (p+1)(p—3/2)p(p—1/2)
(p = 2) which is free of o?. Therefore, we define the statistic (Tiku et al., 2000)

oo [J_nP(p-12) | .
! _\/{(P+1)(p—3/2)} ¢ (5.14.5)

Large values of T* lead to the rejection of H, in favour of H,: > 0.

Theorem 5.3: The null distribution of T* is asymptotically normal N(O, 1), for p = 2.
Proof. Using Taylor’s theorem, we have (Kendall and Stuart, 1979, pp. 46-7)

EgmL E (o )51E a%InL’

where @is some value between fp and @ (true value). The last term on the right hand side

converges to its expected value as n tends to infinity, and fp converges to ¢ and so does @*.
Moreover,
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l dinL dInL*
n{ 00 f60)

1 0%InL) 1 0% InL*
—El-—— |U-E|———=— | =R(9);
n o n o
R(@) = p(p— 1/2)/(p + 1)(p — 3/2) under H,. The result then follows from the fact that
V(0 In L/dg) = — E(0? In L/d¢?) and (1/n)(0 InL/dg) is under H, the mean of n iid random vari-
ables and is, therefore, normally distributed (asymptotically) by the well known Central Limit
Theorem.
Power function: For testing H,: ¢ =0 against H,: ¢> 0, the asymptotic power function
of the T" test is

JDO and

Power =P(Z>z_ - |\ ]), (5.14.6)
A2 =np(p — 1/2)¢?/(p + 1)(p — 3/2)(1 — ¢?) being the noncentrality parameter; Z is a standard
normal variate and z is its 100(1 — a)% point.

The test based on the LS estimator is (Davis and Rensick, 1986; Martin and Yohai,

1985)
G*=ng. (5.14.7)
The null distribution of G* is asymptotically normal N(0, 1). Its asymptotic power func-

tion is

Power =P(Z2>z - |A,]), (5.14.8)
A% = n@?/(1 — ¢?) being the noncentrality parameter. Since
A2N2 = p(p — 112)I(p + 1)(p — 3/2) (5.14.9)

is greater than 1 for all values of p (= 2), the T* test is asymptotically more powerful than the
G* test. Tiku et al. (2000) give the simulated values of the type | error and power of the T* and
G* tests. They show that for n = 50, the normal N(0,1) distribution provides accurate approxi-
mations to their percentage points and the T* test has higher power than the G* test. This is

due to the fact that the MML estimator ¢ is more efficient than the LS estimator @.
For small n (< 50), Tiku et al. (2000) recommend the use of the following statistics,

T, = \H(Z_lf) él Biy[i]_f}(g‘p] (p=2) (5.14.10)

based on the MML estimators, and (Dickey and Fuller, 1979)

G,* = /(i;yy_iz](%p] (5.14.11)

based on the LS estimators. The null distributions of T,* and G,* are referred to the Student
twith n — 1 degrees of freedom. The T * test, however, has somewhat higher power than the
G,* test particularly for small p. Moreover, T * test is robust but not the G,* (Chapter 8).

5.15 UNIT ROOT PROBLEM

Testing H,: @ = 1 is of enormous interest in Econometrics and a vast literature exists on the
subject. Most of the work reported is based on the normality assumption; see, for example,
Dickey and Fuller (1979), Philips and Perron (1988), Abadir (1993, 1995), and Vinod and Shenton
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(1996). The problem is difficult because the variance V(y,) = 6%/(1 — ¢?) does not exist if ¢ =1.
The authors above give a galaxy of mathematical tecniques, in particular applications of
Brownian motion, to derive the asymptotic distribution of n(¢ — 1) under H,: =1; @ isthe LS
estimator. Of course, they assume the innovations &, in (5.13.1) to be normal N(0, 62).

Tiku and Wong (1998) have a different approach and give solutions in terms of 3-mo-
ment chi-square and 4-moment F distributions, assuming that the innovations a, have one of
the distributions in the family (5.11.1). Although their solutions are approximate in nature but
they are remarkably accurate for all values of n small or large.

Testing for unit root: To test H: ¢ = 1 against H;: ¢ < 1, define the statistic

R,=v/n2-9 (5.15.1)
where @ is the MML estimator (5.13.5). Also
R,=Vn2- ). (5.15.2)

Large values of R, (and R ) lead to the rejection of H, in favour of H,. Under H,, E(R,)
O+/n and E(R,) O Jn . It may be noted that R, and the more traditional statistic n(@ —1) are

both linear functions of@ and, therefore, the tests based on them have exactly the same power.

Vinod and Shenton (1996) give the first four moments of?p when @=1 assuming normal-

ity of the innovations. Tiku and Wong (1998) give the simulated values of the first four mo-
ments of R (and R,) when @ =1 and the innovatons have the long-tailed symmetric distribution
(5.11.1). As in Dickey and Fuller (1979, p.427), they work with Vinod and Shenton Model A (y,,
is zero) but the results are essentially the same under their Model B. A very interesting find-
ing is that the distributions of R, and R, are both positively skew and the Pearson coefficients
of skewness and kurtosis

B,* = M2/, and  B,* = p,/p,2 (5.15.3)
are very close to the Type Ill line or are located in the F-region (Pearson and Tiku, 1970,
Fig. 1). The values of the mean and variance, and 3,* and ,*, of both R, and R, are given in
Tiku and Wong (1999, Table I11). For p = e (normal innovations) and n = 100, these values are
in close agreement with the asymptotic equations of Vinod and Shenton (1996, egs 3.5).

Three-moment chi-square: Let p,' and p, be the mean and variance of a random
variable Y and B,* and B," its skewness and kurtosis, p, > 0. If the coefficients B,* and B,”
satisfy the condition (Pearson, 1959; Tiku, 1963, 1966b)

IB,*—(3+1.5B,%)] <0.5, (5.15.4)
then the distribution of
X2 = (Y + a)/f (5.15.5)
is effectively a central chi-square with v degrees of freedom. The values of a, f, and v are
obtained by equating the first three moments on both sides of (5.15.5). That gives

v=8/B* f=4Hx/2v and a=fv-p,' . (5.15.6)
Realize that for a chi-square distribution 3,* = 3 + 1. 53,* which is called the Type 111
line (Pearson and Tiku, 1970, Fig. 1).

Four-moment F: Let (Tiku and Yip, 1978)
F=(Y+g)h (5.15.7)
where F has a central F distribution with (v , v,) degrees of freedom. Equating the first four
moments on both sides of (5.15.7), the values of v,, v, , h and g are obtained:
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vZ:2|:3+ Pz +3 }
B, —(3+15B,%)

v, -2) (— 1+J1+ ; 32(v, = 4V, ~6)° } (5.15.8)

Vl:

N[

1 *—32(v, - 4)(v, - 6)°

vy (v, —2)% (v, - 4) Vv,
h= 1272 2 and g= h—p,.
\/( N (v, -2) 2 T v,-g ' Th

For the F distribution v, > 0 and v, > 0 and, therefore, for (5.15.7) to be valid the (B,*,

B,*) values of Y should satisfy
B,* > 32(v, — 4)/(v, — 6) and B,* >3+ 1.5B,*. (5.15.9)

Itis interesting to note that the inequalities (5.15.9) determine the F-region in the Pearson
plane bounded by the x?-line and the reciprocal x?-line (Pearson and Tiku, 1970). Whenever
the (B,*, B,*) points of Y lie within this F-region, the 4-moment approximation (5.15.7) pro-
vides remarkably accurate values for the probability integral and the percentage points of Y
(Tiku and Yip, 1978). Thus, the 100(1 — a)% point of Y is approximately hF (v,,v,) — g, where
Fo(vy, V) is the 100(1 — a)% point of the F distribution with (v,, v,) degrees of freedom. An
IMSL subroutine is available to evaluate the percentage points of F for both integer as well as
non-integer values of v, and v,

It is interesting to note that the (3,*, B,*) values of R, and R, satisfy (5.15.9) for all
values of p and n, even for p =1 in which case (5.11.1) is a Cauchy distribution; for p <2, k is
equated to 1. For n> 100, however, the (3,*, B,*) values generally satisfy the condition (5.15.4).
Therefore, the chi-square and F approximations above are applicable.

To illustrate the accuracy of these approximations, we give in Table 5.7 (reproduced
from Tiku and Wong, 1998) the values of the probabilities

P(R,2d;lo=1) and P(R,=d,]lo =1) (5.15.10)
where d; and d, are the 95% points obtained from (5.15.7). If, however, the chi-square approxi-

mation is applicable we obtain them from (5.15.5). Realize that the LS estimator @ is not
defined if p =1 (Cauchy distribution).
It can be seen that the chi-square and F approximations are remarkably accurate for all

Tiku and Wong (1998) show that the R, test is considerably more powerful than the R,
test.

It may be noted that the B,* and 3,* values of R, (and R,) are never close to zero and 3,
respectively, even under the assumption of normality. The normal approximations suggested
in the literature (see, for example, Abadir 1995) should, therefore, be used with great deal of
caution. They can give erroneous results.

5.16 UNKNOWN LOCATION

In numerous situations one has the AR(1) model

Ve=H+Qy,_; +a (1<st<n). (5.16.1)
Assume that a, are iid and have one of the LTS distributions in the family (5.11.1). Here,
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Table 5.7: Values of (a) 95 % points of R, and R, and (b) the probabilities
P(R,2d,Jo=1) and P(R,=d,e=1).

(a) (b) (a) (b) (a) (b) (a) (b)
n p=1 p=15 p=2 p=25
30 d; 5.906 0.037 6.200 0.044 6.397 0.046 6.557  0.051
d, — — 6.756 0.049 6.765 0.053 6.797  0.050
50 d; 7.355 0.038 7.593 0.046 7.752 0.049 7.874  0.050
d, — — 8.087 0.050 8.104 0.052 8.132  0.050
100 d; 10.171 0.041 10.327 0.045 10.460 0.048 10.532 0.049
d, — — 10.761 0.047 10.778 0.052 10.764 0.051
p=3 p=3.5 p=5 p=10
30 d; 6.591 0.049 6.766 0.050 6.828 0.051 6.806  0.049
d, 6.794 0.050 6.832 0.049 6.858 0.050 6.811  0.049
50 d; 7.948 0.051 8.022 0.051 8.146 0.047 8.135 0.051
d, 8.134 0.049 8.162 0.050 8.172 0.046 8.141  0.051
100 d; 10.588 0.053 10.684 0.051 10.763 0.051 10.768 0.051
d, 10.749 0.053 10.814 0.049 10.793 0.051 10.776  0.052
E(y) =W(l-¢9 and V(y,)=0(1-¢).
The modified likelihood equation for estimating [ is
olnL _dInL* _2p & .
TRE TP R 10
4 ={Yp — B — @yp; 1 }/0. Since iZO(i =0, this gives
n n
u=S Bi Y = Wpp-a¥m, ms= iZlBi. (5.16.3)
i=1 =

Incorporating this in (5.13.3) and solving the resulting equations, we get the MML esti-

mators &J and 6. They are exactly the same as (5.13.5) with Yii and Yip-1 replaced by Wi and
Wi _ gy Fespectively;

n
Wy, = Yy — (U/m) igl Biyrp and wy_;=yp_; - (1/m) izl BiYii-1. (5.16.4)
It may be noted that
il Biwp; =0 and i Biw[i-y =0-
The MML estimator of ul i_s -
a= iil Bi{yn - &y[i]—l}/m- (5.16.5)

The asymptotic variances and covariances are given by I-X(y, @, 6), | being the Fisher
information matrix consisting of the elements — E (92 In L/op?), — E(62 In L/0pdg), etc. They can
be obtained exactly along the same lines as in Appendix 5B. In particular, {I and @ are asymp-

totically uncorrelated with 6.



132 Robust Estimation and Hypothesis Testing

The MML estimators of i, 8 and o can readily be obtained if a, has a skew distribution.
For a gamma distribution, for example, Tiku et al. (1999, Section 6) give the MML estimators.

The asymptotic variance-covariance matrix they give needs correcting for the fact that (/n) Za;
1

is equal to 2/(k — 1) for large n and not 1/(k — 1); see Akkaya and Tiku (2001b, p.2230). The
variances and covariances of the estimators can be obtained from the appropriate expressions
in Appendix 5B simply by equating & to zero. Tiku et al. (1999, Section 8) also give results for
the Generalized Logistic GL(b, o). The expression for — E(8? In L*/d@da) in their equation (34)
should be multiplied by (b + 1) — Y(2).

5.17 GENERALIZATION TO AR(q) MODELS
The method of modified likelihood immediately generalizes to the AR(g) model
q
Ye= > OYy-j*tar (Ists<n). (5.17.1)
j=1

Assume that a, has one of the LTS distributions in the family (5.11.1). The MML estima-
tors of o (1 <j<q)and o are the solutions of the q +1 equations

Ciu® +Cp@, + ...+ G0 =K+ Do (1<j=<q) and (5.17.2)
no? - 2P| 3 _2 - - =0 (5.17.3)
kK _Zl %Yy |0 kK _lei Yl ~ @Ygir -1~ PqY(i-q = e
1= =
where (y[i], Yig-1 = Ypi _q] is that observation (y;, ¥;_,, ....,yi_q) which determines Z (I=<iz<
n), asin the AR(1) moo]el (5.13.1). Here (j, 1=1, 2,..., q)
n
C= zl BiYiiYrir-1 C,=¢C; j#l, and
i=
n n
K]. = zl BiYriYmi-; and Dj = _zl aiYr-j,» l<j<aq. (5.17.4)
1= 1=

The MML estimators are

$=CT(K+Ds) and G ={B+(B?+4nH)/2n,

2p 4 ] -1 2 - -
B= ?(; oy - K'C D] and H= ?p[izl Biy[i]2 -K'C 1KJ; (5.17.5)

d=(. @, ..., @), K= (K, Ky, ......Ky) and C = (C;). For g =1, they reduce to (5.13.5). If for a
sample H < 0, we calculate the estimators with a; and [; replaced by zero and 3,*, respec-
tively, as said earlier. The estimators ¢ and g have the same efficiency properties as for q = 1.

Cryer (1986) gives numerous real life time series data sets mostly having non-normal
error distributions. For these data sets, the MMLE are considerably more efficient than the
corresponding LSE.

SUMMARY

In linear regression models y, = 8, + 6,X; + e, (1 <i < n) considered in Chapter 3, the
errors g; (1 <i < n) are assumed to be independently distributed. In numerous applications,
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however, e; are correlated in a special way which gives rise to autoregressive models y, — ¢
Yo = H+ 0 (X, — X, _,) +a, a (Ll <t<n)are independent innovations. In this chapter, we
consider the estimation of the parameters 1, d, @ and o(the scale parameter in the distribution
of a,) for both normal as well as non-normal innovations. This has been a very difficult problem
analytically and computationally. The MLE being intractable, we obtain the MMLE and show
that the estimators are highly efficient. We compare the efficiencies of the MMLE and the LSE
and show that the latter are considerably less efficient for all the three families of distribu-
tions considered. For normal innovations, the MMLE are identical to the LSE. We develop
procedures for testing H,: 6= 0. For 8 = 0, the model reduces to a time series AR(1) model y, =
H+ @y, , +a, (1<t<n) We derive the MMLE of |, @ and o when a, have a normal or a non-
normal distribution. The estimators are asymptotically fully efficient and are highly efficient
for small sample sizes. The relative efficiencies of the LSE are low and decrease with increas-
ing n. We develop procedures for testing the two important hypotheses ¢ =0 and ¢ =1 (the
important unit root problem). We generalize some of the results to time series AR(q) models.

APPENDIX 5A

EXPECTED VALUE AND VARIANCE OFy,
Suppose that E(y,) = 0 and V(y,) = 0?/(1 - ¢?). Let E(a,) = co and V(a)= 0. Since
Y;_, is independent of a,,

2
V(yt)=[1+1ip2(sz02:(lipz), 1<t<n; (5A.1)

E(y, is different from E(y,) and is hard to evaluate. The sum of the expected values of
Yy, can, however, be evaluated for large n as follows:

From the model (5.2.2),
E(yl) = H* + 6(X1 - qJXo)
E(yz) = (P[H* + 6(X1 - qJXo)] + H* + 6(X2 - (le) (5A2)

E(yg) = (pz(“* + 6(X1 - q)Xo)] + (P[H* + 6(X2 - (le)] + H* + 6(X3 - q)xz)
and so on.
For sufficiently large n, therefore, we have

BER N
A= n tzl Yt 1-o
(n+1) A, ,,;—nA, suggests the solution

Ely) O ﬁp 0% + 80, - 9, _)] (¥ = b+ co), (5A.4)

for | @] < |. We have not, however, used it to evaluate the asymptotic variances of the MMLE
and the LSE of §, the parameter of main interest in (5.2.2).

The modified likelihood methodology extends to k design variables on the right hand
side of (5.2.2). The details are given in Turker and Akkaya (2004). The methodology readily
extends to the model

[p*+r6]{((xl—(px0)+(xg —tpxl)+----}}; (5A.3)

Yem @Yeg =M+ O X (ot X +ta (Istsn). (5A.5)

Remark: For the Gamma (k, o) the bias in the MML and the LS estimators {i and j is consid-

erable for small n. However, the bias tends to zero as n becomes large. For symmetric distributions, the

bias in {i and p is negligible even for small n. See also Chapter 8. We recommend, however, that the
first observation be ignored. This may reduce the bias by a margin.



CHAPTER 6

Analysis of Variance in Experimental Design

6.1 INTRODUCTION

Experimental design constitutes a very important area from both theoretical as well as appli-
cations point of view. Treatments are compared and their interactions evaluated. This is done
by using the technique of analysis-of-variance (ANOVA) and defining variance ratio F statis-
tics. Traditionally, the assumption of normality has been invoked in the development of the
technique. In practice, however, non-normal distributions are more prevalent as said earlier.
It has, therefore, been of great interest to study the effect of non-normality on the F statistics
used for testing main effects and interaction (Geary, 1947; Gayen, 1950; Srivastava, 1959;
Tiku, 1964; Donaldson, 1968; Tiku, 1971b; Spjetvoll and Aastveit, 1980; Rasch, 1980; Tan and
Tiku, 1999). It is known that for numerous non-normal distributions, the type | error of the
variance ratio tests is not much different than that for a normal distribution (essentially due
to the Central Limit Theorem) but the power is considerably lower (due to inefficiency of the
sample mean). This has already been illustrated in Chapter 1 (Examples 1.1-1.4). One way of
handling non-normal data is to invoke Box and Cox (1964) lambda-transformation so that the
transformed data is normal, at any rate close to it. Bickel and Doksum (1981) make some
interesting comments on this method. It should, however, be clear that all non-normal data
can not be amenable to this transformation or for that matter to any other normalizing trans-
formation. Moreover, it is often difficult to interpret transformations. It is, therefore, desirable
to work with the original data without subjecting it to any so called normalizing transforma-
tion. There is, therefore, a need to develop analysis-of-variance procedures for non-normal
data. That is exactly what we try to accomplish in this chapter. We will consider estimation of
main effects and interaction and develop appropriate variance ratio F statistics. Our approach
is applicable to any location-scale distribution but we will focus on the Generalized Logistic
family GL(b; o) for its flexibility. Moreover, GL(b; o) provides a good model for the Box and
Cox(1964) biometrical data which has received a great deal of attention in recent years. We
also give procedures for testing linear contrasts. Extensions to other non-normal distribu-
tions, and to nonidentical error distributions, are given.

6.2 ONE-WAY CLASSIFICATION

Consider the one-way-classification fixed-effects model
yij=H+yite; (i=1,2,..,kj=12,..,n), (6.2.1)

134
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having k blocks with n observations in each block; p is a constant and vy, is the effect of the ith

k
block. Without loss of generality we assume that 3 y; =0. The errors e;are assumed to be iid.
i=1

Normal errors: As said earlier, e; have traditionally been assumed to be iid nor-
mal N(0, 0% which gives the likelihood function

IV B [ - a0
Lof= i~k _
(c) Dl Dle (N = nk). (6.2.2)

The ML estimators are the solutions of the likelihood equations 0 In L/du = 0, 9 In L/oy;
=0and d In L/0oc = 0. They are

o K n 2 o o K
H=y =@/IN) 2 2y, ¥ =Y, =Y.y, =@/n) 2y, (6:2.3)
~ K n
and 62 =s}? = ‘Zl_Zl(y”. -V.)?/(N - K)- (6.2.4)
i=lj=
Here, we have the following forms of the derivatives of In L:
JolnL _ N _ olnL _n _
_ - = .= U .= + V.
TR V. —m), oy, o Vi, — M) (W =R +y5), (6.2.5)
alnL_N 2 _ 2 Z_ik a i — vl
and ?—?(S [0) ), S - N izljgl(y” IJ' yl) .
We also have the Cochran identity
k n _» k _ _ k n _ o
Y D> yi-VI) =En)y Fi-V)+Y > vi—Vi) (6.2.6)
i=1j=1 i=1 i=1j=1

with expected values
(N-1)0? =(k—1)0% + (N - k)o? (y,=0 foralli).
The equations (6.2.5)-(6.2.6) are exactly similar to those in Section 2.7 which gives the
result that ify, = 0 (1 <i<Kk), then the two sums of squares on the right hand side of (6.2.6) are
independently distributed as multiples of chi-square. In fact,

n
(k—1)s2c2=n Y (i -y)lo®
i=1

k n
and (k-1)s2c2= Y Y (vj-Vi)’lo® (6.2.7)

i=1j=1

are independently distributed as chi-squares withv, =k -1 and v,= N — k degrees of freedom.
Consequently, the distribution of

F =s,%/s,? (6.2.8)
under H, 1y, =0 (1 <i<K)iscentral F with v, =k -1 and v, =N - k = k(n — 1) degrees of
freedom. Under H, :y, # 0 (for some i) the two sums of squares on the right hand side of (6.2.6)
when divided by o2 are independently distributed as noncentral chi-square and central chi-
square distributions, respectively. Thus, the distribution of F is noncentral F with (v, v,)
degrees of freedom and noncentrality parameter

k
A2=n5S (vilo)?, (6.2.9)
i=1
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Large values of F lead to the rejection of H, in favour of H,. Under the normality as-
sumption, the F statistic provides the most powerful test of H,. Under non-normality, its type
I error is generally not much different than that under normality but its power is adversely
affected. This has been illustrated in Chapter 1 (Example 1.4).

For unbalanced designs, i.e. n; not necessarily equal, we assume without loss of gener-

k
ality that ¥ n,y; = 0. The F statistic is the same as in (6.2.8) but
i=1

k k n
(k—1)s,2 = _Zl ni (Vi -y.)? and (N-K)s2= _Zl _Zl Vi -¥i)?  (6.2.10)
1= i= j=
k n k k n
= Z ni, v; Z yi/ni and y = z ny; IN= z z yii/N-
i=1 i=1 ji=1 i=1j=1

The distribution of F = s,%/s 2 is the same as for balanced designs but the noncentrality
parameter is
k
A=Y ni(yilo)®. (6.2.11)

i=1
By adopting the methodology of modified likelihood, we extend the technique to non-
normal distributions as follows:

6.3 GENERALIZED LOGISTIC

Suppose that the errors g;; are iid and have one of the distributions in the family of General-
ized Logistic (b > 0)
b exp(- e/o)
GL(b; 0) : f(e) =
0 {1+exp(-elo)}
Its mean and variance and the Pearson coefficients of skewness and kurtosis are given
in Appendix 2D (Chapter 2).

For the model (6.2.1), the likelihood function L is

pr1 (- <e<o). (6.3.1)

1 N Kk n
LO(2] [ 1 fexp - 2gdia -+ expt-2)° 632)
i=1 j=1
z; = (¥;; — H—Yy)lo. (6.3.3)
The likelihood equations for estimating WY, (L< i<k)andoare
dlInL _N (b +1) X
=— 9(zy) = 3.
o 2 lzl i (6.3.4)
dlInL _n (b +1) &
_ = y4 —
N o Z 9(zij) = (6.3.5)
dlnL N 1k & (b+1) Kk =&
and =——+= Zi——— z; 9(z;;) =0; 6.3.6
0~ otel, ,-Zl i X j; i 9(z) (6.3.6)
the function g(z) is given by
g(z) = e +e?). (6.3.7)

The only way to solve the equations (6.3.4)-(6.3.6) is by iteration but that is difficult and
time consuming indeed, since there are k + 1 equations to iterate simultaneously.
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6.4 MODIFIED LIKELIHOOD

Let Vi SVYipS SV (L<sis<k) (6.4.1)
be the order statistics of the n observations y;; (1<j <n)inthe i block. Then
Zig =g —H-VHo (1=<i<k) (6.4.2)

are the ordered z; (1 < i < n) variates. Alternative expressions of the likelihood equations are
obtained by replacing z; by z,.,.

Asin (2.5.4), we have the linear approximations (1 <i < k)

g(zi(j)) DO(j - szi(j) I<jsn) (6.4.3)

where a;=(1+e'+te")/(1+ e")? and B=e(1+ eh)? t= t; = E{z;;} (6.4.4)

For n > 10, we use the approximate values of t; given in equations (2.5.4)-(2.5.7), i.e.,

ty =—In(@ " -1), g =j/(n+1). (6.4.5)

As said earlier, the use of these approximate values in place of the true values does not

affect the efficiencies of the resulting estimators too adversely. The true values are available
in Balakrishnan and Leung (1988) for n < 15.

Incorporating (6.4.3) in the alternative expressions obtained by replacing z;; in (6.3.4)-
(6.3.6) by z; i We get the modified likelihood equations d In L*/opu = 0,0 In L*/oy,=0andd In L*/

0o = 0. These equations have explicit solutions, the MML estimators (Senoglu and Tiku, 2001):
p=f —-(A/m)é (6.4.6)

Vi=f; -f and 6={- B+,/BZ+4knC}/z,/k(n 1); (6.4.7)

A= ZA,,A-a—(b+1)1m_zB,,B ZB,,C zc,.

B,=(b+1 z Ay (Vi — 0i), (6.4.8)
i=1
C,=(b+1) z Bi Vigy = ;) =(b+ 1)(2 Bj yi(j)2 - mﬂiz}

‘(ﬂkm)z Z BiYig = (Wk) Z (i and B —(ﬂm)z BiYic. (6.4.9)

i=1j=1
The estimators are explicit functions of sample observations. No lteratlons, whatsoever,

are required to compute the MML estimators (6.4.6)-(6.4.9). Also, 6 is real and positive since B,-
> 0 for all j.

The MML estimators above have the following interesting properties.

Lemma 6.1: Asymptotically (n tends to infinity), the estimator {1; () ={i; - (A/m)o is
conditionally (o known) the MVB estimator of y; = u +y; (1 < i <k) and is normally distributed
with variance

V{[1;(0)} Do?m(b + 1). (6.4.10)

Proof: The result follows from the fact that d In L*/0y, is asymptotically equivalent to

0 In L/oy; and assumes the form
olInL* _m(b+1)
- 2

o {10 -} (6.4.11)
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and (equation 2A.4)
lim % = E{e?/(1 + )2} = bi(b + 1)(b + 2). (6.4.12)

n - o

The normality follows from the fact that E(0" In L*/oy;") = 0 for all r > 3.
Lemma 6.2: The estimator §; =[1; — (i is an unbiased estimator of y, for all n, and is
asymptotically normally distributed with variance a?2/m(b + 1).

Proof: This is true exactly for the same reasons as in Lemma 6.1, and the fact that in
view of 0 In L*/op = 0, 0 In L*/dy, when re-organized assumes the form

dln L*: m(b + 1) @ -vi)
dy o2 Yi 7Vi (6.4.13)

with E(0" In L*/dy;") = 0 for r 2 3. Since for any n, E(fi; —u—vV,) areequal foralli=1, 2, ..., kand

Zvi =0, y; is an unbiased estimator of y;. Realize that m(b + 1) Onb/(b + 2) from equation
i
(6.4.12).

M=

Corollary: Since i =(VK) i lﬂi. and [; (1 <i < k) are independent of one another, a
sharper result is that

V(y;) Ok- 1)o%/mk(b +1),1<i<k. (6.4.14)

Remark: Asymptotically, the estimators y; (1 < i < K) are independent of G . This follows from

the fact that all mixed derivatives E (0" ** In L*/dy" 0 6°) = 0 for allr =21 and s = 1 as explained in

Chapter 2. The estimators Y; and § are, however, uncorrelated for all n.
Lemma 6.3: Asymptotically, NG (u)/a? is conditionally (i, = p + y, known) distributed
as chi-square with N = nk degrees of freedom.

K K
Proof: Write By= Y Bjo andC,= 3 Cio, where
= i

i=1
n n
Bio=(b+ 1)1_21 Aj(yi(j)_ H) and Cp = (b + 1)1_21 Bj(yi(j)_ )2
Realizing that B,/,/(nC,) 00 for large n, it is easy to show that
dlnL* _ N (C, 2)
0—|-2-0
% 53 ( N . (6.4.15)

The result then follows from the values of E(0" In L*/dc") as in Chapter 2. Note also that
like normal-theory sample means and sums of squares,

k n k k n
> > Bilyig - f)*=m > @i - )%+ > D Biig — f;)% (6.4.16)
i=1j=1 i=1 i=1 j=1
The identity is instrumental in defining the variance ratio statistic for testing the equality

of block effects.
Exact variances: From the results (6.4.13)-(6.4.14), it follows that [i; is asymptoti-
cally the minimum variance bound estimator with variance (b + 2)a?/nb. To see how efficient it

is for small sample sizes, we give below the exact values of the variance V({i; ) calculated from
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the expected values and the variances and covariances of order statistics. Also given are the
exact relative efficiencies E; = 100{MVB/V(ji; )} and E, = 100{MVB/V (y; )}. It can be seen that
the MML estimator {1, is highly efficient even for sample sizes as small as n=6. The LS
estimator (sample mean) has low relative efficiency E = 100{V({i; )/V(Y; )} which decreases

with increasing n. That is not a good prospect from a theoretical as well as a practical point of
view. The same is true (Senoglu and Tiku,2001) about the relative efficiency of the LS estima-

K n
tor s, = \/izljzl(yij -y, )?/(N - k) as compared to the ML estimator 6.

Minimum variance bounds and the exact variances for GL(b;0).

n= 6 10 15 n= 6 10 15
b=2 b=6
(1/0%)MVB 0.333 0.200 0.133 0.208 0.125 0.0833
(L/a?) V(1) 0.344 0.204 0.135 0.221 0.129 0.0850
E, 96.8 98.0 98.5 94.1 96.9 98.0
E, 87.3 87.3 87.3 68.4 68.4 68.4

6.5 TESTING BLOCK EFFECTS

Testing that the block effects ;= u +y; are all equal is equivalent to testing the null hypothesis
H,:y,=0foralli=1, 2,3, ..., k. The normal-theory variance ratio statistic is

n k n
F=nY @i -V ) (k-1 s2s2=3 Y (y; V) /(N-K). (6.5.1)
i=1 i=1 j=1
The variance ratio statistic based on the estimators (6.4.7)-(6.4.9) is
k
Fr=mb+1) Y ¥i’/(k-1 6> (6.5.2)
i=1

Like the statistic F, large values of F* lead to the rejection of H, in favour of H, :y, # 0
(for some i).

In view of the results (6.4.13)-(6.4.15), the null distribution of F* for large n is central F
withv, =k -1andv, =N -k=K(n-1) degrees of freedom. The distribution of F* under H, is
for large n noncentral F with (v,, v,) degrees of freedom and noncentrality parameter

k

A2=mb+1)Y (vilo)?. (6.5.3)
i=1

The noncentrality parameter of the non-null distribution of F is

k
A2 = ”-Zl (vilo)?. (6.5.4)

Using the result (6.4.12), A,%/A,? = (b + 2)/b which is always greater than 1. The F* test
is, therefore, more powerful for large n than the traditional F test.
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Small sample results: The distributional results above are applicable to small sam-
ples as well. Given in Table 6.1 are the simulated values of the type | error and the power of

the F* and F tests, reproduced from Senoglu and Tiku (2001). For d = 0, the values are Type |
errors.

Table 6.1: Values of the power of F* and F tests for GL(b;0); k=4,n=10.

b d= 0.0 0.2 0.4 0.6 0.8 1.0
0.5 F* 0.048 0.10 0.34 0.68 0.91 0.99
F 0.043 0.09 0.28 0.58 0.83 0.95
2 F* 0.043 0.10 0.30 0.61 0.87 0.97
F 0.043 0.09 0.27 0.57 0.83 0.96
4 F* 0.041 0.11 0.33 0.66 0.90 0.98
F 0.043 0.09 0.28 0.57 0.83 0.96
6 F* 0.042 0.11 0.34 0.68 0.92 0.99
F 0.043 0.09 0.28 0.57 0.83 0.96

It can be seen that the F* test has higher power. We will show in Chapter 8 that F* has
both criterion robustness as well as efficiency robustness. Incidentally, the values given in
Table 6.1 are obtained by adding and subtracting a constant d to the observations in the first
and the second blocks, respectively.

Itis not only for the GL(b, o) family that F* provides a more powerful test but it does so
for other families of non-normal distributions. Consider, for example, the family of Weibull
distributions which has support on the real line IR: (0, ).

6.6 THE WEIBULL FAMILY

Suppose now that the errors in (6.2.1) are iid and have one of the distributions in the Weibull
family W(p, o), p > 1 is assumed known:

p
W(p, o) : f(e) = c_pp ePexp {— (%) } 0<e<o. (6.6.1)

If p is unknown, its value can be determined by using one of the techniques given in
Chapters 9 and 11. Incidentally, W(p, o) has many applications in the areas of engineering
sciences (Meeker and Escobar, 1988), biomedical sciences (Johnson and Johnson, 1979), seis-
mology (Akkaya, 1995), air quality determination (Murani et al., 1986), etc. Like GL(b, 0), the
Weibull W(p, o) represents unimodal distributions.

The ML estimators of the parameters in the model (6.2.1) are intractable. However, the
MML estimators can be obtained exactly along the same lines as in Section 6.4. They are the

same as in (6.4.6)-(6.4.9) with m(b + 1) replaced by m = E dj;
i=1

6] = (p - 1)Bjo + pB'v Bj = (p - 1)t(j)p_21 Bjo = t(j)_z (p > 1): (6-6-2)

. p
_ |- - i
t@)—{ In [1 n+1ﬂ ,1<j<n, (6.6.3)
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and the expressions for {1;,B; andC; are

n n
i =(Um) Z 6jyi(j), B, = Z Aj(yi(j) -{;),
i=1 i=1

n n
C, = j; (Vi) — i )* = j; 8iYicy” — mi; ?; (6.6.4)

A = (p - 1oy, — pa;, a; = (2= p)t, P oy = 2t

Given in Table 6.2 are the type | errors of the tests based on F* and the normal-theory
F. It can be seen that the F* test has higher power. Another important feature of the F* test is
that for 1 < p <2 in the Weibull W(p, 0), it has considerably smaller type | error than the F test
and has higher power unless d is small. Small values of d, however, are not of much practical
interest since the power is only marginally bigger than the type I error. We will show in Chap-
ter 8 that this interesting property (smaller type | error and higher power) is true in several
other situations, e.g., outlier and contamination models.

Table 6.2: Values of the power for the Weibull W(p, 0); k = 4, n = 10.

p d= 0.0 0.2 0.4 0.6 0.8 1.0
15 F* 0.019 0.06 0.28 0.71 0.87 1.00
F 0.043 0.09 0.27 0.57 0.71 0.96
2 F* 0.032 0.08 0.27 0.60 0.88 0.98
F 0.045 0.09 0.27 0.56 0.83 0.96
4 F* 0.046 0.09 0.27 0.57 0.84 0.97
F 0.044 0.09 0.26 0.56 0.83 0.97
6 F* 0.044 0.09 0.27 0.57 0.84 0.97
F 0.047 0.09 0.26 0.55 0.82 0.96

The values of the power above are obtained by adding and subtracting a constant d from
the observations in the first and the second blocks, respectively. We show in Chapter 8 that F*
has excellent robustness properties due to the umbrella or half-umbrella ordering of the 3. (or
9, cofficients which are the weights given to the order statistics y,, (I < j < n) in each block.

6.7 TWO-WAY CLASSIFICATION AND INTERACTION

Consider the two-way classification fixed-effects model
Vi = H+Y,; +6]. +T; ey (I=<isk,1<j<c,1<l<n) (6.7.1)
with usual interpretation of the parameters , v, 6j and T; (the interaction between the ith

block and the j* column) ; e;; are iid random errors. Without loss of generality we assume that

LY, =59, =51, =51, = 0. (6.7.2)
It is of great practical interest to test the null hypotheses
Hy, iy, =0 (foralli), Hy, : éj =0 (for all j) and (6.7.3)

Hys T = 0 (for all i and j).
Assuming that the random errors g;; are iid normal, the ML estimators ofy, &, T;and o
are, respectively,

Yi.=Y..Yi-VY.Vi-Vi-yty. and
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5o = 5% (Vi - V)N - ko)) (N = nko); (6.7.4)
Vi =ZZyyip/nc, ¥ =Z;Zy/nc and Yy = Zyy/n
are the means of the observations in the it" block, the j® column and the (i, j)™ cell, respec-
tively.
The F statistics for testing H,;, H,, and H; are, respectively,

k
Fo=ncS (Vi -V, )%/ (k=-Ds.? (6.7.5)
i=1
F, = nk Z v -V.)%c - Ds,? (6.7.6)
j=1
k ¢
and Fo=n Y Y (Vg Vi -V +Y.) (k- 1)(c - 1)s .2 (6.7.7)
i=1j=1

The null distributions of F, F, and F; are central F with degrees of freedom (v, v,), (v,,
v, and (v,, v,), respectively:
v,=k-1, v,=c-1, vy=(k-1)(c-1) and v,=kc(n-1)=N-kc. (6.7.8)
Large values of F;, F, and F; lead to the rejection of H,,, H,, and H;, respectively.

If the null hypotheses in (6.7.3) are not true, then the distributions of F,, F, and F, are
noncentral F with degrees of freedom given in (6.7.8) and noncentrality parameters

k k
nc y (vil0)®, nk Y 8;/0)* and nz,%,(1,/0)%, (6.7.9)
i=1 i=1
respectively.

6.8 EFFECTS UNDER NON-NORMALITY

Assume that the random errors g;;, in (6.7.1) have the Generalized Logistic distribution GL(b,
0). Here, the likelihood function is (N = nkc)

Nk ¢ n
! b+17.
- (Ej il:lljl:lllljl [exp(=zy;) /{1 + exp(= 2y} 1 (6.8.1)
Zy = Vi — M-y — 9 —Tlo.
Let Yiiy S Vi S - S Vi (Isisk, 1<js<c) (6.8.2)
be the order statistics of the n observations in the (i, j)th cell. Writing
ZiJ'(|) = (yij(|) —H=Yi— 6] - Tij)/O' and g(z) =e%(1+e?), (6.8.3)

the likelihood equations are
dinL _N _(b+1)

2.2.7,9(z0) =0

ou o o
olnL _nc (b+1
dyi o o n9F)=0
dInL _nk (b+1)
a—5j - ? o ziz| g(zij(|)) =0 (6.8.4)
dinL _n (b+1
o :E T o Z,9(z;q) =0 and

ij
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dinL _ N 1 (b+1)
o 0 z 221 Zygy — i) =
Clearly, there are too many equatlons to solve by iteration which is almost an impossi-
ble task. The ML estimators are, therefore, not available. The LS estimators are inefficient as
we have shown in Section 6, and their relative efficiencies decrease with increasing n.
To obtain the MML estimators which are asymptotically fully efficient, and are highly
efficient for small sample sizes, we linearize the equations (6.8.4) by replacing g(z; ) by
9(zjjgy) Doy =Bz, 1slsn, (6.8.5)
and obtain the modified likelihood equations by incorporating (6.8.5) in (6.8.4). The coeffi-
cients a, and [, are given in (6.4.4) with t; replaced by ty = E{zij(,)}. The solutions of the modi-
fied likelihood equations are the following MML estimators:
p=f -(A/m)o (6.8.6)

A A A ~ A A

i =M M, 6 =Q; -0, Ty =Ry — R —R+R,

and 6 ={- B +,/B? + 4NC}2/N(N - kc); (6.8.7)

; Z > 1 Zija) a(z;

>

A=iA.,A: —(b+1)% m= ZBwB ZZBU,

=1 i=1lj=1

k ¢
c=5Y 5S¢ =(b+1) ZA| Vijoy — M),

i=1j=1 =1

=(b+1) i B Yijay — ﬁij.)2 =(b+ 1)( Z Blyizj(l) - mﬁij.z)j;
& -

[ = (1/kem) zi iz B|y”(|) = (1lcm)Z 2 BIyu(l)'
() = (Ukm)ZZ, By and . = (UM By - (6.8.8)

Note that g is always real and positive since 3, >0 (1 <1<n).
The pivotal estimator is ﬁlij. which has the same efficiency and distributional properties
as l; in (6.4.9). In particular, we have the following properties of the MML estimators.

Efficiency: Since the estimators y;, Sj and 1; are linear contrasts of [1;; , they are unbi-

ased and uncorrelated (asymptotically independent) with §2. In fact, they are the BAN (best
asymptotically normal) estimators. The estimator §2 is asymptotically fully efficient and is
distributed as a multiple of chi-square (Chapter 2).

Minimum variance bounds: The minimum variance bounds for estimating y;, 6 and
t;are (k—1)a%/(b + 1)M, (c - 1)o%(b + 1)M and (k - 1)(c - 1)0%/(b + 1)M, respectively; M = mke.
The true variances of the estimators y;, 6J- and Tij are very close to these bounds even for small

sample sizes as in Section 6.4. This clearly establishes these estimators as highly efficient.
Realize that the MVB estimators do not exist for the GL (b, o) family and, therefore, all estima-
tors will have their variances bigger than the minimum variance bounds.

6.9 VARIANCE RATIO STATISTICS
To test the null hypothesis Hy;, (i = 1, 2, 3) in (6.7.3), we define the variance ratio statistics
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k [N
me(b+1) Yy Vi mk(b+1)y &7
"= i=1 Fo* = =1 6.9.1
! (k - 1)62 2 (c - 1)62 (6.9.1)
k ¢
mb+1) 5§ T
and F* = 1mcd (6.9.2)

(k - 1)(c - 1)6°
Large values of F;* lead to the rejection of H; (i = 1, 2, 3), respectively. For large n, the
null distributions of F,*, F,* and F;* are central F with degrees of freedom (v,, v,),(v,, v,) and
(v5, v,), respectively; v; are given in (6.7.8).
The central F distributions provide remarkably accurate approximations to the per-
centage points even for small n. For example, we have the simulated values of the probabilities
Prob{F; > F, (v, v,) | Hy} (i=1,2,3) (6.9.3)
given in Table 6.3, reproduced from Senoglu and Tiku (2001):

Table 6.3: Values of the probabilities ; k=3,c =4

b=0.5 1 2 3 4 6
n=4 F.* 0.049 0.045 0.045 0.043 0.041 0.040
F,* 0.050 0.046 0.047 0.046 0.044 0.042
F,’ 0.041 0.041 0.045 0.044 0.042 0.041
n=>5 F.* 0.052 0.047 0.047 0.045 0.044 0.042
F* 0.052 0.050 0.050 0.050 0.047 0.045
F;* 0.048 0.045 0.048 0.047 0.047 0.046
n==6 F.* 0.054 0.050 0.050 0.048 0.047 0.044
F* 0.054 0.054 0.054 0.051 0.050 0.048
Fg* 0.053 0.049 0.052 0.051 0.050 0.049

Power properties: For large n, the non-null distributions of F *, F,* and F;* are
noncentral F with degrees of freedom given in (6.7.8) and noncentrality parameters

k k
M2=meb+1) Y (/0)2 A2 =mk(b+1) Y (3;/0)
i=1 =1

k ¢
and A2=mb+1) S Y (T/0)?, (6.9.4)
i=1j=1
respectively. The corresponding noncentrality parameters of the non-null distributions of the
statistics F,, F, and F; are for large n the same as in (6.9.4) with m(b + 1) replaced by n.
Because of (6.4.12), the ratios of the noncentrality parameters of F* to F(i = 1, 2, 3) are all
equal to (b + 2)/b which is greater than 1 for all values of b. The F,* tests are, therefore, more
powerful than the F; tests. For small n, the F,* tests are more powerful than the F; tests by the
same margins as those in Table 6.1 ($enogdlu and Tiku, 2001).

6.10 BOX-COX DATA

Consider the Box-Cox (1964, p.220) data which give the survival times x (in units of 10 hours)
of 48 animals exposed to three different poisons and four different treatments. The experi-
ment was set in a 3 x 4 factorial design with four observations x;; (1 <1 <4) in each cell:
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Treatment
Poison A B C D
| 0.31 0.82 0.43 0.45
0.45 1.10 0.45 0.71
0.46 0.88 0.63 0.66
0.43 0.72 0.76 0.62
1l 0.36 0.92 0.44 0.56
0.29 0.61 0.35 1.02
0.40 0.49 0.31 0.71
0.23 1.24 0.40 0.38
1 0.22 0.30 0.23 0.30
0.21 0.37 0.25 0.36
0.18 0.38 0.24 0.31
0.23 0.29 0.22 0.33

The objective is to test for block (I, Il and I11) effects, column (A, B, C and D) effects and
the interaction effects (block x column). As the tradition has it, assume that &l in the model
(6.7.1) are normal N(O, 0?). The values of the F,, F, and F, statistics in (6.7.5)-(6.7.7) reveal
that the block and columns effects are significant at 1% significance level but the interaction
effects are not significant even at 5% significance level. The latter is erroneous since the data
are known to have interaction (Schrader and McKean, 1977, p.889). This is apparently due to
the wrongful assumption of normality.

Several authors have discussed transformations (Box and Cox, 1964) to normalize the
data which also reduces the interaction effects in this case; see for example, Brown (1975). The
recommendation is that an inverse transformation be applied and Y = 1/X be regarded as
having a near-normal distribution. Usually, it is difficult to interpret transformations as said
earlier but here Y = 1/X has a natural appeal and represents the rate of dying. Calculations
with the F,, F, and F;, statistics for the transformed data reveal that the block and column
effects are significant at 1% significance level but the interaction effects are not significant at
5% significance level (Brown, 1975; Schrader and McKean, 1977).

To have an idea about the underlying distribution, we constructed a Q-Q plot of the
residuals

n
& = Yiju— Vi Yii. = (Un) I_Zlyi,-.; (6.10.1)

Q-Q plots and goodness-of-fit tests are discussed in Chapters 9 and 11. It was found that
the Generalized Logistic GL (b, o) with b = 0.5 provides “close to a straight line” pattern. Also,
the multi-sample goodness-of-fit test does not reject GL(0.5, 0) at 10% significance level (Chap-
ter 9). We conclude, therefore, that GL (0.5, 0) is overall a plausible distribution for the errors.
The resulting values of the F*(i = 1, 2, 3) statistics are given in Table 6.4 for both the original
as well as the transformed data.
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Table 6.4: ANOVA of Box-Cox data based on GL(0.5, 0).

Original data Transformed data
Source df SS MSS F* SS MSS F*
Poison 2 0.322 0.116 30.68** 8.052 4.026 63.90**
Treatment 3 0.280 0.093 17.80** 5.091 1.697 26.93**
Interaction 6 0.089 0.015 2.83* 0.336 0.056 0.88
Error 36 0.180 0.005 2.268 0.063
Scale estimate = +0.005 = 0.072 Scale estimate = 0.251

The block and column effects in the original as well as the transformed data are signifi-
cant at 1% significance level. The interaction effects in the original data are significant at 5%
significance level but not in the transformed data. This agrees with the findings of Schrader
and McKean (1977) who used the Huber (1981) method and the nonparametric R (relative
ranks) method. These methods are very computer intensive and the Huber method is suited
particularly to long-tailed symmetric distributions and not to skew or short-tailed symmetric
distributions (Chapters 2, 7, 8). It may also be noted that the error SS (on 36 degrees of free-
dom) obtained by using the R method are 1.656 and 8.28 for the original and the transformed
data, respectively. The corresponding normal-theory values are 0.801 and 8.64, respectively.
These values are considerably bigger than those given in Table 6.4, i.e., 0.180 and 2.268. It can,
therefore, be concluded that the method based on the MML estimators with Generalized Lo-
gistic GL(0.5, o) provides a more precise analysis of the data besides being computationally
quite straightforward. Moreover, the method extends to other families of distributions and
maintains high power (Tables 6.1-6.2). We will show in Chapter 8 that the variance ratio F
statistics based on the MML estimators have also criterion robustness as well as efficiency
robustness. Also, the method readily extends to unbalanced designs, i.e. n; # nin (6.2.1).

6.11 LINEAR CONTRASTS

It has to be recognized that the variance ratio F statistics provide an overall assessment of the
block (column) differences. The F or F* tests given in Section 6.5, for example, give an overall
assessment whether block differences exist or not. If F or F* statistics are not significantly
large, that does not necessarily imply that no block (column) differences exist. It is, therefore,
always advisable to construct linear contrasts to assess the block (column) effects. It suffices to
consider the one-way classification model (6.2.1).

Consider the linear contrast

K K K
n:zliyi:zli“i (K=K +Y), zli =0 (6.11.1)
i=1 i=1 i=1

k
Without loss of generality we assume that z I, =1inwhich casen is called a standard-
i=1
ized linear contrast; 1,(1 < i < k) are constant coefficients. Two contrasts

k k
N, =2 ki and n,= Y lak (6.11.2)
i=1 =1
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K
are called orthogonal if z I1il2i = 0. A convenient way of constructing standardized orthogonal

=1
linear contrasts is throdgh Helmert transformation:
Ny = (M, — W)/V2
n, = (“1 + My — 2“3)/\/6 (6-11-3)

Mt = (“1 o + Mya — (k - 1)Hk)/\/m;

these are all the possible orthogonal contrasts, k — 1 in number. Each one of them is orthogonal
to the mean vector

(M +Hy+ + /K. (6.11.4)
Replacing p; by {i; (1 < i < k) gives the estimator fj; of n..
If (i; are unbiased or have an equal amount of bias, i.e. E(f1;) is equal to ; or is equal to

H; + 8 (1< i<K), then f, is clearly an unbiased estimator of n,. If {i; (1 < i < k) are independent
of each other (or uncorrelated with each other), then

var(fi) = (ﬁ liZViJOZ, V(1) = V02, (6.11.5)
i=1

Further, if {1; are asymptotically normal and g2 converges too as n becomes large, then
the distribution of the statistic

T:(é'iﬂ‘]/é\/é'? (6.11.6)

is asymptotically normal N(0, 1). If, however, {i; are normally distributed and (N — k)§2/0? is

distributed as chi-square and is independent of {1;(1 <i < k), then T is distributed as the
Student t.

Efficiency and power: Consider the model (6.2.1) with, for example, k = 3 (three blocks).
We consider the two orthogonal linear contrasts

N= M —W)/N2 and n,= (1, +u,—2p)/V6.
If the errors e;; are iid normal N(O, 0?), then the maximum likelihood estimators are

A=V, -Vo)W2 and A, =(y, +Y, - 2y5)W6, (6.11.7)
each having variance %/n which is estimated by s?/n;

kK n
=3 S (v~ Vi) kn-1) (k=3)

i=1j=1
is the pooled sample variance. Under the null hypotheses
Hy:n, =0 and Hg,:n,=0, (6.11.8)
the null distributions of
t,=Vn(A,ls) and t,=Jn A,/ (6.11.9)

are the Student t with v degrees of freedom and the two are independently distributed; v = 3(n
—1). Their non-null distributions are noncentral t with v df and noncentrality parameters A,
and A, respectively;

A%=nn,%0? and \,2=nn,%o2 (6.11.10)
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6.12 NON-NORMAL DISTRIBUTIONS

Suppose that the errors in (6.2.1) have the Generalized Logistic distribution GL(b, o). The
MML estimators of n, and n, are

fy=(fy —f)V2 and A, =@y +0, -2{5.)6; (6.12.1)
{1, are given in (6.4.9); R, and N, are unbiased and their variances for large n are a2/m(b + 1)
Obo?/(b + 2) (Lemma 6.2). To test H,, and H, in (6.11.8), we define the statistics

T,=V{m(b+D}(A/6) and T,={m(b+ 1} (H,/6); (6.12.2)

¢ is the MML estimator of o given in (6.4.7). For large n, the null distributions of T, and T, are
normal N(O, 1). Large valuesof | T, | and | T, | lead to the rejection of H,, and H,,, respec-
tively. The non-null distributions are for large n normal with means

Jib+2 2 and  J{(b+2)/b,%; (6.12.3)

respectively, and variances both equal to 1. Since (b + 2)/b is always greater than 1, the T, tests
are more powerful than the t;(i = 1, 2) tests. For small n, the null and non-null distributions of
T, and T, are referred to central and noncentral t with v df and noncentrality parameters
given in (6.12.13).

Given in Table 6.5 are the values of the type | error and power of the T, and t, tests; the
differences in the values for T, and t, tests are essentially the same. It can be seen that the T
test is considerably more powerful than the t test. Not only is the type I error of T smaller than
that of t, but its power is higher. This is an interesting phenomenon. See also Chapter 8 for
similar results.

Table 6.5: Type | error and power for testing linear contrasts;
k=3and 1=1,=-1,/2=T1,.

n=10 15 20

T T t T t T t
0.0 0.041 0.054 0.041 0.046 0.045 0.049
0.2 0.09 0.10 0.12 0.12 0.16 0.14
0.4 0.24 0.22 0.35 0.31 0.46 0.40
0.6 0.46 0.42 0.68 0.59 0.80 0.71
0.8 0.71 0.65 0.89 0.83 0.96 0.92
1.0 0.89 0.83 0.98 0.95 1.00 0.99

n=10 15 20
T T t T t T t
0.0 0.039 0.051 0.037 0.047 0.034 0.051
0.2 0.18 0.20 0.28 0.28 0.37 0.36
0.4 0.61 0.59 0.81 0.76 0.91 0.87
0.6 0.93 0.90 0.99 0.97 1.00 0.99
0.8 1.00 0.98 1.00 1.00 1.00 1.00

1.0 1.00 1.00 1.00 1.00 1.00 1.00




Analysis of Variance in Experimental Design 149

6.13 NON-IDENTICAL ERROR DISTRIBUTIONS

In the model (6.2.1), and in (6.7.1), we assumed that the random errors e; have the same
distribution. This may not always be true in practice. Let us revisit the Box-Cox data consid-
ered in Section 6.10. Consider the three blocks each consisting of 16 observations, receiving

Poison I, 1l and 111. Denote these observations by e, (i=1,2,3;1=1, 2,...... ,16). Lety;(i=1

2, 3) be the means of the three blocks. The residuals €; =y; -¥i (1 <1 < 16) for the three
blocks when arranged in ascending order of magnitude are

-él(l): —0.546 -0.312 -0.281 -0.275 - 0.264 - 0.254 -0.174
-0.161 - 0.076 —-0.027 0.056 0.225 0.359 0.462

0.532 0.738
52(1): —-0.768 -0.721 —0.586 —0.490 -0.441 —0.306 —0.293
—-0.213 0.084 0.143 0.179 0.245 0.511 0.647

0.930 1.074
53(1): —0.454 - 0.397 —0.326 -0.314 —0.264 —0.257 —0.098
—-0.061 - 0.04 0.082 0.134 0.241 0.280 0.304

0.419 0.752

The Q-Q plots, i.e., the ordered residuals plotted against the population quantiles of
the GL(b,0) family, namely,

ty=t=-1In (q. -1, q,=117, 1<1<16, (6.13.1)
are discussed in Chapter 11. It can be seen that ‘close to a straight line’ patterns are achieved
by taking b, =2.0, b, =1.0 and b; = 6.0 in the three blocks. This makes it necessary to be able

to find efficient estimators of linear contrasts z I,u; when the error distributions from block to

block are not necessarily identical. We also need efficient and robust hypothesis testing proce-
dures to test assumed values of these contrasts. It may be noted that the normal-theory F
statistics are non-robust if the distributions in some of the blocks are positively skew and are
negatively skew in others. This has been illustrated in Chapter 1; see particularly equations
(1.7.8)-(1.7.9). See also Senoglu ad Tiku (2002).

In the model (6.2.1), suppose the errors & (1 <£j £ k) have the Generalized Logistic
distribution GL(b;, 0). Since b; # b (1 < i < k), the variances are also unequal in the blocks. Let

Yia) = Vi) S - Vi) (I1<i<gk) (6.13.2)
be the order statistics of the n random observations in the ith block. The likelihood equations
when written in terms of the order statistics are

dlnL N 1 &k n

W o o IZ“Z (bi + D9(ip) = (6.13.3)
aéC_L e = +1) 2 9eip) = (6.13.4)
olnL E n

and

1k 12 .
36 0 o Z Z Zij " 5 ; ,Zl (b; +Z7;50(z;) = 0; (6.13.5)

1 =1

ZI(J) = (yi(j) —H-= Vi)/O' and g(z) = e—Z/(l + e_z).
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Solving these equations is enormously more difficult than those with b,(1 <i < k) all
equal. Consequently, the ML estimators are even more elusive than before.

Modified likelihood: To obtain the MML estimators, we first formulate the modified
likelihood equations by replacing g(zi(j)) by the linear functional
9(z;) Doy — Biizigy: 1<j<n (6.13.6)
the values of o and Bij (1 <j<n)aregivenin (6.4.3) with 6=t If b, = Db, then ;= 0 and Bij
=B; asin (6.4.4).
The modified likelihood equations are asymptotically equivalent to the likelihood equa-

. . .k .
tions and their solutions are the following MML estimators, assuming 5 (b, + I)m,y; = 0 with-
i=1

out any loss of generality (Senoglu and Tiku, 2002):

n
=0 -0,6, m=> Bj (6.13.7)
=1
Vi=hi -0+, -@Q/m)s (L<i<k), (6.13.8)
and 6={-B +,B2 +4NC}2/N(N - k). N=nk; (6.13.9)
fo=(UM) Zi(b; + )myfl;, M = (b, + 1)m,,
A, = (M) {Z;3,(b; + 1}a;; - N};

b = @m)ZByiey A =ZA
B =33, + DAY — i)
and C = 55(b; + DBy — i)? = Z(b;+ DEB Y2 — i) (6.13.11)

Since the coefficients 3, are all positive, g is real and positive. If b,(1 < i<k) are all equal
and equal to b, the estimators (6.13.7)-(6.13.11) reduce to (6.8.6)-(6.8.8). The estimators above
are asymptotically fully efficient since the MML estimators are equivalent (asymptotically) to
the ML estimators (Chapter 2).

i Oy = o — b+ 1) (6.13.10)

6.14 LINEAR CONTRAST WITH NON-IDENTICAL DISTRIBUTIONS

Consider the estimation of the linear contrast

K K K
8= Lyi=Y Lk, p=p+yls<isk); _lei =0. (6.14.1)
i=1 i=1 i=
The MML estimator of y; is
B =p+y;, =0, —,/m)é (1<isk), (6.14.2)
and the MML estimator of 9 is
. ko ko A
0= Z il = Z li (5, = (A./m;)0). (6.14.3)
i=1 i=1

Realize that {1; (1 <i<Kk), are independent of each other since they are calculated from

independent samples. To derive the expression for the variance of g, we have the following
result.
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Asymptotic covariance matrix: The asymptotic covariance matrix of [1; and ¢ is
given by I7X(p,, 0), where I is the Fisher Information matrix consisting of the elements — E(9° In
L/op?), — E(0? In L/oy,00) and — E(9? In L/dc?) and is given by I(p;, o)

b, b b, + 1 - w)

n (b, iz) (b, +2)
02 bi _ < bi ' ' _ 2
b +2) Wl +D-w(@) k+ Zl (b, +2) ([w'(b; + D)+ W' Q1+ (W(b; +1) - Y@2)I)
(6.14.4)

The values of the functions Y(b) and Y'(b) are given in Appendix 2D (Chapter 2). It is
easy to invert | and we will write

2
0% | Vi V;
1. 6)=1|"1=— it i2 <i<
Cov(y;, 0) =1 n [Vzi sz} (I=is<k). (6.14.5)
Realize thatv,, is the same constant foralli=1, 2,...... , k. The covariance Cov(fi;, 6) and

the variance V() are of order O(N-2). For large n, 8 is an unbiased estimator of 8 (follows from
Lemma 6.1). Its variance to order O(N) is

k k
V() OY 12 V([H)=(0%n) Y 1. (6.14.6)
i=1 i=1

Given below are the values of (a) the bias (E(8) — 6)/a, (b) the variance V(8)/c2, and (c)

the (asymptotic variance)/o? calculated from (6.14.6); k = 3,1, = 1//6 I, =— 2/,/6 and I, = 1/,/6
for illustration:

(b,= 0.5, b,= 1.0, b, = 4.0) (b,;=0.2,b,= 1.0, b, = 6.0)
n=10 (@) —0.0044 - 0.059
(b) 0.326 0.449
() 0.313 0.415
n=20 (@) 0.008 - 0.014
(b) 0.158 0.214
() 0.156 0.207

The bias is negligible and the closeness of the values (b) and (c) implies that @ is highly
efficient, as expected.

k k
Hypothesis testing: To test the null hypothesis H: _leiyi = _leiui =0, we define the
1= 1=

statistic
T:\/ﬁ(iliﬁi]/é'/ihzvi, VES (6.14.7)
i=1 i=1

v;;, are from (6.14.5). The statistic T is location and scale invariant. Large values of | T | lead
to the rejection of H,. Since ¢ converges toc as n becomes large, the null distribution of T is
asymptotically normal N(O, 1). This follows from Lemma 6.1. The asymptotic power function of
the | T | test (with type I error a) is

Power OProb (1 Z 1 2z, - | A ]) (6.14.8)
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where Z is a standard normal variate and

)\Z:n(iiliui]z/(oz élizvi] (6.14.9)

is the noncentrality parameter. The normal distribution gives accurate approximations even
for small n. For example, we have the following simulated values of the probability Prob (] T |
>z, | Hy ), presumed type I error being 0.050; k=3 and I, =1,1,=-2and |; = 1:

(b,= 0.5, b,= 1.0, b, = 4.0) (b,=0.2,b,=1.0, b,= 6.0)
n=10 15 20 10 15 20
0.055 0.053 0.051 0.057 0.053 0.054

Comment: The normal theory statistic

G= \/ﬁ(i Iiyi]/se /i 1,2 (6.14.10)

should not be used in this situation. It has unacceptably high type | error (Chapter 1), usually
much larger than 0.065 (Senoglu and Tiku, 2002).

6.15 NORMAL THEORY TEST WITH NON-IDENTICAL BLOCKS

Assume that in the model (6.2.1), e;; (1 < j < n) are iid normal with mean and variance exactly
equal to the mean and variance 01J the Generalized Logistic GL(b;, 0). The ML (maximum
likelihood) estimators (equivalently, the weighted LS estimators) of p, =p +v, (1< j<n)and o?
corrected for bias are

Wi =¥i —{W(b) —w(1)s and Ezzszziwisizlk; (6.15.1)
=1

n n
Vi=Y yin, s2=3 (vy-y)?in-1), w=1V,(lsisk),
J=1 j=1

Vi =y'(by) +y(l)
Since ¥; and s? are independently distributed, and var(s) = E(s?) — [E(s))]? OO0 for large
N1

var(Hi) OV,(o%n), 1<i<k.
To test H,, therefore, the normal-theory statistic is

s\/i 12V, | ':zl

t= I =o0. (6.15.2)

i=1
The null distribution of t is asymptotically normal N(O, 1). Large values of | t | lead to

the rejection of H,. The asymptotic power function of the | t | test is (with type I error a)
Power OProb (| 21 2z,,- 190 |). (6.15.3)
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Here, the noncentrality parameter is

& = n(g Iiui]Z/(oz Ii |i2viJ. (6.15.4)

Calculations show that V, 2 v, (1 < i < ¢). Hence, 8 < A% and the | t | test is asymptoti-
cally less powerful than the | T | test.

Senoglu and Tiku (2002) simulated the type I errors and power of the two tests. They
showed that the normal distributions provide accurate approximations to the null distribu-
tions of T and t, but the | T | test has considerably higher power than the | t | test. We
reproduce their values in Table 6.6. It can be seen that the | T | test is clearly superior to the
| t ] test. We will show in Chapter 8 that the | T | test is also robust but not the | t | test.

The percentage points for T and t are, respectively, 2.033 and 1.911 for n =10, 2.014 and
1.905 for n = 15, 2.004 and 1.891 for n = 20. They were obtained by simulation in order that
both the tests have the same type | error 0.050. These percentage points are, of course, very
close to those obtained from normal approximations above. For an accurate comparison of the
power, it is advisable to have the same type I error for the two tests. That was the motivation
for using the simulated percentage points.

Table 6.6: Power of | T | and | t |, for testing a linear contrast;

k=5andy, =, =—H3 =, =—HU/2=T.

(b, =0.2,b,=05,b,=1.0,b, = 4.0, b, = 6.0)
n= 10 15 20

1 T t T T T T
0.0 0.050 0.050 0.050 0.050 0.050 0.050
0.2 0.10 0.10 0.17 0.13 0.22 0.17
0.4 0.38 0.31 0.57 0.35 0.72 0.56
0.6 0.74 0.62 0.92 0.80 0.97 0.90
0.8 0.94 0.86 0.99 0.96 1.00 0.99
1.0 0.99 0.97 1.00 1.00 1.00 1.00

Numerical example: Consider the Box-Cox data given in Section 6.10 representing
the survival times. As mentioned earlier, the GL(b, o) family with b = 2, 1 and 6 provide
plausible models for the reciprocal of the observations in the three blocks, respectively. We
consider the two orthogonal linear contrasts of interest, namely,

0, = (4, — )2 and 8,= (U + M, —21)/6. (6.15.5)

The three estimators of 8, and 6,, based on the MML estimators (6.13.7)-(6.13.10), the

weighted LS estimators (6.15.1), and the classical (sample mean and sample variance) estima-

tors of location and scale, and the standard errors of the estimates are given below. Also given
are the values of the corresponding statistics T, t and G:

Estimator Estimate Standard error Statistic
6, = (g — fip)N2 -0.017 +0.050 | T]=0340
0 = (Hy — Hp)W2 ~0.037 +0.052 | t]=0.711

8, = (V1 — V2)V2 0.052 +0.063 | G=0825
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Similarly, we have the following for 6,:

8, 0.361 +0.045 | T]=8.022
0, 0.430 +0.046 | t]=09.348
0, 0.249 +0.052 | G| =4.788

The three tests are in agreement in not rejecting 6, = 0 but rejecting 8, = 0. The conclu-
sion, therefore, is that the first two block effects are not different from one another but are
different from the third block.

To explore whether the column-effects are different from one another, we first con-
structed Q-Q plots of the twelve residuals e = y; —y;; (i=1,2,3;1=1, 2, 3, 4) in each of the
four columns. The plausible models for the four columns turned out to be GL(b, o) with b =1,
6, 6 and 1, respectively. We then considered the three orthogonal linear contrasts

N, = (Hl—Hz)/\/E, N, = (“1+ “2_2“3)/\/6

and Na = (Hy + My + Py — 3p,)/V12.. (6.15.6)
Only the estimate of n, turned out to be significantly different from zero at 5% signifi-
cance level, with | T | =5.810, | t | =6.204 and | G | = 2.736, the estimates of n, being

A, = (0, - [,)N2 =2.068, 0, =({, —H,)N2 =2.098,
In fact, the[T| and|t| tests provide overwhelming evidence for H, :n, =0 not being true.

We will show in Chapter 8 that the T test is robust and has both criterion as well as
efficiency robustness. The t and G tests are not robust. We reiterate, since deviations from an
assumed distribution are very common, one cannot feel comfortable with assuming a particu-
lar distribution and believing it to be exactly correct. For example, somewhat different values
of b; will also provide ‘close to a straight line’ pattern for the Box-Cox data above. It is, there-
fore, advantageous to use robust procedures to safeguard against plausible deviations from an
assumed distribution and to outliers and inliers in a sample. This will be discussed in detail in
Chapter 8.

SUMMARY

In this Chapter, we consider one-way and two-way classification models in experimen-
tal design. We consider the realistic situations when the errors have non-normal distributions.
We obtain the MMLE for block, column and interaction effects. We show that the estimators
are explicit functions of sample observations and are highly efficient. We define statistics analo-
gous to the normal-theory F statistics to test the block, column and interaction effects. We
show that the new tests are more powerful than the traditional normal-theory tests. We give
MMLE of linear contrasts and use them for testing that a linear contrast is zero. We extend
the results to situations when the distributions are nonidentical from block to block. We revisit
the Box-Cox data and give appropriate statistical analyses.



CHAPTER 7

Censored Samples from Normal
and Non-Normal Distributions

7.1 INTRODUCTION

In numerous situations a few observations in a sample are not available due to experimental
constraints. Such samples are called censored samples. Consider a life-test experiment with n
units when the experimenter decides to terminate the experiment with a number of units still
functioning, or the experimenter decides to terminate the experiment at a pre-determined
time with a number of units still functioning. The available observations constitute a censored
sample. To distinguish between the two situations above, Type | and Type Il censoring are
used. Type | censoring occurs when a sample of size n is drawn and the observations which
have values below a pre-determined limit or above a pre-determined limit are censored; the
limits are known but the number of censored observations is random. Type Il censoring occurs
if a pre-determined number (or proportion) of smallest or a pre-determined number (or pro-
portion) of largest observations are censored. For Type Il censoring, the number (or propor-
tion) of censored observations is known while the censoring limits can be considered random.
In this chapter, we primarily deal with Type Il censored samples and refer to them simply as
censored samples. The reason is that censored samples are used in constructing robust proce-
dures, both estimation and hypothesis testing. They are also used for detecting outliers in a
sample and in formulating goodness-of-fit tests (Chapter 9). The Tukey and Tiku estimators
mentioned in Chapters 1 and 2 are based on symmetrically censored samples and are used as
robust estimators of a location parameter. In a symmetric censored sample, an equal number
(or proportion) of smallest and largest observations are censored. In life-test experiments,
however, only a few largest observations are usually censored. Therefore, we consider the very
general situation when a number r, > 0 of smallest observations and a number r, > 0 of largest
observations in a random sample of size n are censored. The remaining observations arranged
in ascending order of magnitude constitute a censored sample of sizen—r, —r,,.

7.2 ESTIMATION OF PARAMETERS

We consider the estimation of location and scale parameters from a censored sample of size
n—r,—r,. Incertain situations, the ML estimators are explicit functions of the order statistics
(censored sample of size n—r, —r,)

Y+ SY(r+2) £ SY(n-1,) (7.2.1)

155
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and their distributions and efficiencies are easy to determine. In most situations, however, the
ML estimators are intractable. We illustrate this by considering the exponential, normal,
Rayleigh, and the LTS family of distributions (2.2.9). We derive the MML estimators and show
that they are explicit functions of sample observations (7.2.1) and are remarkably efficient.

Likelihood function: Let the distribution of the random variable Y be denoted by
(L/o)f((y — w/o). The likelihood function L is the joint pdf of the order statistics (7.2.1),

n! 1 n-r.—-r " ", n-r,
L= (5] b A F ) ) (7.22)
where F(z) = '[_Zm f(z) dz is the cdf and zy=e—Wo r +1<isn-r, Since Y is assumed to
have a location-scale distribution, f(z) is free of p and o.
Exponential: Let the distribution of Y be the exponential
E(6, 0): (1/0) exp{—(y —0)/a}, B<y <o, (7.2.3)
Writing z=(y — 0)/0,

f(z)=e* and F(z) = _[; f(z)dz=1-e7*. (7.2.4)
The likelihood function is
n-r,
LOo™ "7 {1—exp (~z(;, + 1))} exp ‘{ Dzt Z(n—rg] : (7.2.5)
i=r +1

Zq={y s~ 6Yo.
To estimate 6 and o, we have the likelihood equations (Epstein and Sobel, 1953; Tiku,
1967b; Kambo, 1978)

JdinL _ 1
3 :E [(n-r)- rlg(z(rl+l))] =0 (7.2.6)
olnL 1 s
and o o {‘ (N-r —-r)+ Z Zi) ~NZ(r, + 9@, + 1) + 22 -rz)] =0 (7.2.7)
i=rp +1

where g(z) = f(2)/F(z2); f(z) and F(z) are given in (7.2.4).
The solutions of (7.2.6)-(7.2.7) give the ML estimators which when corrected for bias are
(Kambo, 1978)

r+1
0. = Y+p—ad,a= y Un-i+1), (7.2.8)
=1
n-r,
and 6. =| 2 Vi) trYm-ry (M =T)Yqan [(N=1 -1 = 1) (7.2.9)
i=r+1

To evaluate the variances and the covariance of the estimators, we express G in terms
of sample spacings.
Spacings: Consider the order statistics
YoSYoS..SYn) (7.2.10)
of a random sample of size n from the exponential E(8, 0). The exponential sample spacings
are defined as

Di=(n—-i+D{yy-Yi-} Y=86) 1=sisn. (7.2.11)
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The spacings D, are iid exponential E(O, 0); see Appendix 7A. Therefore, 2D;/o (1<i<n)
are independently distributed as chi-squares, each with 2 degrees of freedom.

Lemma 7.1: The estimatorg,, is unbiased and its variance is
V(6,) =0?(n—r —r,-1).
Proof: It is easy to show that (n—r, —r,—1) 6, is the sumof n—r, —r, -1 spacings D;,
ie.,
n-r,
(h-r-r,-1)6,= Y D;. (7.2.12)
i=r+2
Since D, (1<i<n)areiid with E(D,) = o and V(D,) = 02, the result follows.
Corollary: The distribution of 2(n—r, —r, - 1)662/02 is chi-square with 2(n—r,—r,-1)
degrees of freedom.
Lemma 7.2: The statistics Y, +1) and 6, are independently distributed.
Proof: This follows from the fact that the likelihood function (7.2.5) factorizes (Tiku,
1981b), that is,
L Oexp{- (N = r)(Yq, + 1) —6)/ OHL = eXp{= (Y (r, 4 1y — B)O" x @™ 717270 (7.2.13)
The result is important for hypothesis testing.
Lemma 7.3: The estimator éc is unbiased with variance

I’1+l 1 a2
a = +
V() izl (n-i+)*> n-r-r,-1

Proof: Follows immediately from the results given in (1A.8) and Lemmas 7.1-7.2.

Corollary: The covariance between éc and 0, is

Cov (f,, 6,) =—ac?(n—r, —r,—1). (7.2.14)
One-sided censoring: In most life-test experiments assuming exponentiality, r,= 0
(Epstein and Sobel, 1953; Weissman, 1978). Writing r,=r, the following results follow as par-
ticular cases since a = 1/nfor r = 0:
n-r

(a) The ML estimators §, = Yo~ 6./n and 6, = > Y@/(n—-r-1) are unbiased for 6
i=1

and o, respectively, and

1
V(8,) = {“m}—z, V(6,) = ——— (7.2.15)

0.2

nn-r-1°

(b) The random variables 2n(y,,—6)/oc and 2(n-r-1)G./c are independently dis-
tributed as chi-squares with 2 and 2(n — r — 1) degrees of freedom.

The result (b) is important for hypothesis testing.

To test H: 6= 0 against H,: 6 > 0, the statistic

and Cov(@,, 6,) =
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is used. Large values of F lead to the rejection of H, in favour of H,. The null distribution of F
is central F with v, =2 and v, = 2(n —r — 1) degrees of freedom.

Example 7.1: Ten electronic components of each of the two types A and B were put to
test. Due to some technical difficulty, recording of the failure times could not begin until two
components in each of the two types had already failed. The failure times (in hours) of the
remaining components were recorded as follows (Tiku, 1981b):

A: 0 ,0, 409, 455, 509, 519, 541, 543, 550, 583
B: 0,0, 429, 463, 526, 527, 542, 560, 567, 598.

Assuming exponential distributions E(6;, 0) (i = 1, 2) for the life times, one wants to test
the null hypothesis H,= 6, =6, against H, = 6, # 6,; 6, and 6, are the minimum life times of the
two types A and B, respectively.

Consider the general situation when

yl,(r1 +1) and y2‘(rz +1)
are the smallest order statistics in the two censored samples

Yitr+n SYi+2 S =VYin,-s) (i=1,2) (7.2.17)
from the two exponentials E(6;, 0) (i = 1, 2); s; > 0 are the number of largest observations
censored in the two samples, respectively. To test H, against H;, Tiku (1981b) defines the
statistic

U=lYir+1 ~ Yo, +1)|I6<: (7.2.18)
where G, is the pooled estimator, namely,

&, = i (ny -1 —s; —1)6i/§ nj-r-s-1; (7.2.19)
i=1 i=1

0; = { iiiyi,(j) +SiYivn, -5y ~ (i ~ ri)Yi,(ri+1)}/(ni —r-s; -1 (i=1,2)

j=r+1
are the MLE of o calculated from the two samples. Large values of U lead to the rejection of H,,.
Forr,=r,=0, U reduces to the Kumar and Patel (1971) statistic.

Tiku (1981b) derives the null distribution of U using the independence of ¥, , +1 and
6. - He gives the exact expression for the probability

P(USX'HO):J.:f(U)dU
) : 5 (- (" 7.2.20
BNy~ DB, 1, + ) {Z< 2 (. )B<f+lyr1+1) (7.2.20)
< UNL- 1+ + 3 (- 1)I(Irl)3(f+|,r2+1)

x (1/h,d){1— (1 + hx)]
where f=n,+n,-r,-r, d=f-s -s,-2,h,=(n,—-r +1)/d, h,=(n,—r,+1)/dand
B(a, b) =T (a) I'(b)/T'(a + b); see Appendix 7B.

2
For the data above, we haven,=n,= n=10,r,=r,=r=2,s,=s,= 0,d = El (n,—r,-

$,-1)=14,y, (,1)=409,Y, (.1 =429 and 6 = 115.5.
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The statistic U = 20/115.5 = 0.1732 and the probability P(U < 0.1732/H) = 0.49 calcu-
lated from (7.2.20). The null hypothesis H, is not rejected.

Kambo and Awad (1985) generalize the U statistic to k> 2 exponential populations E(6;,
0). Tiku and Vaughan (1991) give a modification of U which results in better power properties.
They also generalize the modified U statistic to k > 2 exponential populations (Vaughan and
Tiku, 1993). See also Shetty and Joshi (1989) who have similar statistics.

Comment: The efficiency of éc in (7.2.8) sharply decreases as r, increases. For n = 10

and r, = 2, for example, the values of (1/52) V (éc) forr;=0, 1 and 2 are 0.0243, 0.0575 and
0.1051, respectively. Censoring of smallest observations should, therefore, be avoided as much
as possible. Censoring of largest observations in a sample from E(8, o) is less damaging; it has
the effect of reducing the sample size fromnton—r,.

7.3 CENSORED SAMPLES FROM NORMAL DISTRIBUTION

Consider now the situation when the censored sample (7.2.1) comes from a normal distribu-
tion N(, 02). The likelihood function L is given by (7.2.2) with

F@) = [ _f@dz and f(z)= (@2 e?”; 2= (y-p)o. (7.3.1)
The likelihood equations are
olnL 1] "~

== Y Zi) ~N091(Z(, + 1) ¥ 1295Z-r,) =0 (7.3.2)

au Y i=r +1 '
olmL 1 S o N _o
and o "o (n-r -rp) _ z+12(i) MZe, 41 9120, + 1) * 120 -1 92(Z(n-r,)) | =0

i=r
(7.3.3)

24 = (y(i) -Wlo, 9,(2) = f(z)/F(z_) and 'gz(z) = f(2)/(1 — F(2)). The equations have no explicit'solu-
tions and have to be solved by iteration. In fact, the Newton-Raphson method can be applied to
solve these equations (Schneider, 1986, p. 73). Nonetheless, the fact remains that the ML
estimators are implicit and it is difficult to make any analytical study of them.

To derive the MMLE which are asymptotically fully efficient, we note that both the
functions g,(z) and g,(z) are almost linear in the vicinity of z (Tiku, 1967, p. 155). We, there-
fore, use the linear approximations

gl(z(rl + 1)) o, — B]_Z(rl +1) and gz(z(n - rz)) Qa, + BZZ(n -r)- (7.3.4)
The coefficients (a,, B,) and (a,, B,) are obtained from the first two terms of Taylor series
expansions around t, = E(z(;, +4)) and t, = E(z(,-,)). This gives

f(t,) f(ty) f(t,)
1= qll |:tl+ qll} and a, = qll + Bty (7.3.5)
f f
and B,=— ;t;) {tz - (tj) } and a, = f;t;) - B,t,, (7.3.6)

f(t) = (2n)'1/2e't2’2; q, =r,/n andq, =r,/n. It suffices to use the approximate values of t, and
t, obtained from the equations

Ft)=r/n and F(,)=1-r/n; F@)=[" ft)dt (7.3.7)
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In (7.3.7), ry/n and r,/n may as well be equated to r,/(n + 1) and r,(n + 1), respectively.
That does not make much difference to the results. It may be noted that (3, and B, are both
positive fractions (0 < 3; < 1) and so are a, and a,. Their values are given in Appendix 7C for
easy accessibility.

Incorporating (7.3.5) — (7.3.6) in (7.3.2) — (7.3.3) gives the modified likelihood equations:

dlnL alnL* nor
3 u o { z Zy = 0y = Byz(y 4 ) (05 +Boz( 1))
H i=r+1
m
= ?(K +Do-n)=0 (7.3.8)
dlnL aInL* 1 N2
and % g . { (N=r —r)+ . %ﬂz ) ~NZy + y(ay - Blz(r1+ 1)

+ rZZ(n—rz)(c‘Z + BZZ(n—rZ)]
1
_—?[(AGZ— Bo-C)-m(K-p)(K+Do—-u]=0 (7.3.9)

where A=n-r,—-r,,m=n-r, —r,+rp, +r,B,, D =(r,a,-ra,)/m,

n I’Z
z Yiy * Py +n t rZBZy(n—rz):|/m

i=r;+1
B =10 n-r) ~K)+ 1oy, +1 —K) (7.3.10)
n-r,
and C= z Yy~ K)? + rB(Yr, +1 ~ K)? + B2 (Y(n-r, ~ K)?
i=r; +1
n-r, 2
= Y Yo B en ¥ Byl -ry) ~MKZ
i=rp +1

The solutions of these equations are the MML estimators:

i =K+D6&, and &, ={B+(B?+4AC)}2,/A(A-D} (7.3.11)
D =0ifr =r, (symmetric censoring).
It is interesting to note that (7.3.8) — (7.3.11) are exactly of the same form as (2.4.2) —
(2.4.3) based on complete samples. Realize also that &, is always real and positive.

The MMLE {1, and G, are asymptotically equivalent to the corresponding MLE. This is
due to the asymptotic equivalence of the modified likelihood and the likelihood equations. The
MMLE (i, and &, are, therefore, asymptotically fully efficient. In fact, Bhattacharyya (1985)
proved rigorously that the MMLE obtained by using the linear approximations such as (7.3.4)
are asymptotically fully efficient not only for the normal N(u, 6?) but also for any other loca-
tion-scale distribution. This also follows from the results given in Appendix 2A.

Incidentally, by solving the differential equations (7.3.8) — (7.3.9) as in Appendix 2C, we
get the modified likelihood function (Tan, 1985; Tiku et al., 1986, p. 38)

C

62 292 (K+D0 H) }H(y) (7.3.12)

B
L*= O—A exp[—— -
o
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where H(y) is an analytic function free of p and o; L* has been called robust likelihood function

since forr,>0and r,> 0 itis devoid of the smallest and largest order statistics in a sample and
is, therefore, not affected much by outliers or long tails. It also follows from (7.3.12) that K, B
and C are asymptotically a minimum set of sufficient statistics for (u, o).

Asymptotic covariance matrix: The asymptotic variances and the covariance of [i,

and G, are obtained from the expected values of the second derivatives of In L or In L*, the
latter being easier to work with in this case. Asymptotically

gl(z(r1 +1)) Dgl(tl) = f(tl)/ql = C(l - Bltl

and 92(Z(n-r,)) 00,(t,) = f(t)/a, = a, + B,t,,
and (Harter and Moore, 1966)

. 1 " 1 t, 2
lim E| = Za | = —=— [2ze7#? dz = —[f(t,) — f(t.)]. 7.3.13
[z“J Tk )~ i
Similarly,
) 1 N=r 5
lim B = 3 20 | = (1-0;-0,) ~ [6(5) - 4] (7.3.14)
i=r +

Using these results, the elements of the Fisher information matrix I(y, o) are obtained:
l,,=m/o*> (m=n-r,—r,+ rp, +rpB), I,=—(r,a,-r,a,)c?
and I, =[2(n—r, —r,) —(r0,t, —ra,t)]/c? (7.3.15)
The results (7.3.15) also follow simply by differentiating (7.3.8) with respect top and o
and taking expectations as in 2A.10 (Chapter 2). Thus, we have the following results. Realize
that g, = r,/n and g, = r,/n are usually less than or equal to 0.2.

Theorem 7.1: Asymptotically (n tend to infinity, r, and r, or g, and g, fixed), the MMLE
fi, and 6, are unbiased and

2 271
N o (r,a, = r04) _
V o—j1-~=—= "2 | A=2(n-r,—-r,)—(r,0t,—r,a.t,),
(fe) l: A ( 1~ 1) — (o5t —royty)

2 271
PN 0° (r,0, —r; o) (r,0, —ry04)
Cov((l., 6.) 00— 1- 7.3.16
(Re. 6¢) m A |: mA ( )
. o2 (r,0,t, = rot)  (ra, —ro,)? -
and V(6,) O 1= (ROt =LAy ty) R0z =, _
A 2A 2mA

Comment: Since (r,a, — r,;a,)?/mA and (r,a, — r,a,)>’mA are very small, they may be
ignored. Thus, the equations (7.3.16) simplify further. In particular, the covariance is zero
(almost) since (r,a, — r,0,)*/mA is also small.

To test the null hypothesis H,: u = 0, we have the following result.
Lemma 7.4: Asymptotically, the conditional (o known) distribution of i (0) = K + Da is
normal with mean p and variance g?/m.
Proof: The result follows from the fact that d In L*/ dp assumes the form (7.3.8) and
E@"InL*op") =0 (r=3) (7.3.17)
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Hypothesis testing: Since from the first equation in (7.3.16), V({l,) 0o?/m to test Hy:
K = 0 we define the statistic
T=vm({ /6,) (7.3.18)
Large values of | T] lead to the ejection of H,in favour of H : u # 0.

Since G, converges to 0 as A = n —r, —r, becomes large, the null distribution of T is

closely approximated by normal N(O, 1) for large A > 20. For smaller A and q, + q,< 0.4, the
probability P(Jt] >t |H,) is closely approximated by P(]t] =t ), t being the Student t statistic

with A — 1 degrees of freedom. The distribution of (A — 1) 5,2/ho?is closely approximated by x?2
with A-1 degrees of freedom; h=V + 1 and
V =Var(g,/o) = (6%/A) [1 - (r,a,t, — rot))/2A]
This result is obtained as in (2.11.19). For q,+q,<0.4, however, V is close tol/ 2(A -1).
For example, we have the following values:

n a, a, (Ua?)V(G,) 1/2(A-1)

10 0.0 0.1 0.058 0.062
0.1 0.1 0.070 0.071
0.0 0.2 0.068 0.071
0.2 0.2 0.098 0.100

The constant h is, therefore, close to 1 and that gives the result that (A — 1)52/0? is
closely approximated by x? with A — 1 degrees of freedom. The result can also be established as
follows.

Lemma 7.5: For large A, the distribution of (A — 1)62/02 is chi-square with A — 1 de-
grees of freedom.
Proof: This follows from the fact that d In L*/0c assumes exactly the same form as
(2.9.4) with n replaced by A and
Bo = 10,(Yn-r,) —H) = 10, (Y, +1) —H)

n-r,

and Co= 2 - W + FB(Yir+n — W2+ LBy(Yn-r,) — W2  (7.3.19)
i=r; +1
Moreover, B./{/(ACy) OO and Cy=m(K - p)? + C;

K and C are given in (7.3.10) — (7.3.11). Thus, the distribution of (A — 1)6%/c2is chi-
square with A — 1 degrees of freedom since K, a linear function of order statistics, is asymptoti-
cally normally distributed.

7.4 SYMMETRIC CENSORING

Ifin (7.2.1) r, = r,=r, then the resulting sample

Yo+ )SYr+2)S - SYnon (7.4.1)
is a symmetric censored sample of size A=n-2r =n(1-2q), g =r/n. All the results given in the
previous section greatly simplify now. For example, we have
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V({1,) Do?m, Cov (fi,, 6,) =0 (7.4.2)
and V(6,) O(c?2A)[1 - rat/A];

tisgivenby F(t)=1-g,m=n-2r+2rB,a,=a,=a and B, = B,=Bin(7.3.4),anda and
[ are both positive fractions between 0 and 1. Also, we have the following beautiful result.

Lemma 7.6: The estimator {1, is BAN and is independent of 6.
Proof: Follows from the fact thatdInL" /du assumes the form

JdinL _odlnL* m .
O =— - 7.4.3
o o o2 (He = 1) ( )

and E(0"*SIn L*/opfdc®) =0 forallr>1 and s> 1.

Remark: The estimator ﬁc is unbiased for all n. This follows from symmetry. Also, the mini-
mum variance bound for estimating p is a?/m (for large A).

To have an idea about how efficient i, is for small n, we give below in Table 7.1 the

values of MVB(l) = 0%/m and the exact variance of fi, calculated from

V(f1,) = (B' Q B)o*/m?, (7.4.4)
B=@+rB,1,1,..,1,1+rp)isavector with n—2r elements and Q is the variance-covariance
matrix of the standardized nor mal variates z; = (y; —H)/0, r + Lsisn—r. The elements of Q
are given in Pearson and Hartley (1972, Table 10) for n < 20. Also given in Table 7.1 are the
values of the variance V(u.*); u.* is the BLUE obtained exactly along the same lines as in

Section 2.7 (Chapter 2). Among linear unbiased estimators, p.* has the minimum possible
variance as said earlier.

Table 7.1: The exact values of (a) (1/6%)V(u.*), (b) (1/6%)V({1,) and (c)(1/c2)MVB(u),
for symmetric censored normal samples.

n=>5 n=10 n=20
Q (@) (b) (c) (a) (b) (c) (a) (b) (c)
0.0 0.200 0.200 0.200 0.100 0.100 0.100 0.0500 0.0500 0.0500
0.1 0.104 0.104 0.103 0.0520 0.0520 0.0517
0.2 0.226 0.226 0.217 0.111 0.111 0.109 0.0552 0.0552 0.0547
0.3 0.122 0.122 0.119 0.0602 0.0602 0.0593
0.4 0.138 0.138 0.133 0.0679 0.0679 0.0665

The MMLE {1, is so highly efficient even for small n that there is perhaps no room for
any other estimator including the MLE to be more efficient. Moreover, the computation of i,
and G, is so straightforward.

Exactly along the same lines as Lemma 7.5, it follows that for a symmetric censored
sample (A — l)fyczlo2 is a multiple 1/h (h 01 for large A) of chi-square with A — 1 degrees of
freedom. Moreover, [i, and G, are independently distributed (asymptotically).

To have an idea about how efficient G, is, we give below the simulated values of the

mean and variance of 6. Also given are the variances of the BLUE ¢_* and the minimum
variance bound MVB(o) 06%/2(A — 1); o = 1 without loss of generality:
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q E(G,) V(&) 1/ 2(A-1) V(o)
n=10

0.1 0.96 0.075 0.071 0.082

0.2 0.93 0.104 0.100 0.129
n=20

0.1 0.99 0.034 0.033 0.038

0.2 0.99 0.049 0.045 0.058

It can be seen that G, is highly efficient and is more efficient than the BLUE o * as
expected. This is due to the fact that 6 is nonlinear and is the MVB estimator for large n (r,
and r, or g, and q, fixed); 6, has the minimum variance only among linear unbiased estima-
tors. Moreover, G, is so easy to compute but the computation of o.* is much involved.

Example 7.2: In an accelerated life-test experiment involving specimens of electrical
insulation (Lawless, 1982, p.226), 10 specimens were put on test and the test was terminated
at the time of the eight failure. The eight observed log-failure times are

6.00 6.43 6.77 7.07 7.40 7.66 8.10 8.40 0O O

which constitute a censored sample withn =10, r, =0andr, =2in (7.2.1). Assuming normality
N(u, 62), the ML and MML estimates are

u o

Cohen MLE 7.59 1.069 (corrected for bias)
Tiku MMLE 7.5895 1.0696 (equation 7.3.10)

The MMLE are numerically the same as the MLE.

Example 7.3: The data below (Gupta, 1952, p.271) show the days on which the first 7 of
a sample of 10 tested mice died after being inoculated with a uniform culture of human tuber-
culosis:

Days after 41 44 46 54 55 58 60 — — -
inoculation
Log days after 1.613 1.644 1.663 1.732 1.740 1.763 1.778 — —_ —
inoculation

The distribution of Y = log (to the base €) days is assumed to be normal N(u, 62). Here,
the estimates are

M o
Cohen MLE 1.7422 0.0792 (Schneider, 1986, p.104)
Tiku MMLE 1.7423 0.0794 (Schneider, 1986, p.104)
Lloyd BLUE 1.746 0.101 (Sarhan and Greenberg, 1962, pp.233-256)

The ML and MML estimates are numerically very close to one another. They also have

essentially the same standard errors. Since V({i;) Do?/m and V(6,) O0%2(A-1),m=n-r,—r,
+rB,+r,pB,, n=10,r,=0,r,=3, 3,=0.7355, the standard errors are
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S.E.({I,) = +0.079,/0.1086 =+ 0.026

and S.E.(6,) =+ 0.079,/0.0833 = +0.023.
The standard errors of the BLUE are
S.E.(u*)=%0.034 and S.E.(0.*)=+0.032.

As expected, BLUE have somewhat larger standard errors. Moreover, their computa-
tion is much involved.

Example 7.4: In a time-mortality experiment (Cohen, 1957), m, specimens die before
observation begins. The experiment is subsequently terminated with m, specimens remaining
alive. Actual survival times are recorded for the specimens which die during the period of full
observation. For a specific sample of this type in which Y, the log survival time in days, is
assumed to be normally distributed,

42
m,=2,m=40,m,=5,y= z yi/40 =1.62011, y ;) = 1.301030,
42 =
Yz =1.903090 and 5 y;*/40=2.646499.
i=3

Heren=47,q,=0.04255, q,=0.10638, and (Tiku, 1967, p.164) a, = 0.62689, 3, = 0.87523,
a,=0.69364, B, = 0.83065.

Substituting these values in equations (7.3.10)-(7.3.11) gives the following MMLE and
their variances and the covariance (Tiku et al., 1986, p.164):

A

(i, = 1.64336, &, =0.20287
(L/6)V([i,) = 0.8978 x 103, (1/6?)V(6,) = 0.5598 x 1073,

(1/6?) Cov(fi,, 6.) = 0.0268 x 10-3.
These may be compared with Cohen’s (1957, p.235) MLE. Incidentally, there is a mis-
take in Cohen’s inverse matrix giving the variances and the covariance of the ML estimators.
This has been corrected and the following obtained:

~
~

i =1.64330, &, =0.20278
1/6?)V({le) = 0.8962 x 103, (1/6)V(8,) = 0.5591 x 103,

(1/62) Cov(l¢, &,) = 0.0265 x 102,

It can be seen that the modified likelihood methodology yields essentially the same
results as the maximum likelihood; see also Chapter 4.

For estimation of parameters in a log-normal distribution, see Finney (1941), Hill (1963)
and Tiku (1968a).

Robustness: Symmetric censored samples are used to formulate robust estimators of
the location (mean) and scale (standard deviation) u and ¢ of LTS distributions. In fact, Tiku
(1980a) in J. Statistical Planning and Inference 4, page 132, made the following statement:

“Nonnormality essentially comes from the tails and once the extreme observations rep-
resenting the tails are censored, there is hardly any difference between a normal sample and
a nonnormal sample and in that situation whatever is good for normal is automatically good
for nonnormal samples.”

This statement is in the spirit of the following colourful remark due to Edgeworth, F.Y.
(1987). Philosophical Magazine 24, page 269:
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“The method of Least Squares is seen to be our best course when we have thrown over-
board a certain portion of our data—a sort of sacrifice which has often to be made by those who
sail upon the stormy seas of probability.”

In the next chapter (Chapter 8), we discuss in detail the robustness features of the MML

estimators I, and 6, based on symmetric censored samples. The robustness of the statistic

t=Jm({i/6,) (7.4.5)
used for testing the null hypothesisH, :p =0 is discussed in Tiku (1980a). It is shown that for
long-tailed symmetric (LTS) distributions with finite mean and variance, and outlier and con-
tamination models, t is as robust as other tests, e.g., the test based on Huber M-estimators; see
also Dunnett (1982).

Example 7.5: Consider the following Darwin’s well-known data (Fisher, 1966) which
represents the differences (in heights) between cross—and self-fertilized plants of the same
pair grown together in one pot:

49 -67 8 16 6 23 28 41 14 29 56 24 75 60 -48

By using a formal test of outliers, we show in Chapter 9 that the two smallest and one
largest observations in this data are outliers. It is imperative that the influence of outliers be
depleted to make efficient estimation of parameters possible (Huber, 1981; Tiku et al., 1986,
Chapter 7). A simple and effective way of doing this is to censor all outliers in the data. In the
present situation, we censor the two smallest and one largest observations. The resulting sam-
ple

6 8 14 16 23 24 28 29 41 49 56 60
is a censored sample withn=15,r, =2,r,=1and A = 12. The MML estimates obtained from
(7.3.10)-(7.3.11) and their standard errors are

A

i, =27.418, 06,=23.452; SE({i;)==% 6c/\/ﬁ =+6.16,
SE(G,) =+ 6,122 =+ 5.00.
If we had assumed that the 15 observations are from normal N(u, ¢2), we would use
Y =20.933 and s = 37.744; SE(y) =+ 9.75 and SE(s) = + 6.89.

The sample mean and sample standard deviation are clearly inefficient if the sample
contains outliers.

To use the estimators I, and 6, based on symmetric censored samples, we censor the
second largest observation also. From the remaining 11 observations (a symmetric censored
sample with n = 15, r, =r, = 2), we have (q = 2/15, a = 0.710, B = 0.820)

fi. =27.713 and &, = 25.498; SE({l;) =+ 6.74, SE (6,) =+5.70

The MMLE and their standard errors calculated from the censored samples with n =15,
r,=2andr,=1,andn=15,r, =2andr, = 2, are not much different from one another. In fact,
we show in Chapter 9 that it is very important to remove all outliers from the sample for
efficient estimation of parameters. If in the process a small number of good observations are
sacrificed, that does not affect the efficiencies of the estimators too adversely.

Tan (1985) studied from a Bayesian point of view the MML estimators [i, and G, above

and the statistic t = /m (f1./6.) based on them. His results are in complete agreement: (i) the
estimators are highly efficient, and (ii) the distribution of t is closely approximated by the
Student t with v = A — 1 degrees of freedom; see also Tan and Balakrishnan (1986).
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7.5 CENSORED SAMPLES IN EXPERIMENTAL DESIGN

As in Chapter 6 which deals with complete samples, the results above based on censored sam-
ples readily extend to Experimental Design (Tiku, 1973). Consider, for example, the one-way
classification model

Vi =H+gte; (I=<i<gsk, 1<j<n); (7.5.1)
g are assumed to be iid normal N(0, 02), p is a constant and g; is the effect due to the it block.
Consider, for simplicity, the symmetric censored samples

Vi i+ Yi, (ry+2)00eeee Yi-ry) (L <i<gk) (7.5.2)
available from the k blocks. Writing
z J:(yi’(j)—u—gi)/o(rﬁ l1<jsn-r),g=r,+landb;,=n-r; (1<i<k), (7.5.3)
and proceeding as in Section 7.3, the modified likelihood equations are obtained. They are

dinL aInL* 1 i
= z. . +rB.(z,. +z =
au au Og{Jza, B(la |b)}
dlnL _dInL* _ 1|
O — Z--+r3.(z. +7Z. =
o9, 09, O{Fai A "bi)} i e
dlnL _dlnL* 1 kX
d O =
an 0o 0o oizzl
b

{‘ (n-2r;) + zl z; % - NiZiq, (0 = BiZia,) + 1z, (0 + Bizi,bi)} =

The coefficient a; and B, are obtained from (7.3.6) with t, replaced by t; and g, replaced
by g; = r/n; t, is determined by J'_t'm f()dt =1-q; (1<i<Kk).
Assuming the constraint
K
> mig; =0 (m;=n-2r;+2rp) (7.5.5)
i=1

in the model (7.5.1), we obtain the following MML estimators as solutions of the equations in
(7.5.4):

K
ﬁ:me/m §; =K, -1 (1<i<k) (7.5.6)
and = (B +/(B? + 4AC)}/2A (7.5.7)
k k-r;
where M = z m;, K= z Yig) *BiVign+y *Yin-r)) (/m,
i=1 j=r+l
K K
= z i—2r), B=) rioi(Yin-ry ~Yiwr+y) and (7.5.8)
=] i=1

K n-r;
Z { z I(]) +rB; (yiz,(ri+1) +yi2,(n—ri) - miKiZ}'

The divisor 2A in ¢ may be replaced by 24/A(A - K) as a bias correction.
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The estimators {1 and §; (1 <i<Kk) are unbiased. This follows from symmetry. For large
A (in fact, large n with r; or g, = r;/n fixed), the distribution of {i; =1+ §; =K; is normal with

mean i, = i + g, and variance 02/m, (1 < i < k). Realize that {i; are independently distributed.
Under the null hypothesis Hy9,=0,=..=9,=0(i.e, u =4, .. =y, =H), the distribution of
Kk K
X2 = z m; ({; - )*/o* (ﬂ: Z miﬁli/M) (7.5.9)
i=1 i=1
is chi-square with k — 1 degrees of freedom.

For large A, (A — k)62/a? is distributed as chi-square with A — k degrees of freedom.
Under H,, therefore,

k
F=Y mi(l -k - 16° (7.5.10)
=1

has a central F distribution with (k — 1, A — k) degrees of freedom. Large values of F lead to the
rejection of Hy in favour of H, : y; # H (i #]). The F statistic has excellent efficiency and
robustness properties (Tiku, 1973; Tiku, 1980).

It may be noted that the constraint (7.5.5) does not affect the value of p + g, in the linear
model (7.5.1) or its estimator (i +§; (1<i<n).
Linear contrast: One is often interested in estimating a linear contrast

K K K
0= z 1ig; :z Il (= +g), Z I, =0
i=1 i=1 =1
and testing that it is equal to zero. The MML estimator of g is
A k ~ A
e:z Lb, B =K (7.5.11)
i=1
8 is unbiased and since {; (1 <i<Kk) are independent of one another, its variance for
large n (r; or g; = r/n fixed) is
R K
V(@©) O0c® Y (1;2m;). (7.5.12)
i=1

The MML estimator of o is g (equation 7.5.7).
The null distribution of the statistic

t, = (il mJ/a /{i (1i2/mi)}} (7.5.13)

is the Student t with A — k degrees of freedom. The t, statistic has excellent efficiency and
robustness properties (Chapter 8).
K

Totestt= ) lig; =0, the MML estimator is
=1

k k
t=3 1,§; with variance V(t) 0o® § |i2(i —i), (7.5.14)
i=1 i=1 m; M

A A A k - - -
since Cov({l;, 1) Do?M and V(f1) Jo?M, M = 3 m,. The null distribution of
i=1
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(30 ofR 23]

is the Student t with A — k degrees of freedom (Tiku, 1973). See also Tiku (1978) who gives
solutions when censoring occurs in linear regression models.

The estimators and tests above readily extend to situations when the number of obser-
vations in the blocks are not necessarily equal or the censoring is not symmetric.

7.6 INLIERS IN NORMAL SAMPLES

Inliers are “bad” observations located close to the mean. Outliers are “bad” observations lo-
cated away from the mean. While outliers are created by a mechanism which pulls a few
smallest and/or largest observations away from the mean (Tiku, 1975, 1977; Hawkins, 1977),
inliers are created by a mechanism which pushes a few smallest and/or largest observations
towards the mean (Tiku et al., 2001; Akkaya and Tiku, 2003). There are, of course, a number of
ways to create outliers in a sample (Barnett and Lewis, 1978). An effective way of depleting
the influence of long-tails or outliers is to censor a proportion of the smallest and largest
observations in a sample. The resulting MMLE are remarkably robust to outliers (Chapter 8).
Similarly, the influence of inliers is depleted by censoring a small proportion of observations in
the middle of the ordered sample. We develop the MMLE from such samples as follows (Akkaya
and Tiku, 2003):

Lety,, Y,,... Y, be a random sample from a normal population N(y, 62). Consider the
censored sample

YiSY, S SY () S S Y4y SS Y (7.6.1)

with n — r, —r, observations censored in the middle of the ordered sample y i)(1 <i<n). Al-
though our method applies to the general situation when r, # r,, but, for simplicity, we take r,
=r, =r. In the framework of robustness, r is chosen to be equal to [0.4n + 1/2]. Thus, nearly
twenty percent order statistics in the middle are censored. Writing Zg = (y(i) — W/o, the likeli-
hood function L is

i=n-r+

1(s 0
LOo? exp{_ 2 (,:Zl 2P+ Y 120)2)}]} [FZria) = FEI™ (7.62)

F(z) = _[_Zm f(z)dz and f(z) = (2m)~Y2 exp(- z?/2). The likelihood equations for estimating p

and o are

olnL 1 (& n

== Z. + 7,
n-2r
- ( o ) [g(z(n_r+]_)) - g(Z(r))] = 0 (763)

dinL 2r 1< ) n 2)

and == — 4+ — Z,: + Z .
_(n-2r)

[Z(n_r+1) g(z(n_r+1)) —Zy g(z(r))] =0; (7.6.4)

f(z(;)
[F(Zn—r+1)) - I:(Z(r))] .

g(z(j)) = (7.6.5)
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The equations (7.6.3)-(7.6.4) have no explicit solutions. The ML estimators are, there-
fore, elusive.

To obtain the MML estimators, we first note that F(z) is distributed as uniform (0, 1).
The ordered variates u, = F(z,,) are, therefore, the order statistics of a random sample of size n
from a unlform (0, 1). Consequently (equation 1A.6), the variances and the covariance of uCi
andu

nore1y ¥ =[0.4 + 1/2], are of order O(n~1). Thus, F(z(n r+1)) F(z ) converges to its expecte
value P = F(t,) — F(t,) very quickly as n becomes large; F(t,) =1 - r/(n +1)and F(t)) =r/(n + 1),
t, =—t, = t. We consider the linear approximations
9(zyy) =ay + Bz and  9(zZq, i) =0y = BoZg iy (7.6.6)

To determine the values of a, and 3, we realize that z ., ,, for fixed q = r/n will be
located in the interval (0, t,) at any rate for large n. Substituting 0 and t, in (7.6.6) gives
a, =a =f(0)/P and B, = B = [f(0) - f(DI/tP  (t=1t) (7.6.7)
where f(0) = (2m)~2 and f(t) = (2m)~2 exp(- t?/2). Realize that is always positive. Similarly, we
obtain a, =a and B, = .
Incorporating (7.6.6) in (7.6.3)-(7.6.4) gives the following modified likelihood equations:

dinL 0 In L* n
=== z Zi
op (Z M * . an+1 (u)J
(n-=2r)
+ o B(Z(r+l) + Z(n—r+l)) = 0 (768)
dlnL _dInL*
and = =- 7.2 4 7
do do [Z » i= nzr+1 ® J
(n-2r )
+ 5 [z(r) (a + Bz(r)) = Z(nrs1) (a — Bz(n_r+l))] =0 (7.6.9)

The claim here is not that the modified likelihood equations (7.6.8)-(7.6.9) are asymp-
totically equivalent to the likelihood equations (7.6.3)-(7.6.4). However, the differences be-
tween the two are very small since (7.6.6) are close approximations.

MML estimators: The solutions of (7.6.8)-(7.6.9) are the MML estimators:

r n
He = {Z Yo+t 2 Yot -2nNBlyq + Y(n—r+1))}/m, (7.6.10)
=1 i=n-r+1
m=2r+2(n-2r)B
and &, =[B+,/(B? +4AC)] 2JAA-1), A=2r; (7.6.11)

= (n - 2r) C((y(n r+1) y(r))

and o~ + Z Yy =M+ (=20 Bl — 1)+ Vurey — )2

r
c=2(
= i=n-r+1
r
=2

Y(|) z y(') +(n—-2r) B(Y(r) +y(n r+1)) mu (7.6.12)

i=n-r+1

It may be noted that G, is always positive since B is positive. As said earlier, r is chosen
to be the integer value [0.4n + 1/2] to achieve robustness to inliers and/or short-tails (Chap-
ter 8).
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n
Efficiency: For the normal N(y, 62), the sample mean y = (1/n) _Zl y; is the MVB estima-
i=

tor with variance V(Y) = ¢?/n. The MML estimator [i, is also an unbiased estimator of ;
follows from symmetry. Its variance is given by

V(fie) = (I' Q)o?/m? (7.6.13)
wherel'=(1,1,...,1+(n-2r)B,0,..,0,1+(n-2r) B, 1,..,1) is a vector with n elements and Q
is the variance-covariance matrix of the standardized normal variates z; (1 <i<n). Givenin

n
Table 7.2 are the simulated means of 6, and s = \/{Zl(yi —)7)2/(n - 1)} and the simulated
1=

variance of s, and the relative efficiencies of i, and 6,
E, =100{V(Y)/V(fi;)} and E,=100{V(s)/V(G)} (7.6.14)
for n =10, 20, 30, 50 and 100. The values of E, for n < 20 are exact, calculated from (7.6.13). It

is seen that [, is only marginally less efficient than the MVB estimator Y. Like s, 6, has
negligible bias but is somewhat less efficient. For short-tailed symmetric distributions and in

situations when the sample contains inliers , {i, and 6, are considerably more efficient than Y
and s, respectively, (Chapter 8). See also Table 7.3.

Table 7.2: Means of 6, and s and the relative efficiencies E, and E, of (i, and &.

n=6 10 20 30 50 100
(1/0)E(s) 0.962 0.966 0.982 0.989 0.995 0.997
(1/0)E(6¢) 0.952 0.969 0.984 0.989 0.995 0.997
(n/a?) V(s) 0.573 0.536 0.535 0.538 0.532 0.553
E, 94.7 98.6 98.7 98.7 98.9 98.9
E, 93.3 96.3 94.3 94.1 93.1 93.1

Remark: The modified likelihood equation (7.6.8) when re-organized assumes the form

= == (i. - ); 7.6.15
o o el U ( )

m is given in (7.6.10). Since the difference between 0 In L/dp and d In L*/du is very small but not exactly
zero, 62/m turned out to be a little larger than the exact variance of [I,. The asymptotic value of — E(62

In L/du?) suggests the formula V(fi¢) = 02/(1.06m) and this gives accurate approximations. For example,
we have the following values:

n==6 10 20 30 40 50 100
n/(1.06m) 1.138 1.050 1.049 1.049 1.049 1.049 1.049
n(variance)* 1.055 1.014 1.034 1.036 1.038 1.039 1.044
* Simulated for n > 20.

Incidentally, for n = 6 the simulated values are E(6) = 0.962¢0 and E(o) = 0.9520; E, = 94 and
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Hypothesis testing: To test H, : u = 0, the proposed statistic is (Akkaya and Tiku,
2003)

T = J106m ({i./6.); (7.6.16)
m, (i, and 6, are given in (7.6.10)-(7.6.11). Large values of T lead to the rejection of H, in

favour of H, : p> 0. Since &, converges to o and [l; is a linear function of order statistics, the
null distribution of T is asymptotically normal N(0, 1). For small n, the null distribution of T is
closely approximated by the Student t with v =n —1 degrees of freedom. For example, we have
the following simulated values of the probabilities Prob(T > t, ,.(v) | H,) and Prob(t>t, ,.(v) |

Hy) t= \/ﬁ()_//s) being the Student t statistic:

n=10 20 30 40 50 100
T 0.049 0.051 0.051 0.050 0.047 0.054
t 0.051 0.051 0.052 0.050 0.048 0.051

For the normal population, the T test has slightly less power than the t test. For short-
tailed symmetric (STS) distributions and in situations when the sample contains inliers, the T
test has considerably higher power than the t test. This is illustrated in Chapter 8; see also
Table 7.3.

M-estimators: We now show that the Huber M-estimators are less efficient than Y and

s and much less efficient than i, and G, for STS distributions. Consider, for example, the
Tukey symmetric lambda distributions defined by the transformation (Joiner and Rosenblatt,
1971)

z=[u'-@-uwn (7.6.17)
where u is uniform (0, 1). The variance of the distribution is
H, = 2[1 = (1/2) B(I, DI/12(21 + 1). (7.6.18)

We take | = 0.585 and 1.45 in which case the distributions are STS with kurtosis p,/j1,?
equal to 2 and 1.75, respectively. Given in Table 7.3 are the simulated means of the MML

estimator G, the sample standard deviation s, and the w24 estimator 6,,. The means of {i., ¥

and [i,, are zero (follows from symmetry). Since V(Y) = 6?/n we only give the relative efficiencies

100{V(f1,)/V(Y)}and 100{V ({1, )/V(f1,,)} of Y and [i,,, relative to the MML estimator [i,. We also

give the values of the variance V(6,) and the relative efficiencies 100{V(6,)/V(s)} and 100{V(G)/

V(6,,)}- The random values generated from (7.6.17) were divided by \/E Therefore, all the

three estimators G, s and G, are estimating o (taken to be 1 without loss of generality):
Table 7.3: Means and relative efficiencies for the STS distributions

| =0.585 I=1.45
n=10 20 40 100 10 20 40 100

E(6.) 0.962 0.969 0.973 0.973 0.955 0.955 0.955 0.959
E(s) 0.984 0.993 0.999 1.000 0.987 0.993 0.996 0.999

E(Gy,) 0.974 1.019 1.036 1.041 0.979 1.030 1.044 1.050
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nV(6¢) 0.285 0.248 0.235 0.220 0.209 0.184 0.164 0.156

RE(Y) 95.4 94.2 93.6 93.7 90.9 90.1 90.4 88.4
RE (fly) 75.9 81.8 83.9 84.2 67.3 75.2 79.6 79.7
RE(s) 89.0 89.6 92.5 92.6 82.6 79.8 77.5 85.6
RE(Gyw) 66.1 70.5 75.7 78.2 54.7 59.8 63.3 73.4

The M-estimators BS82 and H22 have essentially the same relative efficiencies as w24
above. It can be seen that ¥ and s are less efficient than [i, and 6. The M-estimators are less
efficient than y and s and much less efficient than i, and 6.

Akkaya and Tiku (2003) have similar results for numerous other STS distributions, for
example, the family (3.61), and the symmetric distributions with cdf

F(z)=2%1zk, 0<z<05
=1-2k1(1-2)% 05<z<1 (7.6.19)
with k=1.5,2.0 and 3.0 in which case the kurtosis is 2.123, 2.400 and 2.856, respectively. They
have also similar results for the STS distributions with cdf
F(z)=0.5-2K1(0.5-2)% 0<z<05
=05+2x1(z-05)k 05<z<1 (7.6.20)
with k =1.5and 2.0 in which case the kurtosis is 1.486 and 1.330, respectively. Clearly, the M-
estimators are inefficient for STS distributions as said earlier in Chapter 2.

7.7 RAYLEIGH DISTRIBUTION

We have shown that for censored samples from N(y, ¢2), the MMLE are asymptotically the
same as the MLE. We have also shown that for small n, the MMLE are numerically the same
as the MLE (almost). The MMLE have the beauty that they are explicit functions of sample
observations and are easy to compute. We now consider another important distribution, the
Rayleigh distribution. The distribution has the density function

2 -y?lo
fly)=5¥e , 0<y<o, (7.7.1)
and arises in electromagnetic wave propagation through a scattering medium, communication
engineering, and so on (Siddiqui, 1962; Ariyawansa and Templeton, 1984). Realize that x = y?/a

has the exponential distribution E(0, 1). It may be noted that the scale of y is J/o and that is
the parameter of particular interest.

Suppose that the censored sample (7.2.1) comes from the Rayleigh distribution above.
The log-likelihood function is

1
In L = Constant — 5 (n-r,-r,)Inc

n-r, n-ry

2
+ z |nZ(|) - ) z 1Z(|) + I’l In F(Z(I’1+l)) + I’2 In [1 - F(Z(n—rz))] (772)

i=r;+1 i=r +

where z; = y(i)/\/E, F(z) = _[; f(z)dz =1- e” and f(z) = 2ze™%,0 <z < . The likelihood
equation for estimating o is
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dinL _ e S 1 2|
do o —(n-r-r) - rZ+ 1Z(I) —5 Nt 9@, 1) +Zn-ry” |=0 (7.7.3)
1

—52 —52
0(z) = f(z)IF(z) = 2ze™* I(1-e™*).

The equation (7.7.3) does not admit an explicit solution. Lee et al. (1980) adopted an
iterative procedure to solve it but, as expected, found it too time consuming and slowly con-
verging. With a little bit of heavy censoring, in fact, they encountered divergence of iterations
even with the actual population parameter as a starting value (Lee et al., 1980, p.16).

To avoid these pitfalls, we derive the MMLE of o by using the linear approximation
g(z(r1+1)) Ua _Bz(r1+1)- (7.7.4)

From the first two terms of a Taylor series expansion around h, = E(z, . 1)), we obtain

(Tiku et al., 1986)
-h,? 2
R R IR e
z=h,; (1-e ) l-e ™t

f(h)
and a= _q +Bh, (9, = ry/n). (7.7.5)
It is not difficult to show that (Lee et al., 1980, p.19)
ni 11 i—1] - Jr
E(z,)= ——M— -y 7.7.6
o) (i—1)!(n—i)!,—§0[ j oY 2n-i+j+1)°3? (7.7.6)

which is, in fact, the equation (2.8.6) with p = 2. For n > 20, the approximate value of h,
determined from the following equation is used:

12
L ich gi —|-Inf1--" 1
F(h,) = n+1 which gives h, = Y . (7.7.7)
Incorporating (7.7.4) in (7.7.3) gives the modified likelihood equation:
dlnL _odInL* _1 N2 1 2
56 6o __lz_ (n=r-r) . % 12<'> T 5 N2+ @B ) ¥ r22<n—rz)}
=Nn-r;—r,). (7.7.8)

The positive root of (7.7.8) gives the MML estimator of /g,

J6. = (- B +,/B? +8AC)/4A; (7.7.9)

n-ry
B=rayg.yandC=27% Yo +TBYs .y t20y5 ). The MML estimator of o is,
1=+

therefore,
6.= [(B? + 4AC) — B(B? + 8AC)Y2]/8A2. (7.7.10)
As n tends to infinity, Z(,+1) converges to h (r, or q; = r,/n fixed) and since g(z) is a
bounded function over 0 < z < o, g(z, 1)) converges to f(h)/q,. Consequently, (7.7.4) is an
equality. The MML estimator G, is, therefore, asymptotically equivalent to the ML estimator.



Censored Samples from Normal and Non-Normal Distributions 175

Asymptotic properties: The estimator 6, is asymptotically unbiased. This follows
from the first two terms of the Taylor series expansion of E(d In L*/do). That gives

" dinL~*
E(6,)=0+E ( " )/Rz(o) (7.7.11)
where R?(0) = — E(d? InL*/do?). From (7.7.8),
’InL*) _ A 1
- E(T) =57 [1+ A rlotE(z(r“l))] (7.7.12)

Since d In L*/do is asymptotically equivalent to d In L/do and the expected value of the
latter is zero, it follows that E(d In L*/do ) = 0 (asymptotically). It then follows from (7.7.11)

that 6, is asymptotically unbiased.

Since E(z, ,;) Oh, for large n, we obtain the asymptotic variance

o? 1 i
V(6,) DXI::L"-ErlGhl:l : (7.7.13)

The exact values of E(z(, +1) can be obtained from (7.7.6) and used in (7.7.12). The

variances of g, so obtained are not much different from (7.7.13).

Realize that the variance of G, increases much faster with increasing r; than with r,.
Censoring of smallest observations should, therefore, be avoided as much as possible.

Lee et al. (1980) examined the accuracy of the linear approximation (7.7.4). They found
it very satisfactory for large n but deficit for small n. For small n, n < 10 particularly, they
suggested a second-linear-approximation by using the MMLE. This procedure starts with us-

ing (7.7.4) and obtains the MMLE . Now expand 9(z, +1) in a Taylor series around

2 =Y+ 1)/\/5 to obtain

A A d
g(Z(r1+1)) Dg(Z(r1+1)) + (Z(r1+1) - Z(r1+1)) [d_ 9(2):|
z 222 41
=A% =B*Z( 4y (7.7.14)
where p* = -[dg(z)/dz], _, and a*= 9(Z¢, +1) * 2, + B> (7.7.15)

(r+1)
The new coefficients a* and * are then substituted in (7.7.9), replacing a by a* and 3
and f*, and the revised estimator /5 ~ obtained. Realize that |61 is an explicit function of

sample observations and is much easier to compute than the ML estimator. Lee et al. (1980)
found the agreement between &, and the MML estimator § amazingly close. We reproduce

their values in Table 7.4; &
1986, pp. 93-98):

. Is the first-linear-approximation estimator (see also Tiku et al,
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Table 7.4: Comparing the improved MMLE G, with the MLE 3.

a, a, 0, G G, G G,
n=10 n =30

0.1 0.1 2.5133 2.5123 2.94108 2.94108 2.934
0.2 2.0379 2.0369 2.39997 2.39997 2.380

0.2 0.1 2.5337 2.5335 2.95687 2.95687 2.938
0.2 2.0605 2.0603 2.41740 2.41738 2.390

0.3 0.1 2.5335 2.5335 2.95151 2.95148 2.985
0.2 2.0603 2.0603 2.41096 2.41096 2.411

Alternative estimator: LetY) be the order statistics of y,(1 <i < n). Since x = y? is
distributed as exponential E(0, 0), we write X, = y(i)2 (r; +1<i<n-r,) and define the sample
spacings as

=(n- i){x(i+l)—x(i)} ,p+l<isn-r,—-1;
D, are iid exponential E(0, g). The ML estimator of g is

A n-r,—-1
Oc"= Y Di/(n-r-rp,-1J (7.7.16)

i=n+1
with E(6,*) = o and variance V(6,*) =o%(n—r,—r,—1).

Asymptotically, /6, and /6, * are both unbiased estimators of /g and

-1
V(\/a_c)mﬁ[u%rﬁhl} and Vv (J5, %) 0 (7.7.17)

4 (A 1)
this follows from equation (1.2.11) in Chapter 1. The first variance is smaller than the second
since a and h, are both positive.

The estimator ./, is somewhat more efficient than /g, * even asymptotically, although
the latter is easier to compute.

7.8 CENSORED SAMPLES FROM LTS DISTRIBUTIONS

Consider now the situation when the censored sample (7.2.1) comes from a distribution in the
LTS family (2.2.9). Here, the likelihood equations are (Tiku and Suresh, 1992)

dlnL _2p "2
== g(z Z + 2 h z 0 (7.8.1)
ko I_g”( M)~ Me ) Z-r) =
dlnL _ L 2p N2
and a0 _E Ko I_gj(.)g(z(.)) Z(r1+1) hl(z(r1+1))

r
+gzz<n—rz> h, (Z(-+,)) =0, (7.8.2)

A=n-r —r, and z; =(y;—HW/o. The functions g, h, and h, are
g(z) = z/{1 + (1/k)z?%}, h,(z) = f(z){1 - F(2)} and h,(z) = f(2)/F(2);
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F(z) = _[_Zm f(2) dz and f(z) = {1 + (1/K)zZPIVKB(1/2, p — 1/2). (7.8.3)
The equations (7.8.1)-(7.8.2) are almost impossible to solve even by iteration.
To obtain the modified likelihood equations, we use the linear approximation (2.3.13)
for g(z(i)). We also use the linear approximations
hl(z(l’1+l)) Dal - blz(rl+1) and hz(Z(n_rz)) Daz + sz(n_rz). (784)
The coefficients (a,, b,) and (a,, b,) are obtained from the first two terms of Taylor series
expansions of h,(z) and h,(z) around t, = E(Z(, +3)) and t, = E(Z(s - ,)), respectively. For n= 10,
the approximate values of t; and t, obtained from the equations F(t,) = r,/nand F(t,)) =1 -r,/n
may be used (Tiku and Suresh, 1992).

It is easy to show that (a,, b;) and (a,, b,) are given by the following equations with
g=r,/n and q-=r,/n,respectively:

b:-@{@g(t)—@} and a= m—bt (7.8.5)
q (k q q

where t is determined by F(t) = '[_tm f(z)dz =1 - q; g(z) and f(z) are given in (7.8.3). It is easy to

find the value of t since ,/v/ kZ has the Student t distribution with v = 2p — 1 degrees of
freedom; k=2p-3and p=2. For 1<p<2, kisequatedto 1in all the equations above in which
case o is simply a scale parameter.

MML estimators: Incorporating the linear approximations above in (7.8.1) — (7.8.2),
we obtain modified likelihood equations which are exactly of the same form as (7.3.8) — (7.3.9).
The solutions of these equations are the MML estimators:

i, =K+DG&, and &, = (B+4B?+4AC)2/A(A-1); (7.8.6)

n-r;

A=n-r,—r, M=(2p/k) i:%[fi +r,b, +r,b,,

n-r,
D= {(Zp/k) Do —ra; + rzaz}/M,

i=r +1

n-r,
K= {(Zp/k) z Bi¥Yay * b1y +ny + rzbzy(n_rz)}M, (7.8.7)

i=rp+1

n-ry

B= (Zp/k) z ai(y(i) - K) - rlal(y(r1+1) - K) + rzaz(y(n -r) — K)1

i=r +1
n-r,

and C= @pK) Y Bilys —KZ +ra, (Y, +1 — K2+ 1,0,(Yn-r,) — K)?

i=r;+1

n-r.

2
= (@plk) 3 Biy(i)2 + r1bly(2r1+l) + b,y % n 1) = MKZ

i=r +1
D =0if r, =r, =r . Asymptotically (r, and r, or q, and g, fixed and n tends to infinity), the

MML estimators (i, and G, are equivalent to the ML estimators.
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Since d In L*/op when reorganized assumes the form
dlnL _dInL* M
O =— (K+Do -
o o 02( H), (7.8.8)

fi. (0) = K+ Do is conditionally (o known) the MVB estimator for largen—-r, —r, and

V({1 (0)) O0?M. (7.8.9)

For symmetric censoring D=0 in which case (i, = K and the expressions (7.8.7) sim-
plify, i.e.,

n-r
A=n-2r, M= (2p/k) Z B; +2rb,
i=r+1
n-r
K={(2p/k) Z BiYiy *rb(Ye+y +Ym-n) M, (7.8.10)
i=r+1

B=(@2p/k) _ Z AiYe + ra(y(n_r)_y(r+1))

i=r+1
n-r

and c=(2p/k) Z Bilyq - K)? + ro{(Y 41— K)? + (7 K)?}

i=r+1
n-r
The following result is important for hypothesis testing. Realize that {i, is unbiased for
all n — 2r; this follows from symmetry.
Theorem 7.1: For large A (r or r/n fixed), the estimators [i, and G, (based on symmetric
censored samples) have the following asymptotic properties:
(@) fi, is the MVB estimator of u with V({i,) 0o%/M (M given in the equation 7.8.10) and
is normally distributed,
(b) i, and 6, are independently distributed, and

(c) (A - 1)662/02 is distributed as chi-square with A — 1 degrees of freedom.

Proof: The results follow from the following representations of the modified likelihood
equations:

anDOML*_Ei( ) 2811
o o v (He ~H (7.8.11)

with E(0"*®In L*/op'dcS) =0 forallr=1 and s =1, and

dlnL _odIlnL* _ A [C(u) 2}
0 == -0
% % 53 [ A (7.8.12)
where C(p) is exactly the same as (7.8.10) with K replaced by p and
C(1) = M(fi —p)? + C. (7.8.13)

Remark: The chi-square approximations similar to (2.11.17) and (2.11.19) are more accurate
than (c) above.
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To have an idea about how efficient fi, is and how closely 0%/M approximates the true
variance, we give below in Table 7.5 the values of (a) 1/M, (b) (1/6?)V({1,) and (c) (1/0?)V(K*);

r,=r,=r,p=2. The exact variances of {i, and the BLUE p_* were obtained from equations
exactly similar to (7.6.13):

Table 7.5: Exact variances of MMLE and BLUE for symmetric censored samples, p=2.

n=10 n=20
r=1 r=2 r=1 r=2 r=3 r=4
(a) 0.0513 0.0508 0.0255 0.0255 0.0255 0.0254
(b) 0.0550 0.0549 0.0262 0.0263 0.0263 0.0263
(c) 0.0549 0.0549 0.0262 0.0263 0.0263 0.0263

For p > 2 the values (a), (b) and (c) are closer to one another than in Table 7.5. The MML
estimator is clearly highly efficient and g?/M provides close approximations to the true
variances.

It is interesting to note that in Table 7.5 the variance of [i, calculated from a sample
with a proportion g = 0.2 of extreme observations censored is only marginally bigger than the
variance of i calculated from a complete sample. For p =2, n=10and q=q, =q,= 0.2, for
example, (1/02)V(ﬁc) = 0.0549. For p=2, n =10 and q = 0, (1/02)V(ﬁc) = 0.0546. We show in
Chapter 8 that i, and [i are both robust, the former being robust to more extreme deviations
from an assumed distribution in the LTS family (2.2.9).

In an interesting paper, Vaughan (1992a) evaluated the efficiencies of the MML estima-
tors i, and G, . Since for small p (< 3 particularly), the first few and the last few coefficients {3,
in (2.3.14) can be negative as said earlier, he determined the value of r such that 3, are positive
forallr + 1 <i<n-—r. This ensures that 6, is always real and positive. He also noted that
censoring these r smallest and largest observations does not affect too adversely the efficiencies
either of the MMLE or the BLUE u* and o*. He showed that both [i, and &, are highly effi-

cient. He gave two examples to illustrate the closeness of the MLE and MMLE. We reproduce
his results in Examples 7.5 and 7.6; see also Tiku et al. (1986, p.86).

7.9 VARIANCES AND COVARIANCES

The asymptotic variances and the covariance of {i. and G, in (7.8.6) are given by -1y, o),
where the elements of | are

_ 0’InL*)_ M
I, =-E o ) o?

°InL*)_ M
|12:|21:_E(6L160)__02D

1 2p n-rp
- S e e
i=r+
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__(@mL*)_2A|. 1 _|2p "- :
2t E(T) ) ?{1_5 E{Ti}ffi 2) =180 * 2270, J]

(7.9.1) are computed from the expected values of Z; given in Tiku and Kumra (1981). It is
interesting indeed to note that E(z(i)z) are not required to calculate (7.9.1). For r, = r, (sym-
metric censored samples), of course, 1,,=0.
For symmetric censored samples, the MVB(0) is taken to be (Vaughan, 1992a, p.463;
Hill, 1995)
I,,£ = MVB(0) O(p + 1)0%/ 2A(p - 1/2) (p 2 1), A=n-2r; (7.9.2)
see also the equation (2.4.9). A straightforward extension of this result for r, # r, gives
I,,7t = 1{- E(@%In L*/00?)} O (p +1)0?/2A(p - 1/2), A=n-r, -1, (7.9.3)
Writing N = 2A(p — 1/2)/(p + 1), the information matrix is

1 M -MD
(W, 0) = o2l-MD N J (7.9.4)
The matrix (7.9.4) gives the following variances and the covariance for large A=n—r, —r,,

2 -1 2 -1
. o M - . o M 2)
v o2 [1-2p vie )02 [1-Xp
(Be) M( N ) + V(6 BY ( N

D(, M _,\*"
and Cov ({1, 6,) Dﬁ(l_ﬁ DZ) : (7.9.5)

Example 7.5: Sarhan and Greenberg (1962, p.212) present the results of an experiment
measuring the concentration of Strontium-90 in milk, which was assumed to contain 9.22 uC/
liter. Ten measurements were made, with the 3 largest and 2 smallest discarded as being
unreliable. The remaining observations in order are

8.2 8.4 9.1 9.8 9.9

The underlying distribution is assumed to be logistic (see also Tiku et al., 1986, p.86). As
said earlier, the logistic distribution when standardized with respect to its standard deviation

J/3.29 is virtually indistinguishable from the distribution (2.2.9) with p = 5 (i.e., a constant

multiple of the Student t with 9 degrees of freedom). Here, we have the following estimates
and their standard errors. The ML estimate and its standard error are based on the results of
Harter and Moore (1968, p.682). The MML estimate based on the logistic distribution are from
Tiku (1968, p.74); the standard errors are worked out by interpolation in his Table 3. The first
three estimates and their standard errors (within brackets) are based on the logistic distribu-
tion. The last estimate is based on the Student t distribution with 9 degrees of freedom:

Estimate ML MML BLUE MML
u 9.27 (+0.491) 9.27 (+0.512) 9.29 (+0.532) 9.24 (+0.515)
o 1.57 (+0.618) 1.63 (+0.634) 1.69(0.723) 1.62 (+0.693)

Even for this small data set, the ML and the MML estimates and their standard errors
are close to one another. Realize that the computation of the MML estimates (being explicit
functions of sample observations) is much easier than the ML estimates. The computation of
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the BLUE requires expected values and the variances and covariances of order statistics (and

matrix inversions) and is much involved. The MLE have to be computed iteratively.
Example 7.6: Vaughan (1992a, pp.463-464) has 20 observations from the Cauchy dis-

tribution 1/{n(1 + y?)}, — = <y < . Arranged in ascending order, the observations are

-5.137 -3.709 —-3.245 -3.061 —-2.928 —2.127 -0.334
—0.282 -0.199 -0.072 0.186 0.319 0.332 0.556
0.696 0.848 0.961 1.165 3.220 12.621

He calculates five different estimators and their standard errors. The results are given
below:

Estimate of Median MMLE BLUE
M 0.057(+0.568) 0.088(+0.353) 0.056(+0.265)
o 0.518(+1.47) 0.863(+0.501) 0.722(+0.330)
Estimate of Quantile T-S MMLE
M —0.297(+0.682) 0.051(+0.247)
o 1.656(+1.566) 0.663(+0.267)

For the median estimator of g, he uses (y;; —Y;0)/(t 1) — t40) Which is unbiased for . The
MMLE are those in (7.4.8) with r = 6. The BLUE are based on the middle 16 observations as
recommended by Barnett (1966b). The Quantile estimates are from Chan (1970) and are very
unsatisfactory. And the T—S MMLE are those in (7.8.10) with r = 7. He concludes that the T
—S MMLE have the smallest standard errors and are, therefore, most efficient. Barnett (1966b)
discusses the difficulties with the maximum likelihood estimation for such data.

It may be noted that the BLUE and the T— S MMLE are close to one another, the latter
having somewhat smaller standard errors. Like the Quantile estimates, the Median estimates
have large standard errors; both are highly inefficient.

7.10 HYPOTHESIS TESTING

To test H: u =0 against H;: u > 0, we define for symmetric censored samples the statistic
T=JM({./6.); (7.10.1)

M, i, and G, are given in (7.8.10). Large values of T lead to rejection of H in favour of H,. To

ensure that G, is real and positive when p is small (p< 3), rin (7.8.10) is chosen as in Vaughan
(19924, Table I11) unless it is already larger than the values given below:

p n=10 15 20 p n=10 15 20 p n=10 15 20
r r r

1.0 3 5 7 15 2 3 4 2.0 1 2 3

2.5 1 1 1 3.0 0 1 1 3.5 0 0 0

For large A = n — 2r (r or r/q fixed), the null distribution of T is normal N(0, 1). For
A = 20, in fact, the standard normal provides accurate approximations for the percentage
points of T.
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To find the null distribution of T for small A, we use the chi-square approximation
(2.11.17). In view of the fact that E(6,./ o) 01 and from the equation (7.9.3)
h=1+{(p+ 1)/2A(p-1/2)}, (7.10.2)
the null distribution of
T=JM(fi, Vh)6, (7.10.3)

is referred to the Student t with A-1 degrees of freedom. See also Vaughan (1992a, p.465) who
gives a very accurate approximation in terms of the Student t distribution.

7.11 TYPE | CENSORING

In a random sample of size N = n, + n + n, from a normal population N(y, 02), n observations
assume values between two known limits u’ and u” and their numerical values y;(1<i<n)are
available. However, n, observations are less than u' and n, observations are greater than u”
and their numerical values are not available; n, and n, are random (N is fixed). The likelihood
function of this Type | censored sample is

L 0o [F@E@)™ [1-F(@z")]™ eXp[—% i ziz} (7.11.2)
i=1

z;= (y,—W/o,Z=(u'-p/o and z"=(u"-p)/o. The likelihood equations for estimating pu and
c are

olnL _ 1 n, n,
== zZ. ——= 7'+ —=% 7"Y=0 7.11.2
au o izl i T 9.(2') o 9,(2") ( )
dlnL n 12 n n
and ==+ =5 z2-"179,)+—22"g,(2")=0; 7.11.3
Py o o Izl i o 9.(z') o 9,(z") ( )
9,(2) =f(2)/F(z) and g,(z) =f(2)/[1 - F(2)]; (7.11.4)

f(z) = (2m)Y2 exp(-z%/2) and F(z) = _[_Zm f(z) dz. The equations (7.11.2) — (7.11.3) have no explicit
solutions. Specialized tables and nomographs are required to compute the ML estimators from
these equations; see, for example, Cohen (1957; 1991) and Schneider (1986, pp.230-242).

To obtain the modified likelihood equations we realize that for large n, z' is very likely to
be covered by the interval (a,, b,) where

a, ={u—-(y+ siv/n) ¥s and b, ={u' - (y-s/i/n)}s, (7.11.5)

n n
y=3yin and s2=3 (vi-y)n-1.
i=1 i

=1
Of course, ¥ and s? are biased estimators of u and o2, but we are only interested in z'
being covered by (a,, b,), not that it should necessarily be the mid-point of this interval. Simi-
larly, z" is very likely to be covered by the interval (a,, b,) where a, and b, are exactly the same
as a, and b,, respectively, with u’ replaced by u".

To obtain modified likelihood equations, we use the linear approximations
9,(z) Oa, = B,z" and g,(2") =a, +B,z", (7.11.6)
where B, =-{g,(b,) —9,(@)}(b,-a,) and a, =g,(a)+B,a,, (7.11.7)
and B, =—={0,(b,) —g,(a)}(b,—a,) and a,=g,(a,)—-B,a,. (7.11.8)
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Realize that as n tends to infinity, a, Ob, = (u' — Y)/s in which case B, = - {% gl(z)}

evaluated at z = (U’ - y)/s and, similarly, (3,.

In practice, however, the values of z' and z" will hardly ever be known since p and o are
not known.

Substituting (7.11.6) in (7.11.2) — (7.11.3) gives the modified likelihood equations,

dlnL _dInL* _ 1|2 ' )
aw O on _El:i212i ~ Ny (0 =BaZ') + 0y (A +B52 )} (7.11.9)
=D (K+D
=52 ¢ o —H)
aInL aInL* 1 c ] ] " "
and do . o El:_n * gl zi® =Ny (ay = By2Z') + Ny2" (0 + B2 )} (7.11.10)

- _0_13 [(no? - Bo - C) - m(K — u)(K + Do — )] = 0.

Calculations show that (7.11.6) are close approximations, at any rate for large n. Conse-
guently, the differences between the likelihood and the modified likelihood equations are very
small. See also Section 7.13.

The solutions of (7.11.9) — (7.11.10) are the MML estimators:
(=K+DG& and 6 =[B+(B?+4nC)}/2n; (7.11.112)

n

K= [ yi +n.Bu’ + nZBZU"J/m, D = (n,a, —n,a,)/m,
i=1

m=n+nB, +npB,, B=n,a,(u"-K)-na,(u-K)

n
and C=3 (vi —K)? + np,(u - K2 +n,pB, (u" - K) (7.11.12)
i=1
< |2
= Y ¥i" +nB,u?+n,B,u"2-mK2
i=1
Realize that n, and n, are random variables with (N=n, +n +n,)
E(n) = N[F(z") - F(z')], E(n)) = NF(z') and E(n,) = N[1-F(z")]. (7.11.13)
For large n, i and g are unbiased; see also Section 7.13.
Covariance matrix: Differentiating the modified likelihood equations (7.11.9) —
(7.11.10), we obtain
- (02In L*/op?) = m/c> (m=n+nB, +n,p,)
— (02 In L*/opoc) = — (n,a, — n,a,)/o? (7.11.14)

and — (02 In L*/d0?) = 2—2 [1 -1 (nx0,z" —nya 12')]
o 2n
Realize that in practice n,/n and n,/n are small. Following Cox (1961, 1962), Schneider
(1968) and Tiku (1968b), an estimate of the asymptotic covariance matrix of {I and & is given

by It evaluated at p = (I and 0 = &. See the next section for an example illustrating the
remarkable closeness of the MML and the ML estimates. Also, the expected values of I in
(7.11.14) are exactly similar to (7.3.15).



184 Robust Estimation and Hypothesis Testing

As in Section 7.5, the technique above readily generalizes to k Type | censored samples
in the framework of Experimental Design; see also Section 7.13.

7.12 PROGRESSIVELY CENSORED SAMPLES

To quote Cohen (1963, p.328), a progressively censored sample is defined as follows:

“Let N designate the total sample size and n the number of sample specimens which fail
and therefore result in completely determined life spans. Suppose that censoring occurs pro-
gressively in k stages at times T, (I < i < k) and that at the it stage of censoring r, sample
specimens selected randomly from the survivors at time T; are censored from further observa-
tions. It follows that

k
N=n+» i
i=1

In Type | censoring, the T, are fixed and the number of survivors at these times are
random variables. In Type Il censoring, the T; coincide with times of failure and are random
variables, whereas the number of survivors at these times are fixed. For both types, r; is fixed”.

Lety,,Y,.....yy be a k-stage progressively Type | censored sample from a normal popu-
lation N(u, 02). The samples of this kind are encountered in life and fatigue studies in the
context of life-test experiments (Cohen, 1963). Here,

n k
InL=Constant—-nlIno _2% Z (y; —w?+ Z r;i In[1-F(w;)] (7.12.1)
0" i=1 i=1

where  w;= (T, - /o (1 <j<k)and F(w) = (2m)12 _[fvm exp(-z2/2)dz.
Writing z; = (y; — W)/o,

n k
dlnL _ 1 [Z - rjg(wj)}:o
=1 i=1

ou "o i
dlnL _ 1 no o, X
and ==|-n+) z;“+) riw.g(w;)|=0. 7.12.2
o 0{ izl i ,-Zl iW;ig( ,)} ( )
It is not easy to solve these equations (Cohen, 1963).
To obtain the modified likelihood equations, we use the linear approximations
g(wj) |:|C(j + ijj 1<j<k) (7.12.3)
where Q; and B,- are obtained from (7.11.8) with a, and b, replaced by
a, ={T,~ (y+sWm)}s and b, ={T,—(Y-sWn)ys (1<js<k). (7.12.4)
Incorporating (7.12.4) in (7.12.2)-(7.12.3) gives the modified likelihood equations
dlnL _dInL* 112 , K
0 =— zZ:° + rw.(o; +B:w;
ou ou o4 jzl jwiog +Bwy)
m
=—(K+Do-pn)=0
(o]
dlnL _dInL* 1 no, X
and O =—1-n+S z°+ Y rrw.(a; +B:w;
90 90 o gl i jZl jwilag +Bwj)

= ;—;L [(no2—=Bo—-C)-m(K —p)(K + Do — )] = 0. (7.12.5)
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These equations are similar to those in (7.11.9)-(7.11.10). Their solutions are the follow-
ing MML estimators:

il =K+D& and G ={B+,/(B?+4nC)}y2n; (7.12.6)
n k k k
K:( yi+zerjTj}my m:n+zrj' i» D= zriai m,
=1 =1 =1 i=1
k n [
B= M0 (T,- K)andC=Y (y; ~K)* +Y r(T, - K)? (7.12.7)
=1 =1 =1

n k
= Z yi2 + Z r]G]TIZ - sz .
i=1 j=1

Notice the beauty of these expressions. They are, in fact, amended versions of those
given in Tiku et al. (1986, p.100).

Covariance matrix: From (7.12.5), we obtain the following second derivatives

k
— E(0? In L*/0p?) = m/o?, — E(0? In L*/0pdo) = - 3 rja;/o?
=1

2n 1 X T;-u
and — E(02 In L*/90?) = 2 {1— Er ,-Zl ra; [ 5 ﬂ (7.12.8)

Their values are evaluated at p = [l and o = G to give the estimated information matrix.
The inverse of this matrix gives the asymptotic variances and the covariance (estimates).

Remark: The MML estimators for progressive Type Il censored samples are exactly the same as
(7.12.6) — (7.12.7) with (aj, Bj) calculated from (7.3.6) with g, replaced by Oy = jin or ji(n+1),1<j<sk.

Example 7.7: A total of 316 specimens were placed under observation and their life
spans recorded in days (Cohen, 1963, p.337). Ten specimens were censored after 36.5 days and
10 more censored after 44.5 days. Data for this progressive Type | censored sample are as
follows:

N =316, n =296, T, =36.5, T,=44.5, ¥ =39.2703 and s? = 20.1634.

Here (using the values of the normal density f(z) and its cdf F(z) given in Biometrika

Tables: Vol.2, pp.153-155)
a, = 0.803, B, =0.478; a, = 0.820, 3, = 0.800; m = 308.78,
K = 296(39.2703 + 0.5894 + 1.2027)/308.78 = 39.3629;
D = 0.0526, B =19.1351, C = 6221.4168;
[l =39.606 and G =4.617
with the following variances and the covariance:
V(1) =0.0691 Cov({i, 6)=0.0019 V(g)=0.0363.
Cohen (1963) obtained the following ML estimates iteratively:
fil = 39.583 and g =4.611, with
V(1) =0.069 Cov(ji, §) =0.002 V(g§)=0.036
The agreement between the two methods is remarkable, as expected. The MMLE are,

however, very easy to calculate. Unlike the MLE, no specialized tables and nomographs are
required to compute the MMLE.
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Some of the interesting references dealing with estimation problems in life testing are
the following: Bain (1972, 1978), Barlow and Proschan (1975), Bartholomew (1957), Basu and
Ghosh (1980), Billman et al. (1972), Cox (1959), Davis (1952), Dixon (1960), Engelhardt and
Bain (1974b, 1979), Epstein (1960a, b), Epstein and Tsao (1953), Fleming and Harrington
(1980), Gehan and Thomas (1969), Govindarajulu (1964), Harter (1969), Harter and Moore
(1966, 1967, 1968, 1976), Irwin (1942), Johnson (1974), Lagakos (1979), Lawless (1971, 1977),
Lawless and Singhal (1980), Mann (1969, 1972), Mann and Singapurwalla (1983), McCool
(1982), Mantel and Myers (1971), Mendenhall and Hader (1958), Nelson (1972), Tallis and
Light (1968), Wolynetz (1974), Wright et al. (1978), and Zacks (1971).

7.13 TRUNCATED NORMAL DISTRIBUTION

A normal variate assumes values on the real line IR: — <y <. In some practical situations,
however, y is restricted to the range u' <y <u”; u' and u" are known limits. The distribution in
this situation is the truncated normal

f(y) 0e 0 W% e —F@Z)], u<y<u’, (7.13.1)

where z' = (U’ — p)/o and z" = (u" — w)/o and F(z) = '[_Zm f(z) dz is the cdf of the standard normal
f(z) = 2n)~ Y2 exp(— 2%/2), — 00 < Z < oo,

Given a random sample y,, y,,.....y,,, one wants to estimate p and o. To find the ML
estimators, the likelihood function is

n
-5 z2r2

LOo™" e ™ [F(z") - F@Z)]™,
z; = (y; — W/o. The likelihood equations for estimating p and o are

dlnL n|1 &
- | = _ I + " -
o G{r]i;zl 01(2) +0,(2 )} 0 (7.13.2)
dlInL _n 12,
- _1+7 i —— I + " " -
and Py Ol: nizlzl 7'9,(z') +2"9,(z ):l 0

where 9,(2) =f(2)/[[F(z") - (F(z)] and g,(z") =1(z")/[[F(z") - F(z")]. (7.13.3)
Specialized tables and nomographs are needed to solve these equations; see, for exam-
ple, Schneider (1968, pp. 230-242).

To obtain the modified likelihood equations, we linearize the intractable functions g,(z')
and g,(z"):
0,(z) Oa,-B,z" and g,(z") Oa, +B,z". (7.13.4)
The coefficients (a,, B,) and (a,, B,) are obtained as in (7.11.6). Here,a =y +s//n and b
n n
=y-siWn,y=3% vinands? = 3 (v; -y)*/(n - 1), and
=1 i

=1

f(u'—b) f(u'—a) f(u'—a)
S S J_\ S > +Bl(us_a) (7.13.5)

b-a| D(b) b@ | 9% b

B, =
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"o_ no_ u" -a
f(u b) f(u a) f( ) .
S IS IS S u a
- —[51(

" b-a| D(b) D(a) and @, = b s ) (7.13.6)

o) = F(u" —h)_F(u' —h);
S S

D(a) and D(b) are equal to D(h) with h replaced by a and b, respectively. It is easy to
compute (7.13.5) — (7.13.6) since tables of f(z) and F(z) are readily available. Alternatively, an
IMSL subroutine may be used to evaluate the cdf F(z) of a standard normal N(O, 1).

Incorporating (7.13.4) in (7.13.2) gives the modified likelihood equations:

JdlnL dInL* n|1Q , "
z_:_{ﬁZzi—(o(l—Blz)+(0(2+Bzz } (7.13.7)
=1

and, similarly,

ol ol o

i K+D 0
= —F5 + — =
o2 o—H)

dlnL _dInL* _m 1a .,
=—=—|-1+— 2" -7 (0, -B,2")+ 2" (>, +B,2" 7.13.
and a0 Py 0_|: nizzll (o, -B,Z") (o, +B, ):| (7.13.8)
= —%[(02— Bo—-C)- m(K-p)(K+ Do -p]=0.
o
The solutions of these equations are the following MML estimators:
=K+ Dg and §={B+(B*+40)}2; (7.13.9)
K= (y+Bu +Bu")m, m=1+p, +0,, D=(a,—ay)/m,
B=a, U -K)-a,(u -K),
n
C = (Un) _Zl i = K)? 4+ (U - K)2 + By(u" — K)? (7.13.10)
1=
n
= (@Wn) Y Yi© + B2 + B,u"2— mK2,
i=1
Notice the beauty and simplicity of these equations.
Covariance matrix: The elements of the asymptotic covariance matrix are given by
— E(0? In L*/0p?) = m/c?, — E(0? In L*/0pdo) = — (a, — a,)/c?
2n 1
and — E(0?In L*/00?) = 2 [l “on (a,z" - 0(12')}. (7.13.11)

Their values are evaluated at p= {1 and o= G. The inverse of the matrix gives esti-

mates of the variances and the covariance of {1 and §.
Accuracy: To appreciate the accuracy of the linear approximations (7.13.4) we note
that as n becomes large, b — a tends to zero in which case

B, OBy* =~ {% 91(2)} 2”1z

and o, *= UG

=z

+By *Z* (7.13.12)
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and, similarly, 8, OB, and a, Oa’,. Now, we have the equations

n-oN

lim 1 E(i ziJ = J'ZZ zh(z) dz = g,(z') — 9,(z")
i=1

n-onN

R .
and lin — E[Z ZiZJ = jzz 2’h(z)dz = 1 + 2'g,(z') — 2"9,(2"). (7.13.13)
i=1
Consequently,
_ Z' —[91(z') —92(2")]
{1+2'9:(2') ~2"9,(2") - [91(2') - 9. (")}

and z** is similar and has z" in the numerator replacing z'. Given below are the values of the
differences

*

(D) 9,@) - (@*=B*Z) (2) 9,(z") - (a,* + B,*2") (7.13.14)
for numerous truncation points z' and z" (Tiku and Stewart, 1977, p. 1492):

Table 7.6: Values of the difference between g(z) and its linear approximation.

z 2 F@)-F@)  0,2) ) 9,(2) @)
— 0 2.32 0.99 0 0 0.0273 0.001
1.96 0.975 0 0 0.0569 —0.000
1.64 0.95 0 0 0.1095 0.012
1.28 0.90 0 0 0.1954 0.032
0.84 0.80 0 0 0.3506 0.084
—-2.32 2.32 0.98 0.0276 0.001 0.0276 0.001
1.64 0.94 0.0278 0.005 0.1107 0.015
0.84 0.79 0.0342 0.014 0.3551 0.096
- 1.64 1.28 0.85 0.1225 0.034 0.2070 0.055

The differences (1) and (2) are small if the truncated area T(z', z") =1- [F(z") — F(z)]
< 0.20. Consequently, the MML estimators are almost identical to the ML estimators.

If the truncated area T(z', z") is greater than 0.20, the MML estimators may be sharp-
ened as follows:
In the first calculation use y and s in (7.13.5) — (7.13.6) and obtain the MML estimates

f and g from (7.13.9) — (7.13.10). Now use [iI and & in (7.13.5) — (7.13.6) and obtain the revised

estimates from (7.13.9) — (7.13.10). The process might be repeated one more time. The result-
ing estimates are almost identical to the ML estimates.

In practice, one might not know whether the truncated area is small or not. It is, there-
fore, advisable to do one or two iterations always. These iterations are easy to carry out since
the MML estimators are explicit functions of sample observations.

To illustrate the closeness of the MML and the ML estimates, we have the following
examples. The MMLE are the result of the first calculation. Second and third iteraritons make
no substantive difference either in their values or their variances and covariance.

Example 7.8. Right Truncation: To ensure meeting a maximum weight specification
of 12 0z on a certain radio component for an aircraft installation, all production of this compo-
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nent is weighed and those units that exceed the maximum weight are discarded. For a random
sample of 50 units selected from the expected production, y = 9.35 oz and §2=1.1494; n =50
and u” = 12.

Assuming that the weights of the components are normally distributed, we want to
estimate its mean p and standard deviation o.

Herea, =0, 3,=0; a,=0.12872 and 3, = — 0.04443 (from equations 7.13.6).
Substituting these in (7.13.9) — (7.13.10), we obtain the MML estimates:
(il =9.3737 and g =1.0905
Their variances and the covariance obtained by inverting the information matrix evalu-
atedatpu = ando =G are
V(i) 00.0252 Cov(fi, §) 00.0019 V(g) 10.0142
These may be compared to the following MLE given by Cohen (1959):

=938 and & =1.091

with V() 00.027 Cov({i,§) 00.004 V(&) 00.016.

There is close agreement between the two.

Example 7.9. Double Truncation: The entire production of a certain bushing is sorted
through go/no go gauges with the result that items of diameter in excess of 0.6015 inches and
those less than 0.5985 inches are discarded. For a random sample of 75 bushings selected
from the screened production, ¥ = 0.60015 and s? = 0.3762 x 10-%; n = 75, u' = 0.5985 and
u” =0.6015

Assuming the distribution to be normal N(u, 02), we have

a, = 0.08974, 3, =-0.02918; a, = 0.21326, B, = - 0.08021.

The MML estimates are

il =0.60018 and G =0.00068
with V({1) 00.6922 x 108 Cov(fl, ) 00.063 x 108 V(§) 0.452 x 1078,
Cohen (1957) gives the following estimates

A
~

(i =0.60018 and & =0.00066

with V(R) 00.6819 x 108 Cov(fi, &) 00.099 x 108 V/(§) 00.5471 x 10-%.

The agreement between the two methods is remarkably close, as in all the previous
examples.

It may be noted that the modified likelihood equations based on Type | censored sam-
ples are exactly of the same form as those based on Type Il censored samples. The information
matrices are similar, both being asymptotically equivalent to the information matrices of the
MLE. The MMLE have the clear advantage of being explicit and, therefore, easy to compute.
They can also be implemented in more complex situations. We illustrate it by considering the
truncated normal distribution in the context of Experimental Design as follows.

7.14 EXPERIMENTAL DESIGN WITH TRUNCATED NORMAL

Consider the one-way classification experimental design model (7.5.1). Here, the distribution
of e; (1<j=<n)isnormal, truncated at u; and u" (1< i<Kk), i.e., the distribution of e;; (1<j<n)
is
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(V2mo) "t exp{- (y; ~n-g9:)* / 207}
F(z;") - F(z;')
The truncation points u;' and u;" (1 < i < k) are known. Realize thatu + g, is the mode of
the distribution (7.14.1); g; may be called the ith group-effect. Writing
z;= (Yy—m-g)lo,z)=(u'—pu-g)lo and z,"=(u"-u-g)lo, and
9,(z) =f(2)/[F(z") - F(Z')] and g,(z")=f(z")/[F(z") - F(Z], (7.14.2)

u <y <y (7.14.1)

f(z) = (22 exp(-2%/2), F@) = | T(2) dz, (7.14.3)

the likelihood equations work out in terms of the intractable functions g,(z;') and g,(z;"), 1<i<
k. Pearson and Lee (1908), Fisher (1931), Cohen (1955, 1963), Cohen and Woodword (1953),
Halperin (1952), Samford and Taylor (1959), and Taylor (1973) devised procedures (involving
some complicated functions) which are iterative in nature. They are indeed laborious and time
consuming (Tiku and Stewart, 1977, pp.1486-1489).

To obtain the modified likelihood equations, we utilize the linear approximations
9,(z;) Oay; =Bz and  g,(z") Doy, + B,z (1<i<Kk) (7.14.4)
where (a,;, B;;) and (a;, B,;) are given by the equations (7.13.5) — (7.13.6) with (a, b) replaced by
(a;, b;), and u’ and u” replaced by u;" and u,", respectively:

&= ¥;+ s/yn and b =y;-s/yn, 1<i<k (7.14.5)

n n
Vi = jglyij/n and s?= j§1 (yij —¥i)((n — 1) are the sample means and variances.

For estimating , g; and o, the modified likelihood equations are

alnL alnL* nXxj|1pn ' )

ou g .Zl{n ];Z —(ag; =Byzi") + (0 +BaizZ; )}:0
olnL _dlnL* _n |1 & , N

ag, D a9, zo{n Z zjj —(ay; —Byzi') +(az + B2z }—0 (7.14.6)

0|nL_0|nL*_n k 1 L 2 r T " " —
and % —T—Ei;{_l"'ﬁzlzij =z, (O = Byzi") +2,"(0y = Baiz; }_0-

Under the constraint

k
_Zl m;ig; =0 (m,= 1+, +B,) (7.14.7)

the modified likelihood equations above give the following MMLE:
Q:K+D6 §g;=Ki;+D;o6-f1 (1=<ic<k) (7.14.8)

and = (B ++/(B? + 4kC) }/2k, (7.14.9)

where K= Z m;K;/m (m=z miJ, D= Z m;D;/m,
i=1
K,=(y; + By ui +B,u")/m;, D; =(a, —a,;)/m,

B, = a,(u;," - K;) —a,;(u - K;) and

C; =(l/n) i (Vi = K)? + By(uy = K)? + By(uy” = K;)? (7.14.10)
=1
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n
= (1/n) Z yij2 +BU2 + B2 - mKZ
=1

n k
B=>Bi and C=) C;.
i=1 i=1

Remark: Since in practice the sizes of the truncated areas F(z;") — F(z;'), 1< i<k, are not known,
whether they are less than 0.20 or not as mentioned in the previous section, it is advisable to sharpen
the MMLE by doing one or two iterations as explained earlier.

Asymptotic covariance matrix: In view of the equations (7.3.8) — (7.3.9), it is easy to
work out the elements of the Fisher information matrix:

%InL*) nm %InL*) _nm;
= -BE| —M— | = — | =-E| —— | = 7.14.11
11 ( o2 J 2 12 ( 0uog; J 2 ( )

0g;00 o
_ InL*) n X , .
and lg=—E| "o |= 5 > @+aghu —auu). (7.14.12)
0o o° o1

It is interesting to note the simplicity of these elements. The asymptotic covariance
matrix is given by I,

The bias in the MMLE (1, 3 and & is negligible for large n, as illustrated in Sec-
tion 7.13.
Linear contrast: To test the linear contrast

e:élligi :gli(wgi):o, élli =0, (7.14.13)
the MML estimator of 9 is
é:i L, fj=(+§ =K+D05. (7.14.14)
Realize that [1; (1 <i sl_kl) are independently distributed.
The asymptotic variances and covariance of {i; and g are given by 171, where
m; Oy —Qy;

n

K

l=— .

02Oy —0y  » 2+0,z —0yz,")
i

(7.14.15)

Let v, be the first element of I evaluated at p, = {i; and 0 = . To test H,: 6 = 0, we

define the statistic
ko Ik
W= S L | /6] S v | (7.14.16)
i=1 i=1

Large values of W] lead to the rejection of H, in favour of H,: 6.# 0. For large n, the
null distribution of W is referred to normal N(0,1).
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Example 7.9: All production of a certain component is weighed and those units which
exceed the maximum weight specification of 12 ounces are discarded. Two machines are used
in the production and for random samples of 50 units selected from the two accepted produc-
tions,

Machine I : y, =5.3500 and s,2=1.1493

Machine Il : y, =8.9800 and s,2=1.1512.

The problem is to test that p, = |,, 4, and Y, being the modal values of the two produc-
tions. Here, we have the following (a,;=B,;=0;i=1, 2)

0y Byi m; Kj D; B &
I: 0.1379 —0.04775 0.95225 9.2171 0.14481 0.38381 0.77108
I1: 0.0706 —0.02220 0.97780 8.9114 0.07220 0.21808 0.92170

Substituting these values in (7.14.8) — (7.14.10), we obtain the estimates
i, =9.3739, (1, = 8.9896, g =1.0827

The statistic (I,=1 and 1,=-1)
W =0.3843/0.2209 =1.74

which is bigger than 1.64. At 5% significance level, we reject H, in favour of H;: p, > 1, (Tiku
and Stewart, 1977, p. 1499).

SUMMARY

In life-test experiments, Type | and Type Il censored samples occur frequently. Type |
censoring occurs when a sample of size n is drawn and observations below or above certain
pre-determined limits are discarded. Type Il censoring occurs if a pre-determined number of
smallest or largest observations are discarded. Another important situation is when the sam-
ple comes from a truncated distribution. In this Chapter, we consider the three situations and
work out the MMLE of the parameters. For illustration we consider the exponential, normal,
Rayleigh, and the family (2.2.9) of long-tailed symmetric distributions. Other than for the
exponential, the MLE are intractable; nomographs and specialized tables are required to com-
pute them even under a normal distribution let alone non-normal distributions. The MMLE
have expressions as beautiful as those for complete samples (Chapter 2). They are asymptoti-
cally fully efficient and have high efficiencies for small sample sizes. The MMLE are shown to
be numerically the same (almost) as the MLE. We develop hypothesis testing procedures and
show that they are straightforward analytically and computationally. We extend the results to
experimental designs and to estimating and testing linear contrasts. Several real-life applica-
tions are given to illustrate the usefulness of the MMLE.

APPENDIX 7A

EXPONENTIAL SAMPLE SPACINGS
The joint distribution of the order statistics Y (1 <i<n)of arandom sample of size n
from the exponential distribution E(0, o) is

nlo™"e , 9<y(l)s Yoy S o S Yy <. (7A.1)
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Make the transformation

D;=(n—i+1)[ys—Yi_pl Yo =6 (7A.2)
The Jacobian is

113 = [oD;/oy, | = n!
Substituting (7A.2) in (7A.1) and multiplying by J and realizing that

i (Yo -0 = i D;,
i=1 i=1

the joint probability density function of D,, D,,,...... ,D_is

—E D;lo
e'"™ , 0<D;<o, (7TA.3)

and that proves the result.

APPENDIX 7B

To obtain the null distribution of U, we use the following results:

(i) The statistics Y, +1 Y, +1 and G, are independently distributed.

(i) The distribution of 2d6, / o is chi-square with d = f—s, —s, — 2 degrees of freedom;

f=n +n,—r —r,.

Theorem: The null distribution of U(0 < U < ) is given by
r r _ ~d+1)
f(u) = D{zz - ( f)[&(f L +1){1+—(”2 drz + u}
=0

3 r (n,-r +1) @Y
+|Zo (—1)'(Il)B(f+l,r2+1){1+%U} :

D=1{B(n, —ry, r, + 1) B(n, —r,, r, + 1)}, B(a, b) =T (@)l (b)/I (a + b).
Proof. Write
a=r, +1,b=r,+1, A =(y, ,—0)o, A, =(y, ,—6)o,
S, =min(A;, A)), S,=max(A,, A,),R=S,-S,and W =dg_/o.
Then, U = d(R/W). The joint distribution of S, and S, is from (i) above
De (M1~ 1)Sy+(n; - rz)Sz}(l _ e_Al)rl (1- e‘Az)rz , 0<A A <=,
The joint distribution of S, and S, is
D[ e‘{(n1 =1)S; +(n; = 1p)S,} (1- e_sl)rl (1- e‘sz)rz
+ e‘{(n1 =r)S; +(n, — )8} (1- éSZ)rl (1- e_Sl)rZ 0< Sl < SZ < oo,
The joint distributionof Rand S=S, is
[D[e—{fS +(ny -rp)R} (1 _ e—S)rl {1 _ e—(S+ R) }r2
+ e—{fS+(n1—r1)R}(1_ e—S)r2 {1_ e—(S+R)}r1], 0<R,S<w,
The joint distribution of R and Z =exp(-9) is
(D1z) {27 ™ "N (A-2)" (1-ze"R)"
+27fe M ~WR(1 _ ze Ry (1 - Z)rZ}; 0 <R<w, 0<Z<1.
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Integrating over Z from zero to 1 we obtain the distribution of R,

f(R) = D[e'(”z'rz)R rzz - (rlz)e"RB (f+1r +1)

=0

r r
+e (MR > (- 1! (Ilje"R B(f +1,r, + I)}, 0<R <o,
150

Since W is independently distributed as Gamma with parameter d, from (ii) above the
joint distribution of R and W is
f(R)eWwdI-1r(d), 0<R,W <o,
The joint distribution of U and W is
f(uw/d)eW wa-1r(d), 0<U, W <o,
Integrating out W, we get the distribution of U.
For r, =r, =0, the distribution reduces to that of Kumar and Patel (1971).
Corollary: Forr,=r,=r andn, = n, =n, the results simplify, i.e.,

2 ! 1 (r
-1 2n-2r+1l,r+1
{m( (] )

fu) = Bm-rr+)p |~

x (1+ hu)'(d"l)}, 0<u<w;

e 2
-1 2n=-2r+1,r+1
B-rr+ f {go( aUs )
x (Uhd){1- (1+hx) ™},
h=(M-r+I)/d and d=2(n-r-1)-s, —s,.
Khatri (1981) gives the power function of the U test. The derivations are a little too
complicated, however. We do not reproduce it here.

Prob(U < x|]H,) =

APPENDIX 7C

THE COEFFICIENTS FOR CENSORED NORMAL SAMPLES
Forg,=qg,0, =a and B,=B.Forg,=q,0,= a and B,=p:

q a B q o B

0 0 1 0.22 0.7497 0.7721
0.02 0.5954 0.8888 0.24 0.7564 0.7629
0.04 0.6319 0.8696 0.26 0.7626 0.7538
0.06 0.6562 0.8549 0.28 0.7682 0.7446
0.08 0.6748 0.8423 0.30 0.7733 0.7355
0.10 0.6902 0.8309 0.32 0.7779 0.7262
0.12 0.7033 0.8202 0.34 0.7820 0.7169
0.14 0.7147 0.8100 0.36 0.7856 0.7075
0.16 0.7249 0.8003 0.38 0.7888 0.6979
0.18 0.7340 0.7907 0.40 0.7915 0.6882
0.20 0.7422 0.7814 0.50 0.7979 0.6366




CHAPTER 8

Robustness of Estimators and Tests

8.1 INTRODUCTION

Two major problems in statistics are: (i) estimation of parameters and (ii) hypothesis testing.
Traditionally, a particular mathematical form of the underlying distribution is assumed and
optimal solutions of (i) and (ii) sought. Since in practice deviations are very common, one
cannot feel comfortable with assuming a particular distribution and believing it to be exactly
correct even if a great deal of thought is given to identifying the underlying distribution. That
brings the issue of robustness in focus. An estimator is called robust if it is fully efficient (or
nearly so) for an assumed distribution but maintains high efficiency for plausible alternatives.
A fully efficient estimator has already been defined in Section 1.1 (Chapter 1). We would like
our estimator(s) to be fully efficient for an assumed ditribution, at any rate for large n. We
anticipate two types of alternatives to an assumed ditribution: (a) distributions which differ by
moderate amounts and the differences are rather difficult to detect by graph plotting tech-
niques or goodness-of-fit tests and (b) distributions which differ drastically and the differences
are easy to detect (Chapter 9). Distributions of type (a) will be called plausible alternatives. We
are not going to mix (a) with (b) since our concept of robustness is not that of a person who
imagines walking over a rough terrain in darkness and has no feel where the cliff is: assume
normal but imagine it can be as far apart as Cauchy or worse normal/uniform (slash distribu-
tion). Moreover, if an experiment is designed and executed well as it should be, there is no
reason for extreme deviations and so called breakdown points to occur. We are, therefore,
primarily interested in seeking robustness with respect to alternatives (a). We also prefer to
use all the observations in a sample rather than censor some of them implicitly or explicitly as
in Huber (1981) and Tiku et al. (1986), respectively. It is indeed very desirable to avoid censor-
ing of observations since practitioners of statistics are generally dissuaded from deliberately
censoring observations. Should, however, robustness against alternatives of type (b) be sought,
censoring a substantial number of observations might be necessary to achieve robustness. The
reason is that the extreme order statistics in random samples from such distributions have
large or infinite variances and their inclusion inflates the variance of an estimator making it
inefficient.

8.2 ROBUST ESTIMATORS OF LOCATION AND SCALE

In the first place, we want to find estimators of a location parameter (mean) p and a scale
parameter (standard deviation) o which are robust to long-tailed symmetric distributions

195
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(kurtosis p,/l,? > 3). Huber M-estimators are particulary useful here. Alternatively, we recom-
mend taking p small in the family of distributions (2.2.9) and calculating the MMLE [i and &
from (2.4.8) and using them as robust estimators. If for a sample, the value of C in (2.4.8) is
negative (this happens very rarely if p > 3), the values of [1 and & are calculated from the
sample with a; replaced by a;* = 0 and [3; replaced by 3,* = 1/{1 + (1/k)t(i)2}. This ensures that g
is always real and positive. The values of t; (1 <i=<n)are obtained from (2.4.13). Thus, no
tables of the expected values of order statistics are needed to calculate the MMLE [i and §.

We, particularly, recommend taking p = 3.5; see also Lange et al. (1989) and Tiku et al. (2000).
The reason is that (2.2.9) with p = 3.5 is the scaled Student t distribution withv=2p-1=6
degrees of freedom (its kurtosis is finite but all its even moments of order six and higher do not
exist). The distribution is strategically located between the Student t with v = 3 (its even
moments of order greater than two do not exist) and normal (its even moments are all finite).

As plausible alternatives to the assumed distribution f(p, o) in (2.2.9) with p = 3.5 we
consider the following, all having finite mean and finite variance, i.e., alternatives of type (a)
above.

Misspecification of the distribution:
LDp=2 2)p=25 (3)p=5 (4) p = o (normal). (8.2.1)
Dixon’s outlier model:
(n —k,) observations come from f(3.5, o) and k; (we do not know which)
come from (5) f(3.5, 20), (6) (3.5, 40), (7) f(w, 40); (8.2.2)
k, =[0.5 + 0.1n] (integer value).
Mixture model:

(8) 0.90f (3.5, 0) + 0.10 f(3.5, 40). (8.2.3)
Contamination model:
(9) 0.90 f(3.5, 0) + 0.10 Uniform (- 0.5, 0.5). (8.2.4)

The distribution f(3.5, o) will be called population model and the distributions (1) — (9)
will be called sample models. Note that f(e, 0) is the normal distribution N(u, 2).

Without loss of generality we take pu = 0 in which case the mean of all the distributions
above is zero. The estimators (i and fi,, are both unbiased for . The estimators g and G,, both

estimate 1o (1 > 0); T is, in fact, the square root of the ratio of the variance of the sample model
to the variance of the population model. The coefficientt has no role to play in the computation
of the estimators. Its values are given in Table 8A.1 only for determination of the bias and the

MSE (mean square error) of g and §G,,. Since the assumed population model is f(3.5, 0), the
coefficients a; and {3, (or a;* and B;*) are computed from (2.3.14) or (2.4.12) with p = 3.5 and
used for all the sample models (1) — (9) above. It may be noted that the estimators (i, §), ({1,

6,,) etc., are matching estimators, i.e., for large n
V{Vm{VE(6)} 01 (for the assumed distribution), and
Vv{Vn(i, /[E(G,,)} O1.

This gives the asymptotic distribution of Jm{y6 and /n {i,/6,, as normal with vari-
ance 1; 0%/m is the asymptotic variance of [i.
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The simulated variances of I and {1, and the simulated means and MSE of g and 6,,,
are given in Appendix 8A (Table 8A.1). The simulated means of {i and fi,, are not reproduced
since they are equal to zero (almost) as expected. It may be noted that {i is uncorrelated with

6 and, similary, [i,, is uncorrelated with G,,. This follows from symmetry. The values for the
M-estimators BS82 and H22 are not reproduced since they turned out to be essentially the
same as w24; see also Dunnett (1982) and Tiku et al. (1986). The simulated values given in
Table 8A.1 are based on [100,000/n] (integer value) Monte Carlo runs and their standard er-
rors are well within £0.005. Turker (2002) has similar results.

It may be noted that for p = 3.5 in (2.2.9), the minimum variance bounds for estimating
p and o calculated from (2.3.19) and (2.4.9) are

MVB(u)=0.857¢%/n and MVB(o)=1.5¢6%/2n. (8.2.5)

For the population model f(3.5, 0), it is clear from Table 8A.1 that the MMLE {1 and 6
are very highly efficient. In fact, they are the MVB estimators for large n. They are also unique
and explicit and are easy to compute. Maximum likelihood estimators have enormous compu-
tational difficulties and are, therefore, elusive (Chapter 2); see also Barnett (1966a) and Vaughan
(1992 a; 2002, p. 230) who discuss this issue in detail.

It can be seen from Table 8A.1 that [i is on the whole as efficient as 1,,. However, there
is a problem with 6, : it can have substantial downward bias and has on the whole larger MSE
than g. We conclude, therefore, that the MMLE |1 and g are jointly more efficient than the M-

estimators i, and g, for the very wide range of long-tailed symmetric distributions repre-
sented by the models in Table 8A.1. It may also be noted that no observation is censored in
calculating the MMLE (i and g. In calculating the w24 estimators fi,, and 6, (and BS82 and

H22) an unknown number of smallest and largest observations are censored, and the number
is random depending on how many observations satisfy the constraint |z;] <m(1<i<n), z;=
(y; = To)(hS)) as in (2.11.10).

The reason for the inherent robustness of the MMLE is that B/~/nC 00 at any rate for
large n. Consequently,

62 OCIN—1):C=@pK) 3 By (g ~ 1)
i=1

and

=l

n n
= Z Biyi/m [m: Z BiJ- (8.2.6)
i=1 i=1

But the coefficients f; (1 < i < n) have umbrella ordering, i.e., they increase until the
middle value and then decrease in a symmetric fashion. For p = 3.5 and n = 20, for example,
the first ten (3, coefficients are given in (2.10.5); B,_;,,=B; . Thus, the extreme observations
Y in 1 and extreme deviation squares (y(i)— {1)? in g2 automatically receive small weights.
This depletes the influence of extreme observations and gives the MMLE the inherent robust-
ness property they have. They are also highly efficient for the assumed distribution; in fact,

they are the MVB estimators for large n. In other words, {I and g are robust estimators,
robust to plausible deviations from the assumed distribution.

Robustness of the MMLE [1 and 6 with respect to the symmetric models (1) — (9) above
(all having finite mean and finite variance) was achieved by using a strategically chosen value
of pin (2.2.9), i.e., p=3.5. Consider now alternatives of type (b) above, e.g., the following distri-
butions (called disaster distributions in Tiku et al., 1986, p. 60);
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Outlier model: (10) (n — k;)N(0, 6%) and k,N(0, 95?),

(11) (n - k,)N(0, 0?) and k,N(0, 100 ¢?), k, = [0.5+0.2n], (8.2.7)
(12) Student t,, (13) Cauchy, and
(14) normal/uniform. (8.2.8)

It may be noted that the variances of (10) and (11) are very large, the variance of (12)
does not exist, and both the mean and variance of (13) and (14) do not exist. The extreme order
statistics in random samples from (12) — (14) have infinite variances.

The models (10) — (14) are rare but have been considered in robustness studies (Huber,
1981; Tiku et al., 1986). Such extreme models can easily be detected by plotting techniques
(Lawless, 1982, Section 2.4; Cleveland, 1984) or Q — Q plots and/or formal goodness-of-fit tests
(Chapter 9) and remedial action taken and the process that produces such extreme deviations
corrected. However, the Huber M-estimators are very useful here in estimating the location
parameter p. Computation of the w24 estimators reveals that for models (10) — (14) a large
proportion of observations in a sample do not satisfy the condition |z]< 1tin (2.11.10) and are
censored implicitly and, similarly, for the BS82 and H22 estimators. For achieving robustness
with respect to extreme deviations represented by (10) — (14), we recommend the use of the
MMLE (i, and &, based on the censored sample (Tiku, 1980; Dunnett, 1982)

Yo+ SYr+2)SSYnon (8.2.9)
with r =[0.5 + 0.3n]; see also Tiku et al. (1986) and Vaughan (1992a). Since a normal distribu-
tion provides an adequate fit to the middle fourty or so percent order statistics (8.2.9), in
conformity with the notion that non-normality essentially comes from the tails (Section 7.4 in
Chapter 7), we take p = in (2.2.9). Realize that for p = », (2.2.9) reduces to normal N(u, 2). Of
course, any other value of p in (2.2.9) may be chosen but that does not necessarily enhance the
efficiencies in any substantial way since a majority of observations are censored.

The expressions for the MMLE (i, and 6, are givenin (7.3.11), r, = r, = r. They are easy
to compute and 6., is always real and positive. Given in Table 8.1 are the simulated variances
of i, and i, reproduced from Tiku et al. (1986, p. 60), both being unbiased for . Also given

are the simulated means of 6, and §G,,, both presumed to estimate o. The values for the M-

estimators BS82 and H22 are not reproduced since they are essentially the same as w24. We
take o = 1 without loss of generality.

It can be seen that the MMLE (i, like {l,,, has good robustness properties with respect
to models (10) — (14). The MMLE &, is on the whole closer to 0 than 6, is. Incidentally, i is

considerably more efficient than the sample median for all the distributions in Table 8A.1 and
Table 8.1. We are, however, primarily interested in more realistic models such as (1) — (9)

above. Here, the MMLE [i and & based on complete samples are very useful as robust estimators.

Table 8.1: Means and variances of robust estimators; n = 20, k, = 4.

Estimator (10) (12) (12) (13) (14)
Variance Ay 0.098 0.105 0.106 0.185 0.362
fe 0.092 0.113 0.095 0.167 0.329

Mean O 1.33 1.39 1.37 1.80 2.53
o) 1.15 1.26 1.15 1.41 2.09

o
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It may be noted that the simulated means and variances of the robust estimators above
are good measures of their bias and efficiency since their distributions are normal or near-
normal.

8.3 COMPARISON FOR SKEW DISTRIBUTIONS

Although the M-estimators are not particulary suited to skew distributions, but let us venture
to evaluate their performance and that of the MMLE used in Section 8.2 (for symmetrical
distributions) for two representative skew distributions from the Generalized Logistic family
GL(b, 0), b =0.5and b = 4. The skewness and kurtosis of these two distributions are

b=05 b=4
Skewness —0.855 0.868
Kurtosis 5.400 4.758

The estimators (1 and [i,, both are estimating p* =p + {{(b) — p(1)}o, and 5 and 6,

both are estimating 1o, 1= {'(b) + ¢’ (1)}. The values of Y(b) and Y'(b) are given in Appen-
dix 2D (Chapter 2). Given in Table 8.2 are the means and the MSE (mean square errors) of the
estimators. Also given are the values of p* and 1; p and o are taken to be equal to 0 and 1,
respectively, without loss of generality. Note that p* and t have absolutely no role to play in
the computation of the estimators.

It can be seen that the M-estimators [1,, and 6,, are trailing behind: they have generally

larger bias and larger MSE than the MMLE [l and §. See also Table 2.4 (Chapter 2) which
gives the means and MSE of the MML and the bias-corrected w24 estimators. The results for
other skew distributions, e.g. the Weibull family, were found to be similar. The conclusion is
that the MMLE perform better than the M-estimators for skew distributions. We have also
shown in Chapter 7 that for symmetric short-tailed distributions, the M-estimators are less
efficient than y and s and much less efficient than the MMLE (based on samples censored in
the middle). See also Section 8.6 for additional results on the MMLE.

Table 8.2: Means and MSE of the MML and w24 estimators for skew distributions.

Mean MSE
n i My 6 g i Hy & g
b=0.5
p* =-1.386, T = 2.565
10 -1.310 —1.243 2.719 2.161 0.604 0.647 0.716 0.669
20 —1.256 -1.220 2.662 2.268 0.307 0.334 0.321 0.328
40 —-1.234 —-1.224 2.612 2.310 0.166 0.178 0.155 0.192
60 —-1.225 -1.223 2.594 2.324 0.122 0.127 0.099 0.141
b=4
p*=1.833, 1 =1.513
10 1.781 1.746 1.493 1.207 0.188 0.205 0.198 0.171
20 1.757 1.746 1.459 1.262 0.095 0.102 0.090 0.081
40 1.746 1.749 1.436 1.284 0.050 0.052 0.040 0.042
60 1.739 1.750 1.433 1.294 0.040 0.040 0.028 0.030
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8.4 COMPARISON WITH TUKEY AND TIKU ESTIMATORS

For models such as the ones considered in Section 8.2, the Tukey estimators i, and
Orrim (given in 1.2.5 and 2E.1) and the Tiku estimators [i. and G, (given in 2E.2 — 2E.3) are
used as robust estimators. Both are based on censored samples (8.2.9) with r = [0.5+0.1n]. To
have an idea about their efficiencies as compared to the MMLE [i and g based on complete
samples (Section 8.2), we give in Table 8.3 the simulated variances of i, and [i,, (both being

unbiased for ) and the simulated means and MSE of 6, and G, It suffices to reproduce
values only for four models as in Table 8.3 since the values for other models are similar. It can

be seen that, like the M-estimator G,,, 6, and particularly 64, can have substantial down-
ward bias. Moreover, they are not on the whole as efficient as the MMLE [i and g (based on
complete samples). It is interesting to note that (fi., 6.) are essentially as efficient as (fi,,,
0,,); see also Tiku et al. (1986, Chapter 2).

The Tukey estimators are on the whole a little less efficient (jointly) than the Tiku
estimators; see also Tiku (1980) and Dunnett (1982).

It should be stated that the Tiku estimators have a rigorous foundation and are defined
for a censored sample

Y+ SY@+2) S-SV, ) (8.4.1)

withr,>0and r,>0, r, and r, not necessarily equal. If the underlying distribution is normal,
they are fully efficient for large n; for small n, they are at least as efficient as the BLUE
(Chapter 7). These results, of course, extend to other distributions (Chapter 7). See also
Bhattacharyya (1985).

8.5 HYPOTHESIS TESTING

In practice it is advantageous, since the underlying distribution is not known exactly, to use a
hypothesis testing procedure which has both the criterion robustness as well as the efficiency
robustness (Preface). Consider in the first place long-tailed symmetric (LTS) distributions of
the type (1/0)f((y — n)/o). To test H,: u=0, we have the following robust statistics.

The statistic based on the MMLE is
T=+M ({1/5) (8.5.1)
Table 8.3: Means, variances and mean square errors of Tukey and Tiku estimators.

Var Mean MSE

n Me M O Ot O Or

True model: T=1

10 0.092 0.090 0.874 0.812 0.095 0.103

20 0.046 0.044 0.884 0.818 0.051 0.066

40 0.022 0.021 0.894 0.825 0.029 0.047

60 0.015 0.014 0.902 0.831 0.022 0.038
Model (1): t=1

10 0.064 0.059 0.708 0.658 0.153 0.176

20 0.032 0.029 0.712 0.659 0.116 0.144
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40 0.016 0.014 0.715 0.660 0.097 0.129
60 0.011 0.009 0.715 0.660 0.092 0.125
Model (3):1=1
10 0.098 0.097 0.912 0.847 0.086 0.091
20 0.048 0.047 0.925 0.856 0.043 0.053
40 0.024 0.024 0.933 0.861 0.022 0.034
60 0.016 0.016 0.934 0.862 0.016 0.029
Model (5): T = 1.140
10 0.108 0.103 0.940 0.873 0.138 0.156
20 0.053 0.050 0.965 0.893 0.075 0.099
40 0.026 0.024 0.963 0.889 0.053 0.082
60 0.018 0.017 0.965 0.890 0.045 0.074

where M = (2p/k) E B;; B, are replaced by B,* (1 <i < n) whenever the latter are used in the
i=1

computation of i and g as explained in Section 8.2. In the robustness framework using YM

in (8.5.1), in place of \{np(p - ¥2)/(p - 3/2)(p + 1)} in (2.10.3), gives type | errors generally a
little closer to a pre-assigned level.

The statistic based on the wave estimators w24 is
t,=Vn({,/6,). (8.5.2)
The statistic based on the BS82 and H22 estimators are exactly similar to t . For exam-
ple, the statistic based on the BS82 estimators is
t, = Vn({ig/63). (8.5.3)
Large values of the statistics lead to the rejection of H, in favour of H,: > 0. The null

distribution of T and t, (and tg ) are referred to the Student t with n — 1 degrees of freedom,
the asymptotic distributions being normal N(O, 1).

Given in Table 8.4 are the simulated values of the probabilities (type | errors)
Prob{T >t (v)|H,)} and Prob{t, >t (v)|H.} (8.5.4)

for eleven models considered in Table 8A.1; t, (v) is the 100(1 — a) percent point of the Student

t distribution withv = n — 1 degrees of freedom. The Student t provides accurate values except
for the null distribution of t, when n is small (< 20). Here, the percentage points of t, need
correcting since its type | error is a little too high; see also Tiku et al. (1986, p.119).

When the percentage points of t, for n < 20 are corrected, its power is not on the whole
higher than that of T in any substantial way. Consider, for example, the LTS distribution f(p,
o) with p =3.5. For n =10 and 20, the 95 % points of t  are 2.10 and 1.816, respectively. Given
in Table 8.5 are the simulated values of the power for some of the models considered in Table
8A.1. It suffices to reproduce values only for four models. The values for other models are
similar. For n > 20, the differences in the values are of the same order.

It can be seen that the T test is essentially as powerful as the t, test. The T test also

extends to short-tailed symmetric and skew distributions as follows. See also Akkaya and Tiku
(2003).
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8.6 ROBUSTNESS FOR STS DISTRIBUTIONS
Consider the family of STS (short-tailed symmetric) distributions

1 Ay -zl 1(y-uY
0 2n0{1+§(¥)} EXP{_E( o )}’_w<y<w; (8.6.1)

A=r/(r—d), d<r. The MMLE of p and o, obtained exactly along the same lines as in Section
2.4 (Chapter 2), are

{ :_i Biy(i)/m (m = i B.] and
& = (- AB +4/(AB)? + 4nC/2,/n(n - 1)); (8.6.2)

Table 8.4: Values of type | errors of the T and t, tests, presumed value is 0.050.

T ty T ty T t,
n True model Model (1) Model (2)
10 0.044 0.064 0.042 0.067 0.044 0.065
20 0.046 0.053 0.043 0.055 0.051 0.064
40 0.045 0.047 0.044 0.050 0.039 0.047
60 0.052 0.053 0.057 0.056 0.050 0.056
Model (4) Model (5) Model (6)
10 0.053 0.067 0.045 0.065 0.036 0.066
20 0.055 0.059 0.043 0.060 0.034 0.054
40 0.054 0.051 0.048 0.059 0.030 0.047
60 0.056 0.052 0.048 0.050 0.050 0.050
Model (7) Model (8) Model (9)
10 0.039 0.066 0.038 0.065 0.046 0.066
20 0.034 0.052 0.033 0.053 0.046 0.058
40 0.036 0.052 0.031 0.047 0.038 0.047
60 0.041 0.056 0.048 0.045 0.042 0.047
n n n 2 ~2
B=) ®iyp and C= > Bl - 02 =3 Biyep" -mi°. (8.6.3)
i=1 i=1 i=1

For A < 1, the coefficients a; and (; (given in 3.6.14) are used. For A > 1, a; and B, are
replaced by o;* and ;* (given in 3.7.5), respectively.
For large n, {1 is the MVB estimator of p with variance V({i) 0 o?/m. This follows from

the asymptotic equivalence of likelihood and modified likelihood equations and the representation

olnL DaInL*_m(A W)
o o o2 H—H). (8.6.4)

For achieving robustness with respect to STS distributions and to inliers, we choose a
strategically located member of the family (8.6.1); r =4 and d =0 (A = 1) is a good choice since
the kurtosis of the distribution is 2.370 and is a value between 1.80 (kurtosis of a uniform
distribution) and 3 (kurtosis of a normal distribution).
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Table 8.5: Values of the power of T and t, tests, 0 =1.

nu=0.0 0.4 0.8 1.2 nu=0.0 0.2 0.4 0.6 0.8
n=10 n=20
True model
T 0.045 0.34 0.78 0.97 0.045 0.24 0.57 0.86 0.98
t,, 0.047 0.32 0.76 0.96 0.050 0.24 0.56 0.85 0.97
Model (1)

T 0.040 0.44 0.86 0.97 0.040 0.28 0.69 0.92 0.98
t,, 0.046 0.45 0.88 0.99 0.047 0.32 0.74 0.95 0.99
Model (3)

T 0.049 0.34 0.77 0.97 0.048 0.23 0.57 0.84 0.98
t,, 0.045 0.30 0.73 0.95 0.044 0.23 0.54 0.83 0.96
Model (5)

T 0.042 0.36 0.81 0.97 0.046 0.23 0.60 0.88 0.98
t,, 0.046 0.34 0.79 0.97 0.049 0.24 0.62 0.88 0.98
Model (8)

T 0.036 0.47 0.86 0.96 0.034 0.30 0.71 0.92 0.98
t,, 0.047 0.50 0.92 0.99 0.049 0.37 0.81 0.97 1.00

To compare the MMLE [1 and ¢ with the sample mean y and the sample standard
deviation s, we give in Table 8A.2 the simulated variances of {1 and y for a variety of models
(STS distributions); both estimators are unbiased for p. Also given are the means and variances
of § and s. The alternatives we consider are the following sample models (1) — (4); the popula-
tion model being (8.6.1) with r = 4 and d = 0. Realize that § and s both estimate 10; 1 is the

square root of the ratio of the variance of the sample model to the variance of the population
model.

Misspecification of the distribution:
(1) The normal N(O, 1) with kurtosis 3.
(2) Tukey lambda family z = {u® — (1 —u)'¥/1 with 1=0.585, 1 =1 and | = 1.45, the kurtosis
being 2, 1.80 and 1.75, respectively.
(3) The symmetric short-tailed family with cdf (cumulative distribution function)
F(z)=2k-1zk, 0<z<05
=1-2k-1(1-2)% 05<z<1 (k>1). (8.6.5)
We take k = 1.5, 2.0 and 3.0 as in Dudewicz and Meulen (1981, p.969) with kurtosis
2.123, 2.400 and 2.856, respectively.
(4) The symmetric short-tailed family with cdf
F(z)=0.5-2k-1(05-2) 0<z<05
=05+2%-1z-05) 05<z< 1 (k>1). (8.6.6)
We take k = 1.5 and 2.0 (Dudewicz and Meulen, 1981) with kurtosis 1.486 and 1.330,
respectively.

It can be seen that the MMLE [I and & obtained by assuming a strategically located
distribution from the STS family of distributions (8.6.1) are remarkably efficient and robust.
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This is due to the inverted umbrella ordering of the coefficients B,(or 3,*): they constitute a
sequence of values which decrease until the middle value and then increase in a symmetric
fashion. For r =4 and d = 0 and n = 20, for example, the first ten 3, coefficients are, B, _;, ; =B;:
0.9570.831 0.707 0.580 0.453 0.329 0.214 0.116 0.043 0.005 (8.6.7)
Thus, the middle observations automatically receive small weights. This depletes their

influence and makes i and § robust to STS distributions and data anomalies in the middle of

the sample (inliers). Realize that ({i, ¢) are overall considerably more efficient than (y, s).

The statistic T = vVm (i/6) provides a test of H,: u= 0 which has criterion as well as
efficiency robustness with respect to short-tailed distributions and inliers in a sample; see
Akkaya and Tiku (2003).

Comment: Since the MML estimators use all the observations in a sample and are
defined for all the three types of distributions (skew, STS and LTS), we particularly focus on
them in this book. For comprehensive details about the M-estimators, one may refer to the
authoritative books by Huber (1981), Hoaglin et al. (1983), Rey (1983), and Rousseuw and
Leroy (1987). For details about the MMLE i, and 6, based on censored normal samples, one
may refer to Tiku et al. (1986), Schneider (1986) and Cohen (1991). Some of the key results for
censored normal and non-normal samples are given in Chapter 7.

Remark: Robustness with respect to skew distributions can similary be achieved by choosing a
strategically located distribution and calculating the MMLE {i and g and the Student type statistics
based on them, along the same lines as in the next section.

8.7 ROBUSTNESS OF REGRESSION ESTIMATORS

Consider the linear model (3.2.1) and suppose that the errors e; (1 <i<n)are iid and

have the Generalized Logistic distribution (e =y — 6, 6,X)
GL(b, 0) : (b/0) exp(— elo)/{1 + exp(—e/o)}°*L, —oo<e <o (8.7.1)

8, and o in the model are essentially location and scale parameters and their efficiency and
robustness properties are discussed in Chapter 2 and Sections 8.2 — 8.6. See also Islam et al.
(2001). We will, therefore, focus on the MML and the LS estimators of 6,. The latter is used
extensively in statistical applications in numerous areas.

Modified likelihood: The MMLE of 6, is (Chapter 2)

—D&; 6 ={-B+B%+4nC¥2/n(n-1), (8.7.2)

6, =
K B (X[i] _?[A])Y[i]/z Bi(x[i] _?[A])Zy
iT1

1
M:

i=1

W)
N
M-

A; (X _?[A])y[i]/_z1 Bi(x[i] _?[A])Zv

i=1

Ai{yri) — Y K Xa - X} and

=(b+1) B {y[i] _37[.] -K (X[i] - i[.])}2 (8.7.3)

=(b+1

D2
2
{i Bi {Y[i] _37[.]}2 - KQ}; Q= i Bi (X[i] _?[A]) Yiirs
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where the coefficients a; and B; are given in (2.5.5); A, =a; — (b + 1)~*. Since B; > 0 (1< i<n), the

MMLE ¢ is always real and positive. The MMLE él is unbiased for large n. Its computation is
explained in Chapter 3.

Least squares: The LSE of 6, is as usual
61 = Z x; _?)Yilz (x; =X)*
i=1 i=1

with variance

V(e,) = {W'(b) + (1)} 02/;1 (X; =%)*, (8.7.4)

Realize that 61 is unbiased for ©,.

First, consider the situation when the value of the shape parameter b in (8.7.1) is known
exactly. Islam et al. (2001) generate the design points x; from Uniform (0, 1) and give the

simulated variances of the MMLE éland the relative efficiency

E = 100{V(8,)/V(8,)} (8.7.5)
Table 8.6: Variance of the MMLE éland the relative efficiency of the LSE 51.
b=0.5 =2.0 b=4.0 b=8.0
n nv(6,) E nv(6,) E nv(e,) E nv(e,) E
10 53.86 85 20.48 93 16.27 86 13.55 78
20 56.80 82 21.56 89 16.60 81 13.82 74
30 57.09 79 22.16 91 16.16 77 14.31 74
50 63.67 79 25.30 89 19.26 79 15.07 72
100 57.65 75 24.85 88 20.30 79 14.86 70

of the LSE 61. We reproduce their values in Table 8.6. The means are not given since the bias
in él is negligibly small even for small n. It can be seen that the MMLE él is considerably
more efficient than the LSE 61. In fact, the relative efficiency of 61 decreases as n increases
and stabilizes at values considerably less than 100 percent. The relative efficiency of 61 is

essentially the same for other designs (Islam et al., 2001).
Robustness: Consider the situation when in (8.7.1), b = 0.5 (population model); the

skewness and kurtosis of the distribution are u3/u23’2: —0.855 and u4/u22 = 5.400, respec-
tively. As plausible alternatives, we consider the following sample models representing a wide
range of skew distributions:

In GL(b, 0): (1) b=0.2,

(2) (n—-k,) GL (0.5, 0) and k,GL(0.5, 40), k; = [0.5 + 0.1n] (outlier model),

(3) 0.90GL(0.5, o) + 0.10GL(0.5, 40) (mixture model),

(4) 0.90GL(0.5, 0) + 0.10 Uniform (- 05, 0.5) (contamination model).

The simulated means and variances are given in Table 8.7. Also given are the values of
the relative efficiency of the LSE 61. It can be seen that the bias in both is negligible (except
for the outlier model for which the LSE has enormous bias) but the MMLE is efficient and
robust which is due to half-umbrella ordering of the 3, (1 < i < n) coefficients: they decrease in
the direction of the long tail. Thus, the effect of the long tail is automatically depleted.

(8.7.6)
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Table 8.7: Relative efficiency of the LSE; true model is GL(0.5, 0).

n=10 n=50
Var RE Mean Var RE
True model 1.01 0.97 0.897 85 1.00 1.00 0.168 75
Model (1) 1.00 0.98 0.194 66 1.00 1.00 0.032 52
) 1.24 1.04 0.553 72 1.33 1.02 0.098 41
3) 1.00 1.00 0.709 84 0.99 1.00 0.083 80
(4) 0.99 0.97 1.058 84 1.00 1.00 0.238 78

* The LSE has enormous bias.

Hypothesis testing: To test the null hypothesis H: 8,=0, we define the statistic

T:\H(b+1) > B (x[i]—i”)z} 8,/6)-

Large values of T lead to the rejection of H, in favour of H,: 6, > 0. In view of the fact
that In L*/06, assumes a form exactly similar to (3.5.7), the asymptotic null distribution of T is
normal N(O, 1). For small n (< 30), the null distribution of T is referred to the Student t with v
=n — 1 degrees of freedom. The Student t and normal N(O, 1) distributions give remarkably
accurate values for the probability (Islam et al., 2001)

(8.7.7)

P{T=t, (v)|Hy} (8.7.8)
for all b = 0.5. For example, we have the following simulated values:
Type | error of the T test, presumed value is 0.050.
b
n 0.2 0.5 1.0 2.0 4.0 6.0 8.0
10 0.062 0.051 0.052 0.051 0.049 0.055 0.051
20 0.066 0.050 0.051 0.046 0.046 0.046 0.045
50 0.060 0.058 0.050 0.051 0.049 0.045 0.052

For b =0.2, GL(b, 0) has enormous amount of skewness and that explains why the type
I error of the T test is considerably larger than the presumed value. For large n (= 100), how-
ever, the type I error is close to 0.050 even for b =0.2.

The statistic based on the LSE is
G= I, (= %) B/se);

S2= S Yi -V -6, (% ~ X/ (n-2).

The asymptotic null distribution of G is normal N(O, 1). For small n (< 30), the null
distribution of G is referred to the Student t with v = n — 1 degrees of freedom. Gayen (1949)
and Tiku (1971a) among others study the distribution of G under non-normality and show that
the distribution is very sensitive to population skewness (Chapter 1).

The asymptotic power functions of the T and G tests are exactly similar to those in
(3.13.3) with noncentrality parameters A,2 and A, respectively. Here,

(8.7.9)



Robustness of Estimators and Tests 207

oo b (8 S (9)
M b2 ( 0) A o @ilo)
Since b/(b+2) is greater than {y'(b) + Y'(1)}, the T tests is more powerful than the G
test. For b = 1, for example, the values are 0.333 and 0.304; for b = 0.5, the values are 0.200
and 0.152, respectively. In fact, the T test is more powerful than the G test for all n (Chapter
3). See also Islam and Tiku (2004).
To illustrate the robustness properties, assume that the true distribution is (8.7.1) with
b = 0.5. Consider the plausible alternatives (1) — (4) as in (8.7.6). Given in Table 8.8 are the
simulated values of the power
P(T=t,(v)|]H} and P{G=t (v)|H,} (8.7.10)
of the two tests for models (1), (2) and (4). The values for model (3) are similar to those for (2).
The random numbers generated were standardized to have variance 1.

Table 8.8: Values of the power, true model is GL(0.5, 0); n = 30.

6,=0.0 0.4 0.8 1.2 1.6 2.0 2.4

True model MML 0.047 0.17 0.42 0.70 0.89 0.97 0.99
LS 0.047 0.16 0.38 0.62 0.83 0.93 0.98

Model (1) MML 0.042 0.45 0.93 1.00 1.00 1.00 1.00
LS 0.053 0.35 0.78 0.96 0.99 1.00 1.00

Model (2) MML 0.042 0.21 0.56 0.85 0.96 0.99 1.00
LS 0.056 0.19 0.42 0.64 0.80 0.89 0.99

Model (4) MML 0.051 0.16 0.34 0.59 0.79 0.92 0.97
LS 0.047 0.14 0.30 0.51 0.71 0.86 0.94

The superiority of the T test over the G test is apparent. Islam et al. (2001) report
similar results for the family of Weibull distributions.

Symmetric family: Consider now the family of LTS distributions (3.9.1). The MMLE
of 6,, 6, and o are given in (3.9.5) — (3.9.7). If for a sample, C in (3.9.7) assumes a negative
value, the MMLE are calculated by replacing a; and 3, by 0 and 3;*, respectively, as explained
earlier.

First, consider the situation when the shape parameter p in (3.9.1) is known exactly. We

give in Table 8.9 the simulated variances of the MMLE él and the relative efficiency of the
LSE 51, the design points x; (1 < i < n) generated from the Uniform (0,1). The bias in both él
and 51 is negligible and their means are not, therefore, reported. It can be seen that él is
enormously more efficient than 51. The relative efficiency of 51 decreases as n increases.

Table 8.9: Variances of the MMLE él and the relative efficiency of the LSE 51; 6,=lando=1.

p=2 p=25 p=35 p=5
n Var RE Var RE Var RE Var RE
10 0.802 80 1.164 90 1.224 93 1.376 97
20 0.368 68 0.657 83 0.533 90 0.661 96
30 0.237 65 0.304 79 0.301 88 0.442 95
50 0.126 61 0.176 77 0.208 85 0.229 95
100 0.076 54 0.109 73 0.112 84 0.118 94
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Robustness: Consider the situation when the population model is (3.9.1) with p = 3.5.
To study the robustness of §, and 51, we simulated the means and variances of §, and 61, and
the relative efficiency of 61, for the nine alternatives (1) — (9) given in (8.2.1) — (8.2.4), and the
outlier and mixture models
(10) (n - k,) observations come from normal N(u, 02) and k; from
N(y, 1602), and
(11) 0.90N(, 0?) + 0.10N(y, 1602): (8.7.11)
=0 and o = 1 without any loss of generality.

The simulated values are given in Table 8A.3. It can be seen that 8, is enormously more

efficient than the LSE 61, except for model (4) in which case it is a little less efficient as
expected. Although we generated the design points x; (1 < i< n) from the Uniform(0, 1) but the
relative efficiencies are essentially the same for other designs, e.g., X; (1< i<n) generated from
normal N(O, 1). See also Tiku et al. (2001). Note again that the performance of the LSE for the
outlier model is disappointing indeed.

Huber method of M-estimation has been extended to linear regression models; see, for
example, Andrews (1974), and Rousseuw and Leroy (1987). There seems to be no overwhelm-
ing advantage in using this computer intensive method in view of the comparisons given in
Tables 8A.1 and 8.2 and in Table 7.3 (Chapter 7). See also Lange et al. (1989) who show that
the MLE based on the Student t distributions with small degrees of freedom are for symmetric
long-tailed distributions as efficient and robust as the M-estimators. See also Islam and Tiku
(2004).

Hypothesis testing: To test H,: 8, = 0 we note the following representation of 9 In
L*/08,:

OlnL _dInL* _ 1 2p ,cn — 24 A
00, . 08, =7 (Zi=aBi (i = X))} (01 = 84), (8.7.12)
k=2p-3,p=2. For large n, therefore, the MMLE élis the MVB estimator of 6, with variance
V(8,) Da®/(2p/k) 3, B (Xpiy = Xpp)?. (8.7.13)
To test H,, we define the statistic
T= \/(Zp/k) i1 Bi Xy = %p)? (81/6). (8.7.14)

The estimator g is given in (3.9.6); 3; is replaced by B,* (1<i<n) if need be. Large values
of T lead to the rejection of H in favour of H,: 6, > 0.

The asymptotic null distribution of T is normal N(O, 1). For small n, the null distribution
of T is referred to the Student t with v = n — 1 degrees of freedom.

The statistic based on the LSE g, is

G= 3", (X —%)? (B./s,). (8.7.15)

The null distribution of G is exactly the same as that of T.

To evaluate the robustness properties of the T and G tests for LTS distributions, we
choose p = 3.5 (population model) in the family (3.9.1). As plausible alternatives (sample mod-
els) we choose for illustration the models (1), (3), (5) and (8) fore; (1 <i<n), asin (8.2.1) -
(8.2.4). Given in Table 8.10 are the simulated values of the probabilities (power)

P{T2t,,; (VIH;} and P{G=t,,(V)IH,} (8.7.16)
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t, o5(N) is the 95 percent point of Student t distribution withv = n — 1 degrees of freedom. It can
be seen that the T test has the power superiority. See also Tiku et al. (2001), and Islam and
Tiku (2004).

In calculating the power, the random numbers generated were standardized to have
variance 1. This is important for a power comparison when distributions with different variances
are considered.

Table 8.10: Power of the T and G tests for long-tailed symmetric distributions, n = 20.

6,= 0.0 0.4 0.8 1.2 1.6 2.0 2.4

True model T 0.049 0.14 0.29 0.50 0.70 0.85 0.94
G 0.050 0.13 0.28 0.48 0.68 0.83 0.92

Model (1) T 0.044 0.17 0.41 0.68 0.86 0.94 0.98
G 0.051 0.17 0.40 0.64 0.80 0.90 0.95

Model (3) T 0.051 0.12 0.24 0.42 0.60 0.75 0.87
G 0.050 0.12 0.23 0.39 0.58 0.74 0.86

Model (5) T 0.048 0.14 0.33 0.56 0.76 0.89 0.96
G 0.049 0.15 0.32 0.53 0.73 0.85 0.93

Model (8) T 0.037 0.14 0.36 0.62 0.80 0.91 0.96
G 0.049 0.15 0.34 0.56 0.73 0.84 0.90

The differences in the values for other values of n are of the same order.

STS distributions: For the family (8.6.1), the MMLE of 6, and g are given in Tiku et al.
(2001). Totest H,: B, = 0, the statistic T is exactly similar to that in (8.7.14). The null distribu-
tion of T is asymptotically normal N(0O, 1) and for n < 30 is well approximated by the Student t
with n = n — 1 degrees of freedom. Unlike the G test based on the LSE, the T test is robust to
STS distributions and to inliers in a sample. This is due to the inverted-umbrella ordering of
the coefficients B, (or 3,*). Values of the power of the two tests are given in Tiku et al. (2001,
Table 4). It is shown that the T test has a double advantage: its type | error is generally
smaller but its power is higher than the G test. This is an interesting phenomenon indeed. See
also Islam and Tiku (2004).

8.8 ROBUSTNESS OF ESTIMATORS IN BINARY REGRESSION
The binary regression model is (Chapter 4)

z
n(x) = E(Y[X=x) = [__ f(u)du;
Y =0or1landz=y,+y,x(y, >0). Consider the situation when f(u) is one of the distributions in
the Generalized Logistic family (4.11.1) denoted here by GL (b, y,). The function h(x) in (4.11.1)
has in particular the same form as f(u).
The MMLE of y, and y, are given in (4.13.1). Since y, quantifies the effect of the risk
factor X on Y, the MMLE ¥, is of particular interest.
The distribution of §, and its efficiency properties are studied by Oral (2002). Since ¥, is
asymptotically equivalent to the MLE, it is fully efficient (asymptotically) and the distribution
of y,/y, is normal with mean 1 and variance given by the last element in (4.14.1). However, it

takes a large sample size (> 100) to attain near-normality. To study the distribution of ¥, /y,,
Oral (2002) proceeds as follows.
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Realize that GL (b, y,) is assumed to be the same as GL (b, 0) in (2.5.1) withy, = —p/c and
y, = 1/0 (> 0). Let x; (1L < i <n) be a random sample of size n from GL(b, y,) and
X1y S X(g) S S X (8.8.1)
be the order statistics. The corresponding binary observations w; =Y[;] are obtained by calcu-
lating the probabilities

P, = {1 +exp(= 2)F® 24 = Yoo + V10X, (8.8.2)
and defining w;, =0ifu, < If’i
= otherwise, (8.8.3)

u; (1<is<n) being nindependent Uniform (0, 1) variates; Yoo and Y10 are the MMLE calcu-
lated from (8.8.1), i.e.,

Voo = (/M) I7_ A —¥30X, and {0 ={- B, +By2 +4nC, }2C,;  (8.8.4)
m= Z?:lﬁi: Xy = (¥m) Z?:lﬁix(i)v A=a;—(b+ 1),
Bo=(b+D I, Ai(xg ~%X,) and  Co=(b+1 T, Bi (g —X)*.
The coefficients a; and 3; (1 <i<n) are obtained from (2.5.5).
Oral (2002) gives the simulated values of the skewness B,* = p,2/p,® and kurtosis B,*
=W, /W2 of §. wheny, =0.001, 0.01, 0.10 and 1.00, n = 10, 60, 80 and 100, and b = 0.5, 1, 2 and
) Y1 1

4. She shows that 3,* and B,* steadily tend to 0 and 3, respectively, as n increases. Moreover,
H, is always positive and B,* and B,* satisfy the condition (5.15.4) in Chapter 5.

Table 8.11: Skewness and kurtosis of the MMLE ¥, in binary regression;
(a) skewness B,*, (b) kurtosis B,* and (c) the absolute difference |B, * - (3 + 153, *).

n b=05 1 2 b=0.5 1 2
Yo =0, y; =0.001
30 (a) 0.399 0.524 0.464 0.523 0.421 0.287
(b) 3.578 3.909 3.830 3.992 3.687 3.412
(c) 0.020 0.123 0.134 0.208 0.056 0.018
60 (a) 0.331 0.100 0.103 0.178 0.139 0.239
(b) 3.850 3.134 3.157 3.513 3.122 3.544
(c) 0.354 0.016 0.002 0.025 0.086 0.186
100 (a) 0.096 0.209 0.075 0.262 0.139 0.069
(b) 2.996 3.263 2.932 3.469 3.153 3.408
(c) 0.148 0.050 0.180 0.076 0.056 0.304

We reproduce her results in Table 8.11 fory, = 0.001 and n = 30, 60 and 100, for illustra-
tion. Thus, the 3-moment chi-square approximation (5.15.5) is applicable. Oral (2002) shows
that the approximation provides accurate values for the percentage points of the distribution
of y,/y,. In particular, she shows that the mean of y,/y, is almost 1 (i.e.,y, is almost unbiased

fory,) and its variance is free of y, andy,, in agreement with (4.14.1). For b = 0.5, for example,
the simulated values of the mean and variance are given in Table 8.12.
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Table 8.12: Mean and variance of §,/y, in binary regression.

n =30 n =60 n =100
Yo Y1 Mean Var Mean Var Mean Var
0.0 0.001 1.039 0.033 1.019 0.015 1.011 0.009
0.10 1.035 0.033 1.020 0.016 1.011 0.009
1.00 1.035 0.033 1.019 0.015 1.011 0.009
2.0 0.001 1.030 0.034 1.021 0.016 1.012 0.008
0.10 1.037 0.033 1.015 0.015 1.013 0.009
1.00 1.030 0.033 1.017 0.017 1.014 0.009

For n > 100, of course, the last element in the matrix (4.14.1) gives values close to the
simulated variance of y,/y. This was to be expected since the MMLE ¢, and y, are asymptoti-
cally fully efficient.

To illustrate the accuracy of the 3-moment chi-square approximation, Oral (2002) gives
the following simulated values of the probability P{(y,/y,) = xo_osz}, the presumed value being
0.050; n = 100:

Yo y, = 0.001 0.01 0.1 0.5 1.0
0.0 0.049 0.048 0.052 0.045 0.050
2.0 0.052 0.049 0.050 0.047 0.049

The chi-square approximation is amazingly accurate.

Since X is a genuine risk factor, y, is always positive howsoever small. To test H =y,
= Y, (> 0), she defines the statistic

W= Vllylo. (885)
Large values of W lead to the rejection of H, in favour of H,:y,>vy,,. The test is asymp-
totically most powerful since y, is fully efficient (asymptotically). The estimator y, being as

efficient as the ML estimator even for small n (Chapter 4), it will be difficult to improve over
this test so far its power is concerned.

Robustness: Oral (2002) shows that the W test is remarkably robust to plausible devia-
tions from an assumed density h(x) and to numerous data anomalies (outliers, contaminations
and mixtures). Consider, for example, the situation when h(x) is the logistic density, i.e.b=1
in (4.11.1), and the alternatives are the following.

Misspecification of the density:

In (2.2.9) (y replaced by x), (1) p =5 and (2) p = 10.

Outlier model: (8.8.6)
(3) (n—k,)GL(1, 0) and k,GL(1, 20),

(4) (n-k,)GL(1, 0) and k,GL(1, 40); k,=[0.5+0.1n].

Mixture model:

(5) 0.90GL(1, 0)+0.10GL(1, 20),

(6) 0.90GL(1, 0)+0.1GL(1, 40).
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Contamination model:

(7) 0.90GL(1, 0)+0.10Uniform (- 0.5, 0.5).

Assuming that h(x) is the logistic density GL(1, o), Oral (2002) determines from a 3-
moment chi-square approximation the percentage point of the null distribution of the statistic
W. Denote this percentage point by x,2. She simulates the values of the probability P{W >
Xo.0s2 1Y; = Yy} fOr the models (1) — (8) above. We reproduce her values in Table 8.13;y, =0, y,,
=0.001.

Table 8.13: Values of the type | error in binary regression.

Model n =50 60 80 100
1) 0.049 0.051 0.048 0.048
(2) 0.049 0.047 0.048 0.051
3 0.051 0.050 0.049 0.051
4) 0.049 0.049 0.048 0.052
(5) 0.049 0.052 0.048 0.048
(6) 0.051 0.047 0.046 0.050
(7) 0.050 0.053 0.047 0.053

Clearly, the W test has criterion robustness.

Oral (2002) also studies the robustness of the W test when the population model is one
of the members of the Generalized Logistic family GL(b, y;) (b # 1) and the Student t family.
Her results are similar to those in Table 8.13. She also simulates the values of the power. They
are not affected in any substantial way when the underlying distribution constitutes a plausi-
ble alternative to the one assumed. Thus, the W test has both criterion as well as efficiency
robustness.

It is also of interest to note that if §, and y,in (8.8.2) — (8.8.3) are replaced by the true
values of y, and y;, the results above do not change in any substantial way.

Oral and Tiku (2003) study the estimator y, given in (4.15.10). They show that the
estimator is remarkably efficient and robust.

8.9 ROBUSTNESS OF AUTOREGRESSION ESTIMATORS

Consider the autoregressive model (5.2.2). To evaluate the robustness properties of the MMLE
of the parameters, 8, @and o, we first consider skew distributions represented by the Gamma
family G(k, o) as in (5.3.1). For k known, the MMLE are given in (5.4.7) — (5.4.9). The corre-
sponding LSE are given in (5.6.1) — (5.6.2). Consider, for illustration, k = 3. Thus, the assumed
population model is that a, in (5.2.2) are iid and have the Gamma distribution G(3, o). Because
of the intricate nature of the autoregressive model (5.2.2), particularly in situations when the
innovations a, have a skew distribution, we confine to a smaller departure from an assumed
value of k than was possible for the simple linear regression model (3.2.1); this is prudent in
the application of both the MMLE as well as the LSE of p, 3, ¢ and o. We consider the
following alternatives to the assumed G(3, o) innovations.

Gamma (k, 0): (1) k =2, (2) k = 3.5,
Outlier model: (3) (n - k,)G(3, o) and k,;G(3, 40), k, =[0.5+0.1n],
Mixture model: (4) 0.90G(3, o) + 0.10G (3, 40), and (8.9.1)
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Contamination model: (5) 0.90G(3, o) + 0.1U(- 0.5, 0.5).

It may be noted that the MMLE g and LSE g are both estimating 1. The values of 1
are given in Table 8A.4.

The simulated means and variances of the MMLE and the LSE are given in Table 8A.4
(Appendix A). The design points x, are the same as in (5.5.4) and the model considered for y is

Model B:y, = a,/,/1- ¢? . (8.9.2)

The random error a, has the same distribution as that of a, (1<t <n). The results under

Vinod-Shenton Model A:y, =0, are not different in any substantial way for the MMLE and the
LSE of 3, @ and o; the bias in [i and p reduces by a margin, however.

Akkaya and Tiku (2001a) work with model B and generate the design points x, only
once and hold them common to all the N = [100,000/n] number of y-samples generated. For the
values in Table 8A.4, we generate (X, y,) simultaneously (this may be more meaningful in
numerous applications in business and economics). That explains the slight differences in the
values given in their Table 3 and those in Table 8A.4. Realize that g and g both are estimating
10; T has absolutely no role to play in the computations as said earlier.

It can be seen that the MMLE {i, §, ¢ and & are enormously more efficient than the
corresponding LSE.

Hypothesis testing: We consider testing H,: = 0 against H,: 4 # 0, and evaluate the
robustness properties of the T, test (equation 5.7.3) and the G, test (equation 5.7.6). We give in
Table 8.14 the values of the probabilities (power)

P{IT,l 2z, |8} and P{|G,|=z,]3}. (8.9.3)

The population model is Gamma G(3, o) and the alternatives are the ones given in
(8.9.1). The random numbers geneated were standardized to have variance 1. It can be seen
that the T, test has considerably higher power than the G, test and is robust.

Turker (2002) generalizes the results above to k autoregressive models. In particular,
she develops a test for H: 8= d,=...= §, against H,: §,# & and shows that the T test based on
the MMLE is robust and considerably more powerful than the G test based on the LSE. She
considers both situations: g; (1 < i< k) are all equal, and ¢, are not necessarily equal.

Table 8.14: Power of the tests; presumed type | error is 0.050; ¢ = 0.5.

5=0.0 0.05 0.10 0.15 0.20 0.25 0.30
n =50
True model T 0.048 0.09 0.24 0.46 0.70 0.85 0.93
G 0.047 0.08 0.15 0.29 0.45 0.62 0.78
Alternative (1) T 0.033 0.08 0.25 0.52 0.76 0.91 0.96
G 0.062 0.09 0.16 0.29 0.46 0.63 0.76
(2) T 0.056 0.11 0.25 0.44 0.67 0.84 0.94
G 0.054 0.08 0.16 0.29 0.46 0.63 0.77
@® T 0.049 0.06 0.10 0.18 0.29 0.41 0.54
G 0.050 0.05 0.08 0.12 0.18 0.24 0.32
@4 T 0.050 0.06 0.10 0.17 0.28 0.39 0.54
G 0.049 0.06 0.07 0.11 0.16 0.23 0.32
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B T 0.066 0.08 0.10 0.16 0.25 0.36 0.47
G 0.055 0.05 0.08 0.10 0.16 0.23 0.31
n =200

True model T 0.034 0.24 0.74 0.98 1.00 1.00 1.00
G 0.042 0.12 0.43 0.77 0.95 1.00 1.00

Alternative (1) T 0.036 0.29 0.84 0.99 1.00 1.00 1.00
G 0.054 0.14 0.42 0.77 0.95 0.99 1.00

2 T 0.054 0.24 0.74 0.98 1.00 1.00 1.00

G 0.070 0.19 0.45 0.76 0.94 0.99 1.00

@ T 0.048 0.11 0.33 0.61 0.84 0.95 1.00

G 0.052 0.08 0.18 0.30 0.49 0.69 0.85

@4 T 0.046 0.11 0.31 0.63 0.86 0.96 0.99

G 0.036 0.08 0.16 0.34 0.51 0.68 0.84

By T 0.036 0.08 0.25 0.53 0.78 0.94 0.98

G 0.060 0.08 0.16 0.29 0.49 0.66 0.81

The differences in the values of the power for other values of @ are more or less of the
same order. The performance of the MMLE as compared to the LSE is compelling.

STS distributions: Consider the situation when a, in (5.2.2) are iid and have one of the
short-tailed symmetric distributions (5.8.1). The MMLE of y, §, ¢ and o are given in (5.8.4) —
(5.8.5). To evaluate the robustness of the MMLE as compared to the LSE we consider, for
illustration, the situation when r =2 and d = 0 (A=1) in (8.6.1) with kurtosis ,/p1,> = 2.44; this
will be called population model. As plausible alternatives (sample models), we consider the
Tukey lambda-family (7.6.17) with

(1)1=0.585, (2)1=1.00, (3) I=1.45,and (4)1=2.82
with kurtosis 2, 1.80, 1.75 and 2, respectively. The lambda-family, or for that matter (5.8.1),
can also be used for modelling samples containing inliers (Tiku et al., 2001). The lambda-
family (7.6.17) with
Ut = {(yt - (pyt_]_) L 6(Xt - (pXt_l)}/C
is not amenable to maximum likelihood or modified likelihood estimation of the parameters.
We are, therefore, using it only for an assessment of robustness.

Given in Table 8A.5 (Appendix A) are the means and the variances of the MMLE. Also
given are the relative efficiencies (100 times the ratio of the variance of the MMLE to the
variance of the LSE). The means of the LSE are essentially the same as those of the MMLE
and are not, therefore, reported. The estimators g and g are both estimating 1o, T being the
square root of the variance of the sample model to the variance of the population model as said
earlier. For the population model, T = 1. The design points x, were taken to be the same as in

(5.5.4) and y, = a,/,/(1- ¢?), 8, having the same STS distribution as a, (1 < t<n). Realize that
E(a,)=0.
The MMLE and LSE of p and & have negligible bias; the means of these estimators are

not, therefore, reported. The bias in 6 and g is essentially the same as in the MMLE g and .

It can be seen that the LSE are considerably less efficient, and their efficiency decreases as n
increases. For illustration, we give in Table 8A.5 the values for uy=0,8=1and ¢=0.5;0=1
without loss of generality. Similar results, of course, are true for other STS distributions, e.g.,
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the family (5.8.1) with r = 4 and d = 0. We conclude that the MMLE are robust (Akkaya and
Tiku, 2002b) which is due to the inverted-umbrella ordering of the weights given to the or-
dered residuals a; , 1 <i <n. Forr=2andd =0 in (86.1), for example, the first ten [,
coefficients for n = 20 are, B, ;,, = B;:

1.06, 0.97, 0.87, 0.74, 0.61, 0.46, 0.31, 0.17, 0.070, 0.008. (8.9.4)

The middle ordered residuals, therefore, receive small weights. This depletes the influ-
ence of inliers and short tails (Akkaya and Tiku, 2002a, b, c).

Hypothesis testing: In the robustness framework, to test H,: d = 0, the statistic based
on the MMLE is defined as (¢ in U is replaced by the MMLE fp)

T,= \/Z?:lﬁi (upiy ~ Upy)? (316). (8.9.5)

The MMLE 3 and 6 are given in (5.8.4) — (5.8.5). Large values of |T,]| lead to the
rejection of H, in favour of H;: 8# 0. For d > 0 (A > 1), a, and [; are replaced by o;* and 3,
respectively.

Since fp converges to @ as n tends to infinity, in view of Lemma 5.2, the asymptotic null

distribution of T, is normal N(0, 1). For small n (< 60) the null distribution of T,//V, , V, being
the simulated variance of T, (exact variance is difficult to determine) is closely approximated
by the normal N(0, 1). Realize that for the design points (5.5.4), u; 0O.

The statistic based on the LSE is G, as in (5.10.5). The asymptotic null distribution of G,
is normal N(0, 1). For n < 60 the null distribution of G,/\/\/, V being the simulated variance of
G, (exact variance is again difficult to determine) is closely approximated by N(O, 1). For the
design points (5.5.4), g 0O.

The T, test is robust and has considerably higher power than the G, test (Akkaya and
Tiku, 2002b).

LTS distributions: Suppose that the distribution of a, (1< t<n) is one of the members
of the long-tailed symmetric family of distributions (5.11.1). The MMLE are given in (5.11.5)-
(5.11.6).

Consider the situation when p = 3.5 in (5.11.1). This is the assumed population model.
The sample models are taken to be (1) —(9), given in (8.2.1) — (8.2.4). We give the simulated
means and variances of the MMLE in Table 8.15 for models (1), (3), (6), (8) and (9) for illustra-

tion. The design points are as in (5.5.4) and y, = agh/(1- @%) . It can be seen that the MMLE

are considerably more efficient than the LSE. The relative efficiencies of the LSE are essen-
tially the same for other designs, e.g., X, generated from a normal N(0, 1). See also Tan and Lin
(1993).
Table 8.15: Values of (a) Mean and (b) n(Variance), of the MML
and the LS estimators; d=1, ¢=0.5,0 = 1.

n =50 n =100
H o) (0] o U o) (0] o

True model, T=1
(&) MML 0.002 1.000 0.459 1.014 0.004 1.002 0.473 1.008
LS 0.001 0.999 0.454 0.989 0.004 1.000 0.474 0.995
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(b) MML 1.068 0.553 0.752 0.828 1.070 0.569 0.769 0.975
LS 1.225 0.632 0.826 1.114 1.181 0.636 0.854 1.138
Model (1),t1=1

(& MML -0.009 1.001 0.450 0.978 0.001 0.997 0.483 0.947

LS 0.003 1.005 0.457 0.944 0.003 1.000 0.480 0.947

(b) MML 1.634 0.490 0.721 5.449 1.220 0.406 0.575 4.061

LS 1.122 0.642 0.774 4.770 1.026 0.597 0.727 4.843

Model (3),t1=1

(@ MML  0.006 1.000 0.459 1.040 0.001 1.001 0.484 1.003

LS —0.001 0.995 0.460 0.992 0.008 0.999 0.477 0.999

(b) MML 1.124 0.578 0.790 0.748 1.109 0.575 0.722 0.727

LS 1.271 0.658 0.791 0.818 1.037 0.590 0.758 0.885
Model (6), T =1.581

(a) MML 0.001 0.992 0.435 1.491 —0.003 1.001 0.484 1.469

LS —0.005 1.000 0.439 1.506 0.004 0.999 0.477 1.524

(b) MML 1.124 0.578 0.790 0.748 1.109 0.575 0.722 6.675

LS 1.271 0.658 0.791 0.818 1.037 0.590 0.758 8.584
Model (8), 1 =1.581

(@) MML - 0.006 1.000 0.455 1.524 0.009 0.998 0.482 1.468

LS —0.008 1.004 0.459 1.507 - 0.007 1.002 0.477 1.556

(b) MML  3.775 1.050 0.641 8.058 2.631 0.905 0.498 10.226

LS 2.892 1.590 0.744 8.994 2.730 1.671 0.743 11.716
Model (9), 1=0.953

(a) MML 0.005 0.997 0.459 0.952 0.006 0.997 0.478 0.941

LS —0.003 0.997 0.456 0.943 -0.003 1.002 0.476 0.947

(b) MML  0.911 0.466 0.686 0.870 0.801 0.427 0.615 0.800

LS 1.105 0.566 0.774 1.106 1.018 0.510 0.739 1.140

Hypothesis testing: To test H,: & = 0, the statistic based on the MMLE is (¢in U is
replaced by ¢)

T, = | (@pik) S0, By (upy — T)? (G16); (8.9.6)

k =2p -3, p=2. The estimators § and § are given in (5.11.5) — (5.11.6). The coefficients B, are
replaced by 3;* (1 <i<n)if Cin (5.11.7) assumes a negative value as explained earlier. The
statistic based on the LSE is G, given in (5.12.6).

Givenin Table 8.16 are the values of the power of the T, and G, tests, for testing H,: 6=
0 against H;: 8# 0. The null distributions of T, and G, are referred to the Student t withv =n
— 3 degrees of freedom. For n > 30, the null distributions are referred to the normal N(O, 1). The
assumed population model is the LTS distribution (5.11.1) with p = 3.5. The alternatives are
the ones considered in Table 8.15. We have given values only for ¢ = 0.5. The differences
between the values of the power of the T, and G, tests are essentially the same as for other
values of @ (-1 <@<1). It can be seen that the T, test is robust and has the power superiority.
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Table 8.16: Power of (a) the T, test and (b) the G; test, for long-tailed
symmetric distribuions; @ = 0.5.

n =50 n =100

6=0.00 0.10 0.20 0.30 0.00 0.10 0.20 0.30
True model

(a) 0.056 0.18 0.49 0.80 0.052 0.30 0.78 0.98

(b) 0.056 0.15 0.42 0.76 0.049 0.24 0.71 0.96
Model (1)

(a) 0.062 0.23 0.63 0.89 0.048 0.37 0.89 0.99

(b) 0.056 0.17 0.51 0.80 0.046 0.29 0.75 0.96
Model (3)

(a) 0.062 0.18 0.48 0.80 0.047 0.27 0.75 0.97

(b) 0.058 0.16 0.43 0.75 0.056 0.27 0.75 0.96
Model (6)

(a) 0.052 0.23 0.62 0.88 0.040 0.41 0.92 1.00

(b) 0.056 0.18 0.50 0.79 0.051 0.31 0.74 0.96
Model (8)

€) 0.055 0.22 0.63 0.90 0.055 0.38 0.89 0.99

(b) 0.048 0.19 0.50 0.79 0.049 0.29 0.75 0.95
Model (9)

(@) 0.052 0.16 0.51 0.83 0.053 0.31 0.81 0.99

(b) 0.049 0.16 0.48 0.80 0.052 0.24 0.74 0.96

Time series models: Tiku et al. (1999, 2000) study the robustness of the MMLE and
the tests based on them for the time series AR(1) model (5.13.1). They show that the MMLE
have definite advantages over the LSE for skew and long-tailed distributions. The test of H,: ¢
= 0 based on the MMLE are powerful and robust to plausible alternatives to an assumed
distribution. Similar results are true for symmetric short-tailed distributions (Akkaya and

Tiku, 2002a). It may be noted that the LSE o is particulary inefficient for LTS distributions,
and the LSE ¢ is particulary inefficient for STS distributions.

8.10 ROBUSTNESS IN EXPERIMENTAL DESIGN

As said earlier, experimental design is a very important area in statistics. It is, therefore, very
important to have robust tests for treatment effects since the error distribution will not be
known exactly. Senoglu and Tiku (2001) study the robustness properties of the F* test (6.5.2)
based on the MMLE and compare it with the corresponing F test (6.5.1) based on the LSE
(normal-theory estimators). They proceed as follows.

Suppose that the distribution of the errors e;; in (6.2.1) have the Generalized Logistic
distribution GL(b, o). In practice, b might be misspeciﬁed. Moreover, data often contain outliers.
For illustration, suppose that b = 1 so that the underlying distribution is logistic. To represent
a large number of plausible alternatives to the logistic, Senoglu and Tiku (2001) consider the
following,

GL(b, 0): (1) b=0.5, (2) b = 1.5,
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Single outlier: (3) (n — 1) observations come from GL(1, o) and one observation (we do
not know which) comes from GL(1, 40),

Mixture model: (4) 0.90GL(1, o) + 0.10 GL(1, 40),
Contamination model: (5) 0.90GL(1, o) + 0.10Uniform (- 1, 1).

Since the assumed model is GL(1, 0), the coefficients a; and B; (1 <j < n) used in the
computation of F" are obtained from (6.4.4). The simulated values of the type | error and

power of the F* and F tests are given in Table 8.17, reproduced from Senoglu and Tiku (2001, p.
1346). It can be seen that the F* test maintains higher power almost always besides having
considerably smaller type I error for the outlier and mixture models (4) and (5) above.

The F~ test based on the MMLE for testing interaction effects has similar efficiency and
robustness properties. See Senoglu and Tiku (2001).

Table 8.17: Values of the type | error and power for the F* and F tests;
n =10 and c = 4 (four blocks).

F* F F* F F* F
True model Alternative model
d GL(1, o) 1) 2)
0.0 0.043 0.044 0.041 0.043 0.044 0.044
0.2 0.09 0.09 0.09 0.09 0.10 0.09
0.4 0.28 0.27 0.29 0.28 0.29 0.28
0.6 0.59 0.57 0.61 0.58 0.59 0.57
0.8 0.85 0.83 0.86 0.83 0.85 0.83
1.0 0.97 0.96 0.97 0.95 0.97 0.96
Alternative model

(3) (4) (5)
0.0 0.019 0.028 0.029 0.044 0.048 0.046
0.2 0.07 0.09 0.08 0.10 0.10 0.10
0.4 0.32 0.32 0.34 0.34 0.27 0.26
0.6 0.67 0.63 0.68 0.64 0.56 0.54
0.8 0.89 0.84 0.88 0.83 0.82 0.80
1.0 0.97 0.94 0.96 0.93 0.95 0.94

Assuming any other population model, e.g. Weibull W(p, o) error distribution, the F~
test has efficiency and robustness properties similar to those in Table 8.17. For outlier and
mixture models, the F” test has a double advantage: it has not only smaller type I error but has
also higher power than the F test. This is an interesting phenomenon indeed.

For testing a linear contrast, Senoglu and Tiku (2002) develop tests using both the MMLE
and the LSE, the error distributions from block to block being not necessarily identical. They
show that the test based on the MMLE is remarkably powerful and robust.

Comment: There are a number of rank-based methods which provide robust estima-
tors for long-tailed as well as short-tailed distributions. They are not, however, as sharp as the
parametric robust methods (Senoglu and Tiku, 2001, p. 1343). Moreover, rank-based methods
do not have the generality of the parametric robust methods; see, for example, Dunnett (1982),
Senoglu and Tiku (2002), Akkaya and Tiku (2004).



Robustness of Estimators and Tests 219

SUMMARY

In this Chapter, we consider the very important issue of robustness. In most statistical
applications, the objective is to obtain estimators and hypothesis testing procedures which
have certain optimal properties with respect to an assumed distribution. In practice, however,
an assumed distribution is hardly ever exactly correct. What is, in fact, more realistic is the
premise that the underlying distribution is in reasonable proximity to the one assumed. The
latter can be identified by resorting to Q-Q plots or goodness-of-fit tests (Chapter 9).

That brings the robustness issue in focus. An estimator is called robust if it is fully
efficient (or nearly so) for an assumed distribution but maintains high efficiency for plausible
alternatives. The latter include all the distributions which are in reasonable proximity to the
one assumed. In this Chapter, we study the robustness of all the MMLE developed in previous
chapters. We show that the MMLE are remarkably robust. This is due to the fact that the
MMLE of p and o in an assumed location-scale distribution (1/0)f((y — p)/o) are essentially of

theformp = 3L Biys /m (m= > ,B)andg = \/{z?:l[si(y(i) -)2/(n - 1)} . The coefficients

B, have half-umbrella ordering (i.e., they decrease in the direction of the long tail), umbrella
ordering (i.e., they increase until the middle value and then decrease in a symmetric fashion),
and inverted umbrella ordering (i.e., they decrease until the middle value and then increase in

a symmetric fashion). Thus, the extreme order statistics Y and extreme deviations (y(i)— ()2

representing the tail(s) of skew and long-tailed symmetric distributions automatically receive
small weights under half-umbrella and umbrella orderings, respectively, and the middle order
statistics receive small weights under inverted umbrella ordering. This gives the MMLE the
inherent robustness properties they have. The nature of the B, (1 <i < n) coefficients also
makes them robust to a moderate number of outliers and inliers in a sample. The hypothesis
testing procedures based on the MMLE also inherit these beautiful robustness properties. We
also show that the Huber M-estimators and the tests based on them are inadequate for skew
and short-tailed symmetric distributions. They have good efficiency and robustness properties

only for long-tailed symmetric distributions. But then the MMLE [i and g and the tests based

on them are equally efficient and robust for all alternative distributions which have finite
mean and variance or in situations when the sample has moderate number of outliers. For
very extreme and rare situations (e.g., the distribution has nonexistent mean or variance or

the sample contains a large number of outliers), the estimators i, and 6, based on normal

samples with about thirty percent smallest and largest observations censored have excellent
robustness properties. In most situations, however, the underlying distribution has finite mean
and variance and that makes MMLE very attractive realizing also that no observation is cen-
sored implicitly or explicitly in their application and that they are defined for all the three
types of distributions: skew, short-tailed symmetric, and long-tailed symmetric. It may also be
remembered that the Huber M-estimators of ¢ can have substantial downward bias even if
the underlying distribution is long-tailed symmetric. There is no such problem with the MMLE

~

0 .
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APPENDIX 8A

SIMULATED MEANS, VARIANCES AND EFFICIENCIES

Table A8.1: Means, variances and mean square errors of MMLE
and M-estimators w24; o =1.

Var Mean MSE
n i oy G Gy, G Gy,
True model: t=1
10 0.090 0.091 1.062 0.857 0.106 0.092
20 0.043 0.044 1.039 0.901 0.047 0.045
40 0.021 0.022 1.019 0.917 0.020 0.024
60 0.014 0.015 1.012 0.921 0.013 0.017
Model (1): t=1
10 0.069 0.061 0.948 0.684 0.207 0.162
20 0.029 0.028 0.917 0.712 0.115 0.113
40 0.016 0.013 0.920 0.725 0.066 0.090
60 0.012 0.009 0.958 0.726 0.073 0.084
Model (2):1=1
10 0.082 0.079 1.030 0.794 0.167 0.113
20 0.038 0.038 0.986 0.822 0.059 0.066
40 0.018 0.018 0.969 0.841 0.024 0.042
60 0.012 0.012 0.963 0.842 0.023 0.036
Model (3):1=1
10 0.096 0.100 1.078 0.890 0.093 0.082
20 0.047 0.047 1.062 0.937 0.042 0.038
40 0.023 0.023 1.041 0.950 0.021 0.019
60 0.016 0.016 1.039 0.958 0.014 0.013
Model (4):1=1
10 0.105 0.110 1.098 0.928 0.079 0.067
20 0.053 0.053 1.085 0.974 0.040 0.030
40 0.025 0.025 1.082 0.998 0.023 0.014
60 0.018 0.018 1.078 1.002 0.017 0.010
Model (5): T = 1.140
10 0.109 0.106 1.184 0.926 0.147 0.135
20 0.052 0.053 1.153 0.968 0.063 0.074
40 0.025 0.026 1.127 0.998 0.028 0.046
60 0.017 0.017 1.108 0.991 0.020 0.037
Model (6): T =1.581
10 0.149 0.117 1.493 0.967 0.463 0.488
20 0.065 0.056 1.429 1.011 0.199 0.380
40 0.029 0.028 1.351 1.035 0.113 0.325
60 0.027 0.019 1.524 1.034 0.104 0.318
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Model (7): T = 1.581

10 0.164 0.133 1.561 1.051 0.341 0.384
20 0.073 0.066 1.490 1.104 0.136 0.278
40 0.035 0.033 1.424 1.130 0.073 0.229
60 0.024 0.023 1.391 1.136 0.066 0.215
Model (8): T =1.581
10 0.160 0.124 1.488 0.995 0.573 0.491
20 0.068 0.060 1.421 1.020 0.243 0.382
40 0.030 0.029 1.342 1.037 0.145 0.328
60 0.026 0.018 1.493 1.038 0.139 0.316
Model (9): t=0.953
10 0.079 0.080 1.002 0.799 0.101 0.094
20 0.038 0.039 0.977 0.833 0.045 0.049
40 0.019 0.019 0.956 0.851 0.021 0.028
60 0.012 0.013 0.948 0.855 0.012 0.021

Table A8.2: Mean and variance of the MMLE and the relative efficiency of the
LSE, for short-tailed symmetric distributions; o = 1.

Mean" n(Variance) RE

~ ~ ~

n o} s H o) y s

STS(r=4,d=0),1=1

10 0.94 0.97 2.291 0.355 90 88
20 0.97 0.98 2.107 0.327 85 91
40 0.98 0.99 2.259 0.309 84 90
100 0.99 0.99 2.055 0.308 83 90
Normal, T = 0.623
10 0.59 0.60 1.172 0.201 114 98
20 0.62 0.62 1.143 0.211 112 106
40 0.63 0.62 1.121 0.218 115 108
100 0.63 0.62 1.111 0.216 119 109
Tukey (1=0.585), 1 = 0.528
10 0.49 0.52 0.541 0.068 76 77
20 0.57 0.52 0.510 0.061 72 75
40 0.51 0.53 0.490 0.055 67 72
100 0.51 0.53 0.484 0.051 66 72
Tukey (I=1), T = 0.360
10 0.33 0.35 0.211 0.024 64 70
20 0.34 0.36 0.194 0.020 57 65
40 0.34 0.36 0.185 0.018 53 61

100 0.35 0.36 0.166 0.015 53 60
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Tukey (1=1.45) 1 = 0.255
10 0.24 0.25 0.103 0.012 61 67
20 0.24 0.26 0.088 0.009 54 62
40 0.24 0.25 0.088 0.008 50 59
100 0.24 0.26 0.083 0.007 48 57
Model (3), k = 1.5, 1 = 0.166
10 0.14 0.15 0.047 0.006 83 82
20 0.14 0.15 0.045 0.005 79 78
40 0.15 0.15 0.045 0.005 79 77
100 0.15 0.15 0.045 0.004 77 77
Model (3), k = 2.0, T = 0.139
10 0.12 0.12 0.039 0.039 96 88
20 0.12 0.13 0.039 0.039 94 87
40 0.13 0.13 0.040 0.040 96 86
100 0.13 0.13 0.037 0.037 96 85
Model (3), k = 3.0, T = 0.105
10 0.09 0.10 0.028 0.005 114 95
20 0.10 0.10 0.029 0.005 115 100
40 0.10 0.10 0.029 0.005 115 100
100 0.10 0.10 0.028 0.005 118 100
Model (4), k = 1.5, T = 0.204
10 0.18 0.20 0.045 0.004 44 56
20 0.19 0.20 0.037 0.003 35 52
40 0.19 0.20 0.034 0.003 30 51
100 0.19 0.20 0.028 0.002 27 49
Model (4), k = 2.0, T = 0.220
10 0.19 0.22 0.043 0.003 35 47
20 0.20 0.22 0.033 0.002 25 44
40 0.20 0.22 0.025 0.002 20 44
100 0.20 0.22 0.022 0.002 17 44
* Since [1 and Y are both unbiased estimators of |, their means are not given.
Table A8.3: Variance of the MMLE and the relative efficiency
of the LSE; 6,=1and o = 1.
Model
True model 1) 2) 3)
n Var RE Var RE Var RE Var RE
20 0.533 90 0.416 66 0.500 79 0.596 96
30 0.301 88 0.218 61 0.259 75 0.349 96
50 0.208 85 0.174 73 0.187 79 0.226 92
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Model
(4) (5) (6) (7
20 0.651 104 0.585 89 0.611 85 0.565 86
30 0.367 105 0.332 86 0.350 74 0.344 78
50 0.255 104 0.232 78 0.334 67 0.246 64
Model
(8) 9) (10) (11)
20 0.904 56 0.463 84 0.845 56 0.822 65
30 0.465 51 0.268 82 0.798 52 0.556 60
50 0.385 66 0.174 80 0.281 52 0.392 58

Table A8.4: Values of (1) Mean and (2) n(Variance) of MMLE and LSE; 6= 1.0, ¢=0.5.
True model is Gamma G(k, 0); k=3 and o = 1.

n =30 n =50 n =100
Coeficient (1) 2) () 2) (1) 2)
True model, 1=1

o MML 0.998 1.145 0.999 0.952 1.003 0.856
LS 1.001 1.978 0.994 1.850 0.997 1.972
(0] MML 0.466 0.493 0.480 0.444 0.492 0.367
LS 0.431 0.777 0.465 0.740 0.488 0.766
o] MML 0.972 0.617 0.977 0.582 0.983 0.559
LS 0.979 0.964 0.988 0.948 0.997 0.985

Model (1), T = 0.816
o MML 1.000 0.361 1.000 0.272 1.003 0.229
LS 0.997 0.993 0.998 0.913 1.007 0.909
@ MML 0.473 0.316 0.487 0.254 0.493 0.227
LS 0.430 0.809 0.462 0.701 0.481 0.695
g MML 0.619 0.346 0.620 0.330 0.614 0.304
LS 0.691 0.674 0.694 0.699 0.706 0.751

Model (2), T =1.080
) MML 1.008 2.127 0.997 1.800 1.003 1.787
LS 0.991 2.959 0.997 3.024 1.004 2.776
0] MML 0.456 0.590 0.480 0.536 0.491 0.489
LS 0.430 0.734 0.458 0.738 0.478 0.754
g MML 1.246 0.898 0.261 0.934 1.283 0.920
LS 1.199 1.231 1.212 1.175 1.222 1.258

Model (3", T=1.931
I MML 1.001 1.488 1.007 1.602 0.993 2.324
LS 0.991 7.198 1.006 5.955 0.993 5.231
0] MML 0.542 0.191 0.583 0.179 0.616 0.270
LS 0.599 0.535 0.721 0.423 0.808 0.320
o] MML 1.556 3.751 1.522 3.364 1.526 3.533
LS 2.100 15.414 2.039 14.120 1.910 12.049
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5 MML
LS

) MML
LS

o MML
LS

5 MML
LS

) MML
LS

o MML
LS

0.998
1.008
0.482
0.431
1.534
2.077

0.998
1.004
0.454
0.430
1.128
1.070

Model (4", 1 =1.931

1.620 1.002 1.455
9.690 1.006 9.194
0.241 0.491 0.178
0.637 0.458 0.620
5.724 1.524 5.816
20.968 2.119 21.606
Model (5), 1 =1.083
1.831 0.999 1.705
2.418 1.002 2.166
0.713 0.475 0.591
0.796 0.457 0.788
0.720 1.145 0.644
1.014 1.073 1.034

0.999
1.006
0.503
0.479
1.518
2.171

0.995
1.003
0.488
0.482
1.161
1.082

1.368
8.689
0.122
0.596
5.405
24.239

1.433
2.228
0.490
0.732
0.616
1.031

Table A8.5: Means and variances of the MMLE and the relative efficiency
ofthe LSE; p=0,0=1and 9=0.5;0=1.

Mean* n(Variance) Relative efficiency
n ¢ o i 5 ¢ o E, E, E; E,
Population model (r =2, d = 0)

30 0.429 0.925 2.65 1.34 0.822 0.335 90 95 94 93

50 0.459 0.954 2.23 1.31 0.764 0.316 88 90 92 94

100 0.479 0.972 1.99 1.04 0.713 0.322 87 90 92 94
Sample model (1), T = 0.59

30 0.434 0.545 0.81 0.56 0.675 0.076 77 80 82 82

50 0.466 0.562 0.66 0.28 0.583 0.074 73 77 78 79

100 0.482 0.574 0.55 0.32 0.575 0.069 70 73 75 78
Sample model (2), T =0.40

30 0.438 0.369 0.32 0.22 0.687 0.027 65 70 73 71

50 0.468 0.379 0.25 0.13 0.536 0.025 62 65 69 70

100 0.480 0.386 0.24 0.13 0.529 0.025 62 64 64 68
Sample model (3), T = 0.29

30 0.450 0.262 0.14 0.07 0.558 0.013 62 66 69 70

50 0.466 0.269 0.13 0.05 0.518 0.011 57 61 64 66

100 0.487 0.272 0.10 0.06 0.392 0.010 55 59 64 65
Sample model (4), T =0.13

30 0.481 0.122 0.03 0.02 0.173 0.004 79 81 98 79

50 0.476 0.125 0.03 0.02 0.369 0.003 75 78 84 76

100 0.490 0.128 0.03 0.02 0.381 0.003 71 75 82 73

* The bias in the MML and LS estimators of p and & are negligible. The means of the LSE of ¢and o

are essentially the same as those of MMLE and are not,

therefore, reported.




CHAPTER 9

Goodness-of-fit and Detection of Outliers

9.1 INTRODUCTION

The efficiency of a statistical procedure hinges on how accurately we can identify the underly-
ing distribution. With limited information contained in a sample, despite our best efforts, it is
not possible to identify the underlying distribution exactly. That impedes applications of clas-
sical procedures to real life problems. For example, the sample mean and variance have high
efficiency only for symmetric distributions with kurtosis between 2.8 and 3.2 (Akkaya and
Tiku, 2003). Robust statistical procedures have the advantage of maintaining high efficiency
over a wider range of distributions. They have, therefore, a broader scope for real life applica-
tions. The question now is, given a random sample of size n, how do we identify a distribution
which is in reasonable proximity to the true underlying distribution ? We also need to detect
data anomalies (e.g., outliers, inliers, etc.) in a sample since their presence has an adverse
effect on the efficiency of estimators, particularly the normal-theory estimators. An informal
technique which can easily be implemented to achieve this goal is graph plotting and data
exploratory techniques (Tukey, 1977; Mosteller and Tukey, 1977; Hoaglin et al, 1983; Hamil-
ton, 1992), Q-Q plots being particularly useful. Formal techniques are goodness-of-fit tests and
outlier and inlier detection procedures. We enunciate some of these procedures as follows.

9.2 Q-QPLOTS

First consider a random sample X, X,,.....,X,, from a distribution of the type (1/0)f((x — p)/o), u
and o not known. The distribution of z = (x —p)/o is free of p and o and denoted by f(z). Let F(z)

= '[_Zm f(z) dz be the cumulative distribution function. Assume a particular density f(z) and

determine Q, from the equation

F(Q)=i/(n+1), 1<i<n; (9.2.1)
Q; are called population quantiles. Plot Xy against Q; (1 <i <n). If it gives “close to a straight
line” pattern, then f(z) qualifies to be a plausible model for the data. In fact, we should consider
a few density functions f(z) and construct the corresponding Q-Q plots. The one that gives
“closest to a straight line” pattern is the most plausible model for the sample; see, for example,
Tiku and Vaughan (1997). A “close to a straight line” pattern will simply be called a pattern.

225
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Example 9.1: Consider the 15 observations given in Example 2.9. Elveback et al. (1970) as-
sume the underlying distribution to be logistic. Given in Fig. 1 is a Q-Q plot of the data. The
plot has a pattern. We conclude that the logistic density provides a plausible model.
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Figure 1 Q-Q Plot based on logistic density.

The BLUE calculated from the data are
pu* = 10.010 and o* =0.843, with V(u*) =0.063 02 and V(o*)=0.048 ¢2.
The MMLE are

A

H =10.011 and g =0.841, with V({i) =0.063 02 and V(g)=0.045c2.
The usual assumption of normality gives

X =10.012 and o =0.764, with V(x)=0.067 02 and V(s)10.053 g2

The minimum variance bounds for estimating 1 and o are 0.062 g2 and 0.044 02, respec-
tively. The MMLE are clearly the most efficient, and much easier to compute than the BLUE.

Remark: The BLUE and MMLE above are adaptive in the terminology of Hogg (1982), Hogg et
al. (1975) and Sprott (1978, 1982); see also Hogg (1967, 1972, 1974). An adaptive estimator utilizes the
information in the sample about the shape of the underlying distribution. Hogg assumes that the un-
derlying distribution is symmetric and uses the sample kurtosis to determine the shape of the underly-
ing distribution. He then chooses an estimator accordingly. Sprott on the other hand assumes that the
underlying distribution is of the type (1/0)f, ((x — p)/0), see Tiku et al. (1986, pp. 147-150). He works out
the MLE [i(A) and G (A) as functions of A. The MLE are obtained by replacing the shape parameter A by

a plausible estimate A. See also Frazer (1976).

Example 9.2: Consider the Darwin’s data mentioned earlier. Arranged in ascending order of
magnitude, the observations are

—-67 —48 6 8 14 16 23 24 28 29 41 49 56 60 75

Here, no Q-Q plot has a pattern for any density f(z) belonging to the skew, STS or LTS
families of distributions considered in previous chapters. However, the Q-Q plot based on the
normal N(u, 02) has an interesting property (Fig. 2): all the observations other than the two
smallest and one largest are close to a straight line. This indicates that these observations are
outliers, i.e., they are much different than the bulk of observations. Since the presence of
outliers in the data adversely affects the efficiency of estimators, we give zero weights to these
observations, i.e., we censor them. The MMLE based on the remaining twelve observations

and their standard errors are given in Example 7.4. It can be seen that the MMLE {i, and 6,

besides being easy to compute, are considerably more efficient than the traditional estimators
X and s, and some other adaptive estimators (Tiku et al., 1986, p.152). For example, Sprott
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(1978, 1982) models the data by the Student t distribution with A degrees of freedom and
obtains a confidence interval for the location parameter ; the shortest interval (11.560, 41.
749) is obtained by taking A = 2. The confidence interval (12.696, 42.730) based on the MMLE
calculated from the middle eleven observations is slightly shorter than that of Sprott (Tiku et
al., 1986, p.152).

T T T
-2 -1 0 1 2

Fig. 2 Q-Q Plot based on normal density.

Example 9.3: The following ordered observations represent the survival times (the number of
days/1000) of 43 patients suffering from granulocytic leukemia (Johnson and Johnson, 1979):

0.007 0.047 0.058 0.074 0.177 0.232 0.273 0.285 0.317 0.429 0.440

0.445 0455 0.468 0.495 0.497 0532 0.571 0.579 0.581 0.650 0.702

0.715 0.779 0.881 0.900 0.930 0.968 1.077 1.109 1.314 1.334 1.367

1534 1.712 1.784 1.877 1.886 2.045 2.056 2.260 2.429 2.509

The premise is that the survival times u come from the Weibull distribution (2.8.1)

(6=0). Now, y = uP is exponential and Y = u(i)p are the order statistics of a random sample of
size n = 43 from the exponential E(O, 8), = oP. A Q-Q plot is obtained by plotting Y against
the quantiles of an exponential, Q,;=—In (1-q;), g; = i/(n+1) (1< i< 43). A pattern emerges with
p = 2.5 as can be seen from Fig. 3. The Weibull distribution with p = 2.5 is, therefore, a plausi-
ble model for the data.
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Fig. 3 Q-Q Plot based on Weibull density.
The MMLE of o is obtained by using the techniques given in Chapter 2.
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Example 9.4: Consider the data of Example 3.3. Here, the model isy; = 6, + 6,x;+ e, (L<i<n);
V(e;) = 02 To have an idea about the error distribution, we use an easily computable estimator

of 6,, the LSE 61 =306 =Xy I3 (X - X)?, and determine the order statistics w;) of w;

=y, - Elxi (1=<i<25). Since 6, is a location parameter and ¢ > 0 is a scale parameter, they have
no role to play in determining w;,. The order statistics w;are plotted against Q; = ti I=<is<
25), the latter obtained from (2.4.13). A pattern emerges by taking p = 5 (no other value of p
results in an improvement). The corresponding MML and LS estimates of 8, are — 0.080 and
— 0.079; their standard errors are 0.0087 and 0.0105, respectively. The MMLE él is clearly
more precise.
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Fig. 4 Q-Q Plot of residuals based on LTS density.

Example 9.5: Kendall and Stuart (1968, p.407) give deviations from a simple 11-year moving
average of marriage rate in England and Wales for the years 1843-1896. They are

-6 1 12 10 -6 -8 -6 3 4 7 11 3 -8 -2 3 7 3 4
-5 7 1 6 8 9 -2 -8-10 -7 0 8 12 7 5 4 -3 -6
-12 -5 0 5 7 3 -4 -8 -6 -5 1 6 6 2 -6 -5 -6 1
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Fig. 5 Q-Q Plot based on STS density.
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The deviations are presumed to have a short-tailed symmetric distribution. Given in
Fig. 5is the Q-Q plot obtained by plotting the ordered residuals against the quantiles Q, = t; of
the STS family (3.6.1) with r = 4 and d = 1.5; t;, are obtained from (3.6.11). The plot has a
pattern and, therefore, the density (3.6.1) with r =4 and d = 1.5 is a plausible model.

None of the data in the examples above was found to be normal or in close proximity to
it. This is not to say that normal data does not exist. Consider, for example, the following
sample from Brownlee (1965, p.395). The data give the score of 14 subjects assigned randomly
to a certain drug (Drug C):

35 31 55 43 44 28 33 13 39 58 18 17 41 25

The order statistics of this sample when plotted against the quantiles of a normal distri-
bution N(O, 1) gives the following Q-Q plot:
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Fig. 6 Q-Q Plot based on normal density.

The data is beautifully modeled by a normal distribution N(u, a2). Here, the estimates
and their standard errors are
X =34.29 and s =13.54 with SE(x) = £3.62 and SE(s) O+ 2.56.

The MMLE based on the sample, with r =[0.5 + 0.1(14)] = 1 smallest and largest obser-
vations censored, are

(i, =33.92 and 6, = 12.83 with SE ({1,) = + 3.64 and SE(G,) = + 2.63.

The estimates and their standard errors are close to one another. This again illustrates
that if a small nhumber of extreme observations in a normal sample are censored (or small
weights given to them) in the pursuit of robust estimators, that does not affect the efficiency
too adversely, if the MMLE are used.

Remark: The difficulty with Q-Q plots is that they are very subjective. What might be a “straight
line pattern” to one might not be so to another. The finding from a Q-Q plot, therefore, needs to be
supported by a formal statistical test.

9.3 GOODNESS OF FIT TESTS

Realizing that Q-Q plots and other graphical techniques are highly subjective, we need formal
tests to identify a plausible distribution for the data. We also need formal tests to identify
outliers, inliers, and other data anomalies. As said earlier, estimation and hypothesis testing
procedures which utilize the information obtained from Q-Q plots or goodness-of-fit tests are
adaptive in the terminology of Hogg (1974, 1982), Hogg et al. (1984), and Sprott (1978, 1982).
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Assume that the underlying distribution is of the type (1/0)f((x — w)/o), p and ¢ un-
known. We have reason to believe that the functional form f is f, and that determines the null
hypothesis

H,: the underlying distribution is (1/0)f,((x — p)/o).

The alternative is

H,: that f is not f, but some other density function.

Two situations are thought to be of primary interest: (a) some information about f is
available, e.g., f is a symmetric density, and (b) no information about f is available. A proce-
dure used to test H, against alternatives of type (a) is called a directional goodness-of-fit test.
A procedure used to test Hj against alternatives of type (b) is called an omnibus goodness-of-fit
test. We first discuss some of the directional goodness-of-fit tests.

Remark: We recommend that a goodness-of-fit test be carried out at a significance level higher
than 5 percent (say, 10 percent). The reason is that a robust procedure has almost the same efficiency
when the density f is f, or close to it, but has higher efficiency when f is quite different from f,. Thus,
when H, is wrongly rejected with a high probability 0.10 (type I error) and subsequently a robust proce-
dure adopted, that will result in only a slight loss in efficiency. On the other hand, a high value of type
I error will yield high power (probability of correctly rejecting H;) and that will lead to considerable gain
in efficiency with the adoption of a robust procedure.

Directional test of Normality. The null hypothesis H, is that the underlying distri-
bution is normal N(u, 02), p and o both unknown. To test H, against skew alternatives, a well-
known test is given by the sample skewness

Jby = T 0 =03 H{E, (6 = %)7P (9.3.1)
Jb, islocation and scale invariant. Small and large values of \/b, lead to the rejection of H, in

favour of skew distributions. Large values indicate positive skewness and small values nega-
tive skewness.

The null distribution of /b, is symmetric but its functional form is not known. How-
ever, Pearson (1963) gives the exact variance and kurtosis of /b, :
6(n-2)

Mo(y/by) = +D(n+3) (9.3.2)
36 (n-7)(n? +2n-5)
and By(yby) =3+ =25 NN +9) (9.3.3)

D’'Agostino and Pearson (1973) develop a Johnson S, approximation to the null distribu-
tion of \/b_ namely, the distribution of
&sinhL (b1 /A) (9.3.4)
is referred to a normal distribution N(O, 1). They tabulate the values of d and A for n > 8.
An approximation in terms of the Student t is available (Tiku, 1966b). It regards

t= /b, /h (9.3.5)
as the Student t with v degrees of freedom; v and h are obtained by equating the second and
fourth moments on both sides (3, = 3):

v=4(B,-15)/(B,-3) and h=Ju, (1-2/v) (9.3.6)
Thus, we have the approximation
P(,/b; 2d,) OP(t=d_/h) (9.3.7)
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An IMSL subroutine in FORTRAN is available to evaluate (9.3.7) for both integer as
well as noninteger values of v of equation (9.3.6).

The values of the probability on the right hand side of (9.3.7) are given in Table 9.1. It
can be seen that the t-approximation (9.3.5) is remarkably accurate.
Table 9.1: Values of the probability P(,/b, = dg g5)s dg o5 bEING the exact
95 percent point of the null distribution.

n= 10 20 30 60 100
dy 0 0.950 0.772 0.662 0.492 0.390
Prob 0.0502 0.0499 0.0498 0.0500 0.0500

To test normal N(U, 6%) against symmetric alternatives, a well-known test is given by
the sample kurtosis

b, =n T, (% ) AT, (% —2)%); (9.3.8)
b, is location and scale invariant. Small and large values lead to the rejection of normal N(y,
02).
Itis very difficult to work out the null distribution of b,,. The distribution is, in fact, very
skew and can not be approximated by a normal distribution even if n is as large as 1000.
Pearson (1963) gives the first four moments of the null distribution (Thode, 2002):

, 3(n-1
W12 = "
24n(n - 2)(n - 3)
Hp(b;) = (n+1)% (N +3)(n +5)

_ 216 [(n+3)(n+5 " (02 -5n+2)
VB1(b2) =7 {(n—3)(n—2)} (n+7)(n+9)

(9.3.9)

36(15n° - 36n° - 628n* +982n° +5777n? - 6402n +900)
n(n-3)(n -2)(n +7)(n +9)(n + 11)(n + 13)
D’Agostino and Pearson (1973) give charts to determine the percentage points for
n = 20(5) 50, 100 and 200. They use Monte Carlo simulations and Pearson 4-moment curves
(Johnson et al., 1963) to construct these charts. For other useful approximations, see D’Agostino
(1970), D’'Agostino and Tietjen (1971, 1973), Bowman and Shenton (1975, 1986) and Mulholland
(1977). A recently published book (Thode, 2002) gives more detailed information about the null

distributions of \/b_l and b, and gives tables of their percentage points. It might be noted,

and B,(b,) =3+

however, that D’Agostino and Tietjen (1973) approximation to the null distribution of \/b_l is
exactly the same as (9.3.5) above.

A directional test of normality which is particularly powerful against symmetric short-
tailed distributions is due to David et al. (1954), namely,

u=.,n (WS), 0 <u<o; (9.3.10)
W = Xy = Xq) Is the sample range and S= > X - X)? . The statistic u is location and scale

invariant. Small and large values of u lead to the rejection of normality.
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It is known that under normality, u and S are independently distributed (David, 1981,
p.111). Therefore,

E(uk) = nK2E(WK)/E(SX) (k=1,2,.....). (9.3.11)
David, Hartley and Pearson (1954) give the percentage points of u, obtained by fitting
Pearson curves to the first four moments of u.
The tests based on \/b_l and b, and u are, however, restricted to normal N(u, 02). A
directional test applicable to any location-scale distribution is due to Tiku (1974a, b; 1975b).

9.4 DIRECTIONAL TEST FOR ANY DISTRIBUTION

Under the null hypothesis H, let the distribution be (1/0)f,((x-u)/0). Directional test of H, is
developed as follows:
The extreme observations in a random sample x,,x,,...,Xx, primarily represent the tails

of a distribution. They are, therefore, sensitive to changes in the tails. Censor r, smallest and
r, largest observations. The remaining observations arranged in ascending order of magni-

tude constitute the censored sample (7.2.1). Since the MLE are generally intractable, let 6, be
the MMLE of o (assuming that f; is the true density) so that E(6,) = 0, at any rate for large n.
Let G be the estimator obtained by equating r, and r, to zero in the expression for G.. The

estimator G is particularly sensitive to the tails but not 6. Therefore, a directional goodness-
of-fit statistic to test H, is given by (Tiku, 1974a)
T=6./6, 0<T<o; (9.4.1)
T is location and scale invariant. To achieve high power, the following choices of r, and r, are
made for testing H:
(i) against alternatives which have long tails on both sides, r, =r,=[0.5+0.3n], (9.4.2)
(it) against alternatives which have a long tail on the right hand side,
r,.=0 and r,= [0.5+0.6n].
If the distribution of X has a long tail on the left hand side, then the distribution of ¢c-X
(c being any constant) has a long tail on the right hand side. Therefore, we only need to con-
sider the choices (i) and (ii).
Theorem 9.1: For fixed q, = r,/n and g, = r,/n, the null distribution of T is asymptoti-
cally normal.
Proof: This immediately follows from the fact that ¢ converges to o faster than 6.

Since the MMLE 6, is asymptotically equivalent to the MLE, and the MLE are known to be
asymptotically normal under some very general regularity conditions, the result follows.

In fact, the null distribution of T converges to normal very quickly. What we need is the
mean and variance of T. For large n,

E(T) DE(8,)/E(§) =1 and V(T) OV(6,) + V(5) -2 Cov(d,, §). (9.4.3)

This follows from a very general result, namely, if §, and 6, are both estimating the
same parameter 6, then (Kendall and Stuart, 1969, p.234; Stuart and Ord, 1987, p.325),

V[i) D{E(él)}zl: Vgél) + V(Aéz) -2 COAV(élréAz)
6,) |E@Gy] {EGY {EG@.)Y¥  E®.)E®,)

(9.4.4)
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Since for large n, 6, and g are both unbiased estimators of g, the results (9.4.3) follow.

Testing normal: Consider testing that f, is normal N(u, 6%). The MMLE is given in
(7.3.11). Equating both r, and r, to zero, we get the traditional estimator

s= \/{Zi”:l(xi -X)%/(n - 1)}. Now, V(s) Do%2n, and Cov(G,, §)= o%/2nifq, +q, is small in
which case

1 1
nv(n = {2(1 =0y~ 02) — (@05t —q,0,ty) E} (9.4.5)

from (7.3.16). For using T as a goodness-of-fit statistic, however,q; +q, is as large as 0.6.
Based on part theory and part simulations, Tiku (1974a) gives the formula

n(A-1) { 1
nv(t) = ————
® A(n-1) (2(1-0y~0dz) (00, t; —004t,)
1
w5 0.532(q, +q,) + 11284(q,0, — q,0 1)} (9.4.6)

the values of t;, a;, and 3, (i = 1, 2) are given in (7.3.5) — (7.3.7).
The equation (9.4.6) gives remarkably accurate approximations as can be seen from the
following values:

Table 9.2: Values of the variance of T: (a) g, = 0, g, = [0.5+0.6n]/n,
and (b) g, = q,= [0.5+0.3n]/n.

n=20 24 30 40 50 60 80
(a) Simul. 0.052 0.041 0.034 0.026 0.022 0.018 0.013
Approx. 0.050 0.042 0.034 0.026 0.021 0.018 0.013
(b) Simul. 0.057 0.046 0.040 0.030 0.025 0.020 0.015
Approx. 0.058 0.047 0.040 0.030 0.025 0.020 0.015

The normal distribution with mean 1 and variance given in Table 9.2 gives remarkably
accurate approximations for the percentage points of the null distribution of T. Small values of
T lead to the rejection of normality. At 10 percent significance level, if the computed value of T

is less than 1-1.645./V (T), N(u, 02) is rejected as a plausible model for the data.

To compare the power of the \/b_l and T tests we consider, for illustration, the following
alternatives to normal N(y, ¢2).

Skew distributions: Chi-square with degrees of freedom (1)v=1,(2)v=2,(3) v =4.
LTS distributions: The Student t with degrees of freedom (4) v = 1 (Cauchy), (5)
v=2,(6)v =4 (9.4.7)
Short-tailed distributions: Tukey family x=au'— (1 — u)', u is uniform
0,1),(7)a=1,1=0.1,8a=1,1=15,(9) a=10,1=3.1;

(7) and (8) are symmetric distributions with kurtosis p, /p3 equal to 3.21 and 1.75, respec-

tively, and (7) has skewness pi,/l1,%?= 0.97 and kurtosis 2.8. The simulated values of the power
are given in Table 9.3 based on [100,000/n] (integer value) Monte Carlo runs. Large values of
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b lead to the rejection of normality in favour of positively skew distributions. Large values

of | /b, | lead to the rejection of normality in favour of symmetric distributions. Small values of

T lead to the rejection of normality; r, and r, are chosen as (i) and (ii) above. It can be seen that
the T test is remarkably powerful. Both the tests are, however, ineffective against symmetric
short-tailed distributions.

Table 9.3: Power of \/b; and T tests for N(y, 6?), at 10% significance level.

n=10 n=20 n =50
Alternative Jo1 T Jo1 T Jo1 T
1) 0.80 0.88 0.98 0.99 1.00 1.00
2) 0.63 0.66 0.89 0.92 1.00 1.00
3) 0.46 0.42 0.75 0.73 0.97 0.97
(4) 0.64 0.61 0.82 0.90 0.93 1.00
(5) 0.40 0.32 0.56 0.55 0.73 0.88
(6) 0.24 0.22 0.33 0.38 0.49 0.67
(7) 0.11 0.10 0.12 0.10 0.13 0.10
(8) 0.05 0.06 0.02 0.03 0.01 0.01
9) 0.54 0.75 0.79 0.94 0.99 1.00

Example 9.6: The logarithm of the number of trees in orhards is presumed to be normal, at
any rate close to it. If not, the distribution is presumed to be positively skew. For 10 randomly
chosen orchards, Singh et al. (1982) give the following values of x = logarithm of the number of
trees:

1.7918 2.3026 2.7726 3.2581 3.5264 3.8067 3.9703 4.0943 4.2905 4.5747

To use the statistic T, we choose r, = 0 and r, = 6. From the four smallest observations,
we obtain

K=2869,A=4,B=1847 and C=2.165;

1/2

5 = 1847 + (3.410 + 34.640)Y/2 and & = 136.102 - (35.419)%/10 |

: 212 ° 9 |
T =1.063

Since this value is not smaller than the lower 10 percent point 0.476 of the null distribu-
tion of T, we have no reason to reject normality.
For the test of normality based on sample skewness,

b; =0.158.
Since this value is not larger than the upper 10 percent point 0.950 of the null distribu-
tion of \/b, (obtained from 9.3.5), the test agrees with the T test.
Example 9.7: Consider the Fisher data considered in Example 9.2. Here, the two smallest

observations are too small and one largest observation is too large as compared to the bulk of
observations. The alternative to normal N(u, ¢2) is a distribution which, although not neces-
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sarily symmetric, has long tails on both sides. The directional T test is, therefore, appropriate
with r, =r,=[0.5+0.3(15)] = 5. Now,
K =23.116, A=5,B =50.726, C = 416.121;

| 50726 +(2573.127 + 8322.428) /2
6, = 2720 =17.342, § =37.744;

T =0.459.

Since this value is smaller than the lower 10 percent point 0.514, we reject normal N(y,
0?) as a plausible model for the data.

In fact, the two smallest and one largest observations in this data are outliers (Section
9.16).

Comment: The T test is remarkably powerful for testing normal against skew and
symmetric long-tailed distributions but it is ineffective against symmetric short-tailed distri-
butions; see also Tiku (1974a, Table I). The u test is particularly powerful for testing normal
against symmetric short-tailed alternatives. If short-tailed symmetric alternatives to normal
are anticipated, the u test should be employed. Alternatively, the test based on the statistic U”
(Section 9.10) may be used; the test has remarkably high power.

The T and u tests beautifully complement one another. In practice, both may be com-
puted and compared with the corresponding percentage points. This will give a better perspec-
tive of the nature of the underlying distribution.

Testing exponential: Under H, f, is the exponential (1/c)exp{- (X — 6)/a}, B<x<co; 6
and o not known. Here, the statistic T is

Te=6./6,0<Tg<o, (9.4.8)

S Xy X -y _ NX S Xy _ NXg
where 6, = =170 =D 4 and g=—"——— "+ Sl o (9.4.9)
n-r—1I n-I
Small and large values of T lead to the rejection of the exponential E(6, o).
Theorem 9.2: Under exponentiality the distribution of y={(n —r — 1)/(n — 1)}T is beta

(a, b), namely,

)= gap ¥ @-y"" O<y<l (9.4.10)

where a=n-r—-1 and b=r.
Proof: It is easy to show that
y=314 'Di(E D+ 3, D), D=(n- DX+ 1) =X
Since 2Dj/o (1 <i < n - 1) are independently distributed as chi-squares, each with 2
degrees of freedom (Appendix 7A), the distribution of y is exactly the same as that of
W =X, (X, + X,%);
X,? and x,? are independent chi-square variates with 2(n — r — 1) and 2r degrees of freedom,
respectively. It is easy to show that the distribution of y is beta (a, b).
Remark: For the beta(a, b),

EW) = o

Hence, under exponentiality,

ab
(@+b2@+b+1)

and V(y) =

E(T)= 1 and V(Tp=— r

m (9.4.11)
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Choice of r: The T test has high power if r is large. Tiku et al. (1974) choose r = [0.5 +
0.5 n] since for this value of r the beta distribution (9.4.10) is also symmetric (almost). Conse-
qguently, the null distribution of

z=n(n-r-1(Te - Dr (9.4.12)

tends to normal N(O, 1) very quickly (effectively, n = 20). For n = 20, for example, we have the
following lower and upper 5 percent points: r = [0.5 + 0.5(20)] = 10:

Lower Upper
Exact 0.615 1.39
Approx. 0.612 1.39

Tiku (1974b), Dyer and Harbin (1981), Balakrishnan (1983) and Balakrishnan and
Ambagaspitiya (1989) show that the T test (and its multisample version) has excellent power
properties. Also, its power can be evaluated analytically as follows.

Lemma 9.1: The asymptotic power function of the T test is given by
P(z<d)) +P(z=d,) (9.4.13)
where z is a standard normal variate and d, and d, are constants.
Proof: The power of the T test is given by
P(Te<c,IH) +P(Tg2¢c,1H)).

Now P(Te2c,) =P(6, —¢,620)=P(Z; 14X 20) =P(z2d,)
where 3_, X is a linear function of order statistics, and

d2 == Z?:l Ii E (X(i))/\/{zrzl Ii2 V(X(i))}
is a constant; d, is free of 0. The result then follows from the fact that under some very general
regularity conditions, a linear function of order statistics is asymptotically normal (David,
1981).
Testing E (0, 0): In some situations, 0 in the exponential E(8, o) is known (say, 6 = 0).
Now

Te, = 6o /805 6o ={Zit1 X+ Xu_pH(N—1) and &, =ZL;xi/n;  (9.4.14)
r =[0.5+0.5n]. The null distribution of {(n —r)/n}T_ is beta (a, b),a=n-rand b =r. For n> 20,

the null distribution of
zy= J(n =N +1) (Tg, - DIKT)

is taken to be normal N(O, 1).

Example 9.8: Consider the data of Example 9.3. One wants to test whether x = u?® is distrib-
uted as exponential E(0, o), o is not known. Here, r = [0.5 + 0.5(43)] = 22 and

Z, = |[21(44) (124 - 1)/J/22 = 1.56
Since the computed value of |zO| is less than 1.645, we do not reject the exponentiality of
x = u?5,. The Weibull (p = 2.5) is, therefore, a plausible model for the data.

Example 9.9: The following data represent the time to breakdown of a type of electrical insu-
lating material subject to a constant-voltage stress (Nelson, 1970)

1.97 0.59 2.58 1.69 2.71 25.50 0.35 0.99 3.99 3.67
2.07 0.96 5.35 2.90 13.77
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The data clearly comes from a distribution with a long tail on the right hand side. Here,
r = [0.5+0.5(15)] = 8. From the first n — r = 7 observations

0.35 059 0.96 0.99 1.69 1.97 2.07
we have
i1 X FMX(n-p =25.18 and Y| X =69.09,
_ 25187 _ Lo

o 69.00/15
The value of z, in (9.4.15) is

20| =[J7(6)(0.781-1)/ V8| = 082

which is less than 1.645. We do not reject the exponential at 10 percent significance level.

Numerous other directional tests of E(6, o) are available; see, for example, Epstein
(1960a), Cox and Lewis (1966, Chap. 6), Wang and Chang (1977), Koul (1978) and Kanjo (1993).
Many of the tests are designed to test the exponential E(0, o) against monotone increasing
(IFR) or monotone decreasing (DFR) hazard functions (failure rates) f(z)/[1 — F(z)], the failure
rate being constant for the exponential. One of such tests is based on Gini statistic

G :Tg_lel /(n _1)i§1Di (0<G<1), (9415)

Di=(n—i+ 1)(x(i) - x(i)_l) with X0)= 0 are the exponential spacings. Values of G close to zero
are indicative of DFR and values close to 1 are indicative of IFR. Gail and Gastwirth (1978)

show that the null distribution of
J12(n -1) (G -0.5) (9.4.16)

is approximately normal N(0O, 1). They also show that the G test has good power properties
against distributions with monotone hazard functions.

Testing uniform: To test the uniform U(6,, 6,) (6, and 6, not known)

f(x)=1/8,8,<x<6,(©=6,-8), (9.4.17)
against positively skew distributions, the directional T test is based on the statistic
T,=6./6,r=[0.5+0.5n] (9.4.18)

6. = (x(n_ N x(l))/(n -r-1) and ¢ = (x(n)— x(l))/(n —1).
Small and large values of T, lead to the rejection of the uniform U(6,, 6,) in favour of
positively skew distributions.

The null distribution of y = {(n —r — 1)/(n — 1)} T, is the beta distribution (9.4.10) with a
=n-r—1andb =r and converges to normal very quickly. This follows from the fact that

y=3" " u/Eiotug, where u, = (n+ 1){X+ 1) — X} are the uniform spacings. It is well known

that Ui/Z?:_fUi are jointly distributed as n — 1 spacings generated by the order statistics of a

random sample of size n — 2 from a Uniform (0, 1) distribution (Karlin, 1966). But then y is
distributed as the (n —r — 1)th order statistic in a random sample of size n — 2 from the Uniform
(0, 1). This distribution is the beta (a, b) witha=n—-r—-1andb=r.
To test the uniform U(B, 6,) against symmetric alternatives, the directional T test is
based on the statistic
_ (N =D{X@n-n ~ X+t
(-2 - DX —xg}

r=[0.5+0.3n] (9.4.19)
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Small values of T, lead to the rejection of U(6,, 6,) in favour of symmetric distributions.
The null distribution of y = {(n — 2r — 1)/(n — 1)}T , is the beta (a, b) distribution;a=n-2r-1
and b = 2r.

Testing uniform U(0, 1): Suppose that8, and 8, in (9.4.17) are known, say 6, =0 and 6,
=1. To test U(0, 1) against positively skew distributions, (9.4.18) reduces to

T,={(n+1)/(n-r)} Xp_py T = [0.5 + 0.5n]. (9.4.20)

Small values of T lead to the rejection of U(0, 1). The null distribution of X - is the
beta (a,b) distribution witha=n—-rand b =r + 1.

The T test is amazingly simple and powerful. For example, the values of the power of
the T, test are given below. Also given are the values of the Kalmogorov-Smirnov D test (intro-
duced in the next section) which is known to be a very powerful test for the uniform U(0,1):

Power against (1 —u)<-1 (0 < u < 1), at 10% significance level.

k Skewness Kurtosis n=10 20 40
1.5 0.12 2.05 T 0.30 0.46 0.67
D 0.23 0.38 0.60
2 0.32 2.40 T 0.53 0.78 0.96
D 0.53 0.78 0.97

For numerous real-life applications of the directional goodness-of-fit tests, see Chapter 11.

Multi-sample situation: Another interesting feature of the directional T test is that it
admits a straightforward generalization to k = 2 independent samples. Consider, for example,
k independent samples ( Tiku, 1974a)

Xigs Xigrerreeos Xin, (L1 <K), (9.4.21)

i1’
We want to test that these samples come from the populations (1/a;)fy((x — u;)/o;),

respectively. The functional form f; is specified but ; and g; are not known. The generalized

statistic is

T = (UK)TK T, (9.4.22)

where T, is the statistic calculated from the ith sample (9.4.21). Realize that T is location and
scale invariant.
For large n, (1< i<k), the null distribution of T" is normal with mean 1 and variance (1/

K)SE, v(T).

9.5 OMNIBUS TESTS
We want to test the null hypothesis
H,: the underlying distribution is f (X, 6). (9.5.1)
The function f is specified and the parameters § are known. Define

u=Fe)= [ fo (x, 8)dx, (9.5.2)

As said earlier, u = F(x) is distributed as uniform Uniform (0, 1). Testing H, is, there-
fore, tantamount to testing that

Uy = F{x(i)}, l<is<n, (9.5.3)
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are the order statistics of a random sample of size n from U(0, 1). Realize that under H, Ug) is
distributed as beta( i, n —i + 1). Consequently,

E{ug) = n+r1 (L<i<n). (9.5.4)

Therefore, a suitable function of the differences ug —i/n (1 <i<n)is used to test H,.

EDF Statistics: A very important omnibus goodness-of-fit statistic is that of Kolmogorov-
Smirnov,

D = max(D*, D) (9.5.5)
i i-1
where D*= 1m_aX (ﬁ - U(i)) and D™ = 1m_ax(u(i) - In) (956)
<isn <isn

Large values of D lead to the rejection of Hy; D*and D! can, in fact, be used as direc-
tional tests (Pearson and Hartley, 1972). The null distributions of D, D* and D~ are known for
all n.

Other well-known omnibus goodness-of-fit statistics are the following:

7 - - - 2 _ n 2i - 1 2 1
Cramér-von Mises statistic W, 2= 3;_;| Ug) — “on + Ton’ (9.5.7)
Kuiper statistic V=D"+ D, (9.5.8)
Watson statistic U2=wW.?2-n(g-1/2% w=2 ,u/n, and (9.59)
Anderson-Darling statistic
1 r<n . .
A== {zizl(zu —D[In u(i) + In (1- u(n_i+1)]}. (9.5.10)

The statistic A is generally more effective than other EDF statistics for detecting devia-
tions in the tails (Pearson and Hartley, 1972, p.119). Large values of the statistics lead to the
rejection of H,. A simple table (Pearson and Hartley, 1972, Table 54) allows easy determina-
tion of the percentage points of the EDF statistics.

All the above EDF statistics are of limited use because of the requirement that the
parameters 8 be known. A natural thing to do, as suggested by Lilliefors (1967) and Srinivasan

(1970), is to replace 0 by a suitable estimate 8. Then, calculate the EDF statistics with u;
replaced by G; (1<i<n):

a; = [ f(x,8)dx. (9.5.11)

The resulting statistics are called modified EDF statistics and denoted by p, W2 and so

on. However, the difficulty is that U; (1 <i < n) are no more uniformly distributed. Conse-
guently, the distribution theory becomes complex: the null distributions may even depend on
f,. Based on part theory and part Monte Carlo simulations, Stephens (1974) constructed tables
of the approximate percentage points of the modified EDF statistics for testing normal N(u, 62)
and exponential E(0, ). For N(4, ¢?), the unknown parameters are replaced by the jointly
sufficient statistics X and s2. For the exponential E(0, 0), o is replaced by the sufficient statis-
tic X. The approximate percentage points of the modified EDF statistics are given in Pearson
and Hartley (1972, Table 54), for testing N(u, 6%) and E(0, o).

For testing N(u, 62), however, they are not on the whole as powerful as the Shapiro-Wilk
W test given in the next section. For testing E(0, o), they are not as powerful as the Tiku Z test
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given in Section 9.8. See also Suruct (2003) who gives a comprehensive power comparison of
numerous tests.

9.6 SHAPIRO-WILK TEST

Let Za) = (x(i) —W/o (1 <i<n)be the ith standardized ordered variate. Now,

E(x(i)) =U+0Y,, M= E(z(i)); (9.6.1)
H;., is the expected value of the ith standardized ordered variate which corresponds to the ith
order statistic in a random sample of size n from f; (z), f, being the assumed density. The
equation (9.6.1) is the same as (2.7.1) in Chapter 2. Let

o* = Xy 8, X (9.6.2)
be the BLUE of 6. The Shapiro-Wilk test of N(, 6?) is based on the statistic
W= (T a, X)) Zisy (5 = %) (9.6.3)

Small values of W lead to the rejection of normality (Shapiro and Wilk, 1965). Realize
that W is location and scale invariant.

The coefficients a,., are expressions in terms of the expected values and the variances
and covariances of standardized variates Z) = (x(i) — W)/o. Their computation is involved. How-
ever, tables of the coefficients a,., are available (Pearson and Hartley, 1972, Table 15); a
= —a,., because of symmetry.

The null distribution of W is intractable. Its percentage points have been obtained pri-
marily by Monte Carlo simulations. Tables of the percentage points are available (Pearson and
Hartley, 1972, Table 16).

Since the computation of the coefficients a,., is formidable especially for large n, several
modifications of W have been proposed (Mardia, 1980; Thode, 2002). For example, D’Agostino
(1971) proposes the statistic

W* = Zrzl{i - (n + 1)/2}X(i) In? {Zrzl(xi _2)2}1/2. (9.6.4)
The numerator is essentially a simple linear estimator of o due to Downton (1966).
Small and large values of W* are indicative of non-normality (Locke and Spurrier, 1977).

The null distribution of W* is asymptotically normal with mean 0.282 and variance
(0.03)?/n, the convergence to normality being very slow. However, W is overall more powerful
than W*. With tables of a,. (1 <i < n) and percentage points of W available for n <50, there is
perhaps no incentive to use W* in preference to W unless n is greater than 50.

For numerous other less conventional tests of normality, see Mardia (1980) and Thode
(2002).

Exponential E(6, 0): The Shapiro-Wilk statistic for testing the exponential E(6, 0) is

n-i+1

! -
We = (1_ H) (%= X))/ Ty Xy =X 0<W <o, (9-6.5)

Small and large values of W_ lead to the rejection of E(8, 0). The null distribution of W
is not known but Shapiro and Wilk (1972) provide simulated percentage points. The test, how-
ever, is not as powerful as some other tests (Table 9.4).

Shapiro-Wilk method can, in principle, be adopted for testing any distribution of the
type (1/0)f((x —p)/o). The computations are generally very involved and the distribution theory
is complex. Moreover, other than for N(, 62), the tests based on Shapiro-Wilk statistics do not
have power comparable to some other tests; see Section 9.8.
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Transforms of spacings. Csorgo et al. (1973, 1975) use data transformations to give
random variables with completely known distributions, on the same lines as Seshadri et al.
(1969). For testing E(6, 0), for example, they define the transforms

Vi =3 D/ Dj(l<isn-2) (9.6.6)
where Dj are the exponential spacings as in (9.8.1). Thus, testing that x; (1< i<n) are from E(6,
0) is tantamount to testing that V i (1<i<n-2)are jointly distributed as the order statistics
of a random sample of size n — 2 from the Uniform (0,1). Any one of the EDF statistics D, V,

W,2, U? and A can be used for that purpose. A convenient statistic to use is (Seshadri et al.,
1969)

X2=-237 InV,, (9.6.7)
The null distribution of x2 is chi-square with 2(n — 2) degrees of freedom. The test is not,
however, as powerful as some other tests (Table 9.4).

9.7 FILLIBEN AND SMITH-BAIN STATISTIC

Consider a location-scale distribution (1/0)f((x — p)/o). The distribution of f(z), z = (X — W/o, is
freeofpando. Totest H: fis f,, we work out the population quantiles from the equation F(Q;)
=i/(n + 1), 1<i<n. The correlation statistic is (Filliben, 1975; Smith and Bain, 1976)

R=1-0" (0<R<1) (9.7.1)

where P is the ordinary product moment correlation coefficient between Xy and Q(1<i<n).
Values close to 1 lead to the rejection of H,,.

The computation of R is quite straightforward. Its null distribution is, however, not
known for any f,. Therefore, the percentage points of R have to be obtained by Monte Carlo
simulation.

9.8 TIKU STATISTICS BASED ON SPACINGS

Consider the statistic T given in (9.4.8). For each r = 1, 2,..., n — 2, the estimatorg in the
numerator is an unbiased estimator of g with variance o%/(n — r — 1). A more powerful test of
E(B, o) is obtained by combining these estimators (Tiku 1980b). A linear combination with
weights inversely proportional to the variances, when divided by g as in (9.4.8), yields the
statistic

z=23""'(n-1-i)D/(n-2)3''D, 0<Z<o, (9.8.1)
D; = (n —i){X;, 1y — X} are the exponential spacings. Small and large values of Z lead to the
rejection of E(0, 0).

Theorem 9.3: Under exponentiality, the distribution of U = Z/2 is the same as the
distribution of the mean of n — 2 iid (independently and identically distributed)

Uniform(0, 1) variates and is given by
(n-2)""2 i (n-2 or n-3
f(u) = W 2r-0 1) r u — (9.8.2)
i i+1

Sfus i = —
forn_2 nool 0,1,2,...,n-3.
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Proof: It is easy to show that

Siotn-1-i)D; =30 230 D,
and, therefore,

1 _<n-2<n-r-1 _ -1
E(“‘Z)Z—Z?:1 ZP:]_r Ui, U; —Di/Z?:1 D;.

Since D, are iid exponential E(B, 0), it is easy to show that u; (1 <i < n - 1) are jointly
distributed as n — 1 spacings generated by n — 2 order statistics of a random sample from

Uniform (0,1); see, for example, Seshadri et al. (1969). But then Z?:’lr’l u; isthe (n—r—1)th
order statistic in a random sample of size n — 2 from the Uniform (0,1). Thus, (n —2)Z/2 is the

sum of the n — 2 order statistics of a random sample of size n — 2. Since complete sums are
invariant toordering, i.e.3" x, =3 x;, the result follows (Kendall and Stuart 1969, p.258).

Since the mean and variance of a Uniform (0,1) variate is 1/2 and 1/12, respectively, it
follows that

E(2)=1 and V(Z)=1/3(n-2). (9.8.3)
The cumulative distribution function of U=2/2, obtained from (9.8.2), is
-2
_ =2t efn=2)( Y
Fug) = PU U = === Zomg 07|77l uo ~ 15 (9.8.4)

i+1
Sug < ,
n-2 n-2

Remark: It is known that the distribution of the mean of iid uniform variates converges to
normal very quickly with increasing n. The null distributon of

J3n-2)@Z-1)

is, therefore, referred to normal N(0, 1) for all n > 6.
Known 6: In some situations, 6 is known (say, 6 = 0). To test E(0, 0), the statistic is
Z,=2% . (n=)Di/(n-1) 37, D; (9.8.6)
where D;=(n+1-i)}{x; -x;_,} (L<isn)aretheexponential sample spacings; x= 0. Since
E(Zy)) =1and V(Z,) = 1/3 (n — 1), the null distribution of
V3(n-1)(Z,-1)
is referred to normal N(0,1) for all n = 5.

To have an idea about the accuracy of the normal approximation, we give below the
exact and approximate upper 5 percent points of Z

for

(9.8.5)

(9.8.7)

n= 5 7 11 21
Exact Approx. Exact Approx. Exact Approx. Exact Approx.
1.477 1.475 1.389 1.388 1.301 1.300 1.213 1.212

It can be seen that the normal approximation is remarkably accurate.

It is easy to show that the asymptotic power functions of the Z and Z, tests are exactly
similar to that of T (Lemma 9.1).

For testing the exponential E(8, o), the power of the T_ and Z tests is determined by
Tiku and Tamhankar (1980), Tiku (1980b), Dyer and Harbin (1981), Balakrishnan (1983) and
Balakrishnan and Ambagaspitiya (1989) for numerous alternatives. They compare them with
the corresponding values of the tests based on Shapiro-Wilk statistic W, and Kalmogorov-



Goodness-of-fit and Detection of Outliers 243

Smirnov and Cramér-von Mises EDF statistics ( Seshadri et al., 1969; Srinivasan, 1970; Shapiro
and Wilk, 1965, 1972; Durbin, 1975; Csorgo et al., 1975). What emerges from the comparisons
is that Z is on the whole more powerful than other tests mentioned above. Consider, for exam-
ple, testing E(B, 0) against the ten alternatives considered in Csorgé et al. (1975), namely, the

Chi-square with degrees of freedom
@Q)v=12)v=3,(3)v=4,(4)v=6,(5)v=_, (9.8.8)
(6) log-normal (o = 1), (7) half-normal, (8) Weibull (1/2),
(9) Weibull (1/2) and (10) beta (2,1).
The simulated values of the power are given in Table 9.4, reproduced from Tiku (1980b).
Table 9.4: Power of the tests at 10% significance level, n = 20.

) &) ©) 4 ®) (6) 7 ® ©) (10) ~ Sum

4 0.59 0.20 0.34 0.54 0.66 0.23 0.30 0.91 0.78 0.39 4.94
X2 0.65 0.21 0.36 0.55 0.65 0.16 0.28 0.95 0.71 0.23 4.79
w 0.39 0.20 0.33 0.52 0.64 0.27 0.34 0.83 0.79 0.43 4.74

E

It can be seen that the Z test is most powerful overall. See also Suruct (2003), who has
a comprehensive power study of the tests. His results are in agreement.

Example 9.10: Consider the data given in Example 9.8, n = 15. To test whether the data
comes from the exponential E(0, o) we use the Z, statistic,

Z, = 2(372.22)/14(69.09) = 0.770.

The mean E(Z,) = 1and V(Z,) = 1/3(14) = 0.02381. Since |(0.770-1.0)]/,/0.02381 =1.49
is less than 1.645, we do not reject E(0, o) at 10 percent significance level.

9.9 EXTENSION TO NON-EXPONENTIAL DISTRIBUTIONS

The Z test can be extended to any location-scale distribution (1/0)f ((x — p)/o), u and ¢ not
known. Let

Ky = E{z(i)}, Z4 = {x(i) —UWo (1<i<n) (9.9.1)
be the expected value of the ith standardized ordered variate. Tables of ;. , are available for
numerous distributions, mostly for n< 20. We will, however, use their approximate values ;.
0Q, calculated from the equations

Qi i i
" f - — -1 B .
[, f@dz=——ie, Q-=F, (n+1)’ 1<isn; (9.9.2)

IMSL subroutines are available to calculate Q; for numerous distributions. Using Q, in
place of ;. has no substantial effect on the percentage points or the power of the tests. Thus,
there is no need to sift through tables of ..

Generalized spacings: The generalized sample spacings are defined as

G, = {x(i T x(i)}/{ul+ in—Hinh 1<isn-1. (9.9.3)

Pyke (1965) has a very interesting asymptotic result: a set of sample spacings G, are
asymptotically distributed as iid exponential E(O, o). This is the motivation behind the follow-
ing statistic Z*.
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Normal N(u, 2): To test H,: f, is the normal density, the proposed statistic is (Tiku,
1980b)

zx=23"" 1 (n-1-1)G/(n-2) I G, (9.9.4)
where G, are the spacings (9.9.3) with ;. replaced by Q,. Here,
Wyvzm [ e dt=——, 1<isn. (9.9.5)
m n+i

Small and large values of Z" lead to the rejection of H,,.
For large n, the percentage points (and the power) of Z* can be worked out in terms of a
normal distribution (Lemma 9.1). Consider, for example, the determination of d  such that
P(Z*=d, |H,) = a. (9.9.6)
As in Lemma 9.1, the probability (9.9.6) is asymptotically equivalent to

P(Z, z-EW)/\/V(w) |Hy) =a
where w is the difference between the numerator and d, times the denominator in (9.9.4); Z, is
a standard normal variate. The desired value of d  is the positive root of the equation
z,2V(w) —{Ew)}* =0 (9.9.7)
a quadratic ind_; z, is the 100(1 — a) percent point of a standard normal. The power of the Z*
test can similarly be evaluated.

Using Pykes’s result, however, it follows that the null distribution of Z* is for large n
approximately normal. Interestingly, the normal approximation gives remarkably accurate
results if the exact values of V(Z*) are used, E(Z*) O1. For large n, V(Z*) can be obtained from
an equation similar to (9.4.3). We give in Table 9A.1 (Appendix 9A) the simulated values of
V(Z*) which we use in a normal approximation; E(Z*) 01 for all n, e.g., the simulated values of
E(Z*) are 1.002, 0.999 and 0.999 for n=7, 10 and 20, respectively. We also give the values of the
probability

P{I1Z*—1] =2 1.645yV(Z*) | H,}. (9.9.8)

It can be seen that the normal approximation for the null distribution of Z* is remark-
ably accurate.

To have an idea about how powerful the Z* test is as compared to other tests, we con-
sider the Shapiro-Wilk W test, the Filliben and Smith-Bain correlation R test and the EDF

Atest (the most powerful overall among all the EDF tests).

To represent skew and symmetric alternatives to normal, we consider the following
densities; B,* = u3/u23’2 and B,* = p,/u,?are the coefficients of skewness and kurtosis:

(a) Long-tailed skew (B,* # 0, B,* > 3) : (1) Chi-square (v = 1), (2) Chi-square (v = 2), (3)
Chi-square (v = 4), (4) log-normal (o = 1), (5) Weibull (1/2), (6) Weibull (2);

(b) Long-tailed symmetric (B,* = 0, B,* > 3) : (7) Cauchy, (8) Student t,, (9) Student t,,
(10) Logistic, (11) u®* (1 — u)?1, u is Uniform (0, 1);

(c) Short-tailed symmetric (B,* = 0, B,* < 3) : (12) Uniform (0, 1), (13) u'® (1-u)*>, u is
Uniform (0, 1);

(d) Short-tailed skew (B,* # 0, B,* < 3) : (14) Beta (2, 1), (15) Johnson SB (0.533, 0.5).

(e) Dixon’s location outlier model (B,* # 0, B,* > 3) : (n— r)N(Y, 6°) and rN(u + co, 62), (16)
c=2.0,(17)c=3.0, (18) c =4.0; r = [0.5+0.In].

(f) Dixon’s scale outlier model (B,* =0, B,* > 3) : (n — r)N(y, 02) and rN(y, (co)?), (19) ¢ =
2.0, (20)c = 3.0, (21) ¢ = 4.0; r = [0.5+0.In] (integer value); alternatives of the type (f) have also
been considered in Thode et al. (1983).
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The values of the coefficients ,* and B,* for most of the distributions (a) — (f) are given
in Tiku (1974 a, Table 1).

The simulated values of the power are given in Table 9B.1 (Appendix), reproduced from
Surdcd (2003); see also Tiku (1974a, Table 1). What emerges from this power comparison is
that no test is more powerful than others for all the alternatives (a) — (f) above. The Z* test is
overall most powerful for testing N(, 0%) against skew alternatives. The R test is overall most
powerful against long-tailed symmetric alternatives. The W test is, however, most powerful

overall although it is ineffective against some, e.g., (11). Among the modified EDF tests, A is
the most powerful overall but a little less powerful than W; see also Gan and Koehler (1990).
The Z* test is ineffective against symmetric short-tailed alternatives. We present a U* test in
the next section and show that the two, Z* and U*, beautifully complement one another and
have a commonality, i.e., both are based on sample spacings and their null distributions are
asymptotically normal (effectively, n > 7). In fact, we show that the Z* test has high power for
testing skew distributions against both skew and symmetric alternatives, and for testing sym-
metric distributions against skew alternatives. The U* test has high power for testing sym-
metric dstributions against symmetric alternatives both short and long-tailed. Moreover, the
null distributions of both Z* and U* are effectively normal. The only requirement for their
application is the avaibility of their variances which can be obtained by simulation, if not from
the equation (9.4.3). For testing normal, logistic, Student t, and extreme-value distributions,
the variances of Z* are given in Table 9A.1; E(Z*) 1. Also given are the simulated values of
the probability

P{l1Z* - 1] 21.645VV(Z*) |H.}. (9.9.9)
It can be seen that the normal approximations are remarkably accurate for n> 7, as said
earlier.

Goodness-of-fit tests for an assumed distribution can also be based on the EDF statistics
calculated from the generalized sample spacings G, in (9.9.3); see Tiku (1980b, Section 5).
Stephens (1986) has done that and he has some distributional results and power values. See
also Tiku (1988, p.2383).

9.10 THE OMNIBUS U AND U* TESTS

To improve the statistic (9.4.19) for testing the Uniform (8,, 6,), we realize that T is defined
for every value of r =1, 2,..., [n/2] (integer value). Combining these statistics as in Section 9.8,
we obtain the improved statistic (Tiku, 1981a)

U=a 3R, 1; k=[n2], a=(n-K/k-1)n-k-1)} (9.10.1)

Ry_2-1= Z?:_jj;ll ui/z?:_ll u;,
U=+ 1){;,— Xz (1 <is<n-1)being the uniform sample spacings; [n/2] denotes the
integer value of n/2. Large values of |U| lead to the rejection of H: the underlying distribution
is Uniform (6,, 6,).
The statistic U is the ratio of two linear functions of order statistics. For large n, its

mean and variance can be obtained from equations (9.4.3). Under H,, Tiku (1981a) showed
that for large n (effectively, n = 10)

E(U)O1 and V(U)O1/3(n-4), (9.10.2)
and the null distribution of U converges to normal very quickly.
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To compare the power of the U test with other tests, we first note that for the Uniform
(8,, 6,) the data transforms (9.6.6) are

V(i) = {x(i 1) " x(i)}/{x(n) - x(l)}, l1<isn-2. (9.10.3)
The EDF statistics (9.5.7) — (9.5.10) and the chi-square statistic (9.6.7) are calculated

from these transforms.
Given in Table 9.5 are the simulated values of the power of various tests for the Uniform
(8,, 6,) against a wide range of symmetric alternatives represented by the Tukey (1, k) family
uk— (1 —u)t-k (9.10.4)
u being Uniform (0, 1). It can be seen that both U and R are more powerful than the EDF tests.
The U test is not only more powerful than the R test but its null distribution is effectively
normal and is, therefore, easy to implement. The percentage points of R have to be simulated.

Table 9.5: Values* of the power for testing Uniform (6,, 6,), n = 20.

k = 1 0.25 0.1 -0.25 -05 -1.0 -2.0 Sum
u 0.10 0.42 0.59 0.88 0.95 0.99 1.00 4.93
R 0.10 0.25 0.44 0.82 0.93 0.96 1.00 4.50
D) 0.10 0.23 0.40 0.75 0.87 0.97 1.00 4.32

w,? 0.10 0.22 0.39 0.76 0.89 0.97 1.00 4.33
A 0.10 0.21 0.38 0.74 0.88 0.97 1.00 4.28
X2 0.10 0.16 0.23 0.42 0.53 0.69 0.85 2.98

*W,2 is the Cramér-von Mises statistic (9.5.7).

To test any other symmetric distribution (1/0)f,((x — p)/0), u and o not known, against
symmetric alternatives, the U* statistic is

U*=a X R ooy, (9.10.5)
where R* isthesameas R, _,_,in(9.10.1) with u; replaced by the generalized spacings

(9.9.3),

n-2j-1

u* = (x(i T x(i))/(Qi +1— Q). (9.10.6)

Consider testing a symmetric distribution (1/0)f,((x — p)/o) against symmetric alterna-

tives. The simulated means and variances of U* are given in Table 9A.2. Also given are the
values of the probability

P{lU* — E(U*)] 2 1.645vV(U*) |H,}. (9.10.7)

Since the convergence of E(U*) to 1 is rather slow, it is advisable to use its simulated
value in (9.10.7). The normal approximation is amazingly accurate for all the three distribu-
tions considered: normal, logistic and Student t, (Tiku, 1981a; Surtcu , 2003).

The values of the power of the U* and R tests are given in Table 9.6 for numerous
symmetric alternatives.

(1) Uniform, (2) Tukey (1, 0.5), (3) normal, (4) logistic, (5) Cauchy, (6) Student t,, and (7)
Student t,.

It can be seen that the U* test is overall more powerful than the R test for testing
symmetric distributions against symmetric alternatives, both short-and long-tailed. The modi-
fied EDF and Shapiro-Wilk statistics are not available for testing logistic and Student t, distri-
butions due to the intractability of their percentage points and the formidable computations
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involved. Unlike the EDF statistics, the null distributions of the modified EDF statistics de-
pend on the assumed density f, and that limits their usefulness. Moreover, they involve pa-
rameter estimation which can be cumbersome.

Table 9.6: Values of the power of U* and R tests, n = 20.

fo () @) ®) (4) ®) (6) ) Sum
Normal U* 043 022  0.10 0.17 0.90 056  0.27 2.65
R 0.19 0.07  0.10 0.21 0.92 061 036 2.46
Logistic U 052 031  0.12 0.10 0.83 041  0.16 2.45
R 0.20 0.05  0.04 0.10 0.86 052  0.22 1.99
Studentt,  U*  0.58 037  0.15 0.08 0.72 026  0.10 2.26
R 0.14 0.03  0.01 0.03 0.72 033  0.10 1.36

9.11 EXTREME VALUE DISTRIBUTION

To illustrate further that for testing an assumed skew distribution the test based on Z* has
high power, consider the situation when f; is the extreme-value distribution EV(3, n) given in
(2.6.1), 6 and n unknown. Since EV(3, n) is of the form (1/0)f,((x — W)/0), the Z* statistic is
appropriate. The simulated values of its variance are given in Appendix 9A (Table 9A.1); E(Z*)
1. Also given are the values of the probability

P{lZ* - 1] 21.645V(Z*) |H}.
The normal approximation is remarkably accurate.

To test the EV(9, n) distribution the modified EDF statistics can, of course, be used with
0 and n replaced by their maximum likelihood estimates. The estimates are obtained as solu-
tions of the equations

X =0+ 2y xexp (- x/A)/Z{-; exp(-y/i) (9.11.1)
and §=—1f In{Zi-; exp(-y/f)n}.
The first equation is solved iteratively and then 0 is obtained; the computations are,

however, formidable (Thomas et al., 1969). Stephens (1977) gives the approximate percentage
points of the EDF statistics.

Two other statistics have been used for testing EV(3, n): the correlation statistic R and
the Mann-Scheuer-Fertig statistic

S=5"1G/5 G, k= B} (integer value), (9.11.2)

where G, (1 <i<n-1)are the sample spacings (9.9.3).
Littell et al. (1979) give the simulated values of the power of the tests based on the EDF

statistics D, \7v12 and A and the tests based on R and S for six distributions. We revise their
list to the distributions given in Table 9.7, the first four being the same as in Littell et al
(1979). They also consider log x? (1) and log x? (2) as in Tiku and Singh (1981, p. 913). We did
not include these two distributions since the power of all the tests is only slightly bigger than
the type | error. The updated values of the power are given in Table 9.7. It can be seen that the

Z* test is overall at least as powerful as the A test and more powerful than the R and S tests.
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The Rand A tests are considerably more powerful than Z* for the Cauchy. On the other hand,
the Z* test is considerably more powerful than A and R for the normal. See also Stirticti (2003).

Table 9.7: Values of the power, for 5% significance level.

n A R S z* A R s z*
Normal Logistic
10 0.08 0.09 0.09 0.10 0.11 0.13 0.13 0.14
25 0.23 0.12 0.28 0.32 0.34 0.21 0.21 0.40
40 0.39 0.17 0.44 0.54 0.54 0.28 0.28 0.61
Double exponential Cauchy
10 0.19 0.20 0.13 0.21 0.59 0.60 0.40 0.53
25 0.52 0.35 0.38 0.48 0.94 0.91 0.64 0.74
40 0.75 0.46 0.55 0.68 0.99 0.98 0.71 0.82
Chi-square (v = 1) Chi-square (v = 2)
10 0.55 0.31 0.45 0.52 0.22 0.13 0.18 0.21
25 0.95 0.60 0.87 0.94 0.52 0.23 0.44 0.56
40 1.00 0.77 0.97 0.99 0.75 0.29 0.62 0.78
Chi-square (v = 4) Half-Cauchy
10 0.08 0.06 0.07 0.08 0.67 0.56 0.61 0.67
25 0.14 0.08 0.11 0.14 0.96 0.90 0.95 0.97
40 0.19 0.08 0.16 0.22 1.00 0.98 0.99 1.00

9.12 MULTISAMPLE SITUATIONS

The statistics Z* and U* above immediately generalize to multisample situations. To test that
k independent samples
(9.12.1)

come from the populations (1/0,)f,((x — W;)/0)), i =1, 2,..., kK (4; and g; not known), the general-
ized Z* statistic is

Xigr Xipyeeres xini

Zx = (UK) 3K, 2, * (9.12.2)

where Z.* is the Z* statistic calculated from the ith sample. Small and large values of Z** lead
to the conclusion that at least one of the samples (9.12.1) does not come from the assumed
distribution f,.

The null distribution of Z** is for large n; (1 <i < k) normal with mean 1 and variance

Zxx = (UK?) T, V(Z™). (9.12.3)

The generalized U** statistic is similar to Z** and both tests have the same power
properties as the single sample U* and Z* tests; see, for example, Dyer and Harbin (1981) and
Balakrishnan (1983) who investigate the power properties of the multisample Z and T tests,
the multisample Shapiro-Wilk test and the Kolmogorov-Smirnov test (when parameters are
estimated), for testing the exponential distribution E(6;, 0;), i =1, 2, ..., k. They find Z** consid-
erably more powerful overall than these prominent competitors.
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The multisample Shapiro-Wilk test, and similarly the Kolmogorov-Smirnov test, is ex-
ecuted by calculating the values of W, from each sample and defining (Dyer and Harbin, 1981)

X2=- 3K, InP, (9.12.4)

where P =Prob (W < W,). The null distribution of X is chi-square with 2k degrees of freedom.

The values of P, however, have to be obtained from the available tables of the percentage
points by using tedious interpolation formulas and the computations are formidable (Dyer and
Harbin, 1981).

While large values of | Z** — 1] (or any such multisample statistic) indicate that at least
one sample does not come from the corresponding assumed distribution, values of |Z** — 1]
which are not significantly large do not necessarily imply that all the samples come from the
corresponding distributions. It is, therefore, always advisable to follow up a multisample test
by testing each sample individually.

Example 9.11: The following data give the scores of 56 subjects assigned randomly to
four drugs A, B, C and D (Brownlee, 1965, p.395),

A 24 30 39 41 27 46 56 25 18 25 31 52 38 45
B: 18 32 33 35 19 28 41 37 33 39 38 41 38 36
C. 3 31 55 43 44 28 33 13 39 58 18 17 41 25
D: 28 40 34 27 47 30 24 28 21 28 39 26 46 42
Is it reasonable to assume that the samples come from normal populations ?
Here, the fourteen quantiles Q; of the normal N(0, 1) are
—1.498, -1.112, -0.842, —0.622, —0.432, —0.253, —0.083,
0.083, 0.253, 0.432, 0.622, 0.842, 1.112, 1.498
The values of the spacings
Gi={Xi+=XH(Qi11— Q) 1=si=<13,
can now be calculated from each sample and the statistics Z; (i = 1, 2, 3, 4) calculated. They are
0.901, 1.348, 0.962 and 0.855
respectively. Thus,

1
%% = 2 (4.066) =1.0165.
The null distribution of Z** is normal with mean 1 and variance 0.0234/4 = 0.00586

(Table 9A.1). Since | 1.0165—1]/+/0.00586 =0.215 is less than 1.645, we do not reject normality
at 10 percent significance level.

Since the Z** test is not much effective against symmetric short-tailed alternatives, we
also perform the U** test which is particulary effective against symmetric alternatives both
short-and long-tailed:

U = (UK) 31, Uy %, (9.12.5)

U, * is the statistic (9.10.4) calculated from the ith sample. The values of U*@=123,
4)are 1.117,0.892, 1.003 and 1.150, respectively;

1
U** = —(4.222) = 1.0555

with mean 0.963 and variance 0.00738. Since ]| 1.0555 — 0.963]/+/0.00738 = 0.65 which is less
than 1.645, we do not reject normality.
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9.13 SAMPLE ENTROPY STATISTICS

In engineering and management sciences, goodness-of-fit tests based on the Kullback-Lieber
information are often used. For testing the normal N(y, 62), the statistic is (Vasicek, 1976)

n

K. = _{ﬁ X+ m) —x(i_m))””} (9.13.1)

2ms |3

wheres?=3"_ (x; - X)*/n and m is a positive integer less than n/2; X is the i™" order statistic

and X=X, ifi <1and x; =X, if i >n. Small values of K, lead to the rejection of normality.
It may be noted that K, is location and scale invariant and estimation of p and o is not,
therefore, necessary.

The null distribution of K is not known but its simulated percentage points are given
in Vasicek (1976). Choosing m is problematic since for a given n, there is no single m which
gives maximum power for every alternative. One then calculates the power of K over nu-
merous alternatives and uses that value of m which gives maximum power overall. This is
done for each n. In fact, Vasicek (1976) gives the values of m so obtained for n = 10, 20 and 50.
However, Senoglu and Suruct (2004) have shown that the K test is not overall as powerful
as the Shapiro-Wilk W test: K test is in general more powerful than the W test for short-
tailed (u,/p,? less than 3) alternatives but less powerful for long-tailed alternatives. On the
whole, however, the W test is more powerful. There is, therefore, no overwhelming reason to
use the K test in preferance to the W test.

Location and scale invariant K statistics for testing the exponential E(B, o) and the
uniform U(6,, 8,) are also available ( $Senoglu and Suruct, 2004). For testing the exponential
E(8, o), for example,

Kmn = Hmn +In(X - X(l)) +1 (9.13.2)
1 n
where Hmn = H zin:1 In (% (X(i+m) - X(i—m)))- (9.13.3)

The K, testis, however, considerably less powerful than the Tiku Z test(equation 9.8.1).
The null distribution of K_ _is also unknown: it is asymptotically normal but the convergence
to normality is very slow indeed ( Zhoo and Zhang, 2001). Realizing also the difficulty in choos-
ing m, there is no advantage in using the sample entropy statistics K _ .

For testing the Uniform(6,, 8,), Senoglu and Surtci (2004) compare the power of K_
with the correlation statistic R. They find R more powerful overall. Realize that the statistic U
above provides a more powerful test than R (see Table 9.6). See also Surtcu (2003).

9.14 CENSORED SAMPLES

The Z and U (and Z* and U*) statistics immediately generalize to censored samples. Consider,
for example, the censored sample

X, +1) SX(r, +2) S-S X(n ) (9.14.1)

of size m=n-r, —r,. To test that it comes from the exponential E(6, 0), 8 and o not known, the
Z statistic is

z. =23 tn-r,-1-i)Di/(m-2) Y12 7' D, (9.14.2)

i=r +1 i=r +1
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where D, are the exponential sample spacings given in (9.8.1). The null distribution of (1/2) Z,

is the same as the distribution of m — 2 iid Uniform (0,1) variates. For large m(= 6), therefore,
the null distribution of Z_ is normal with

E(Z)OlandV (Z) 01/3(m - 2). (9.14.3)

Small and large values of Z_ lead to the rejection of H,. The test is remarkably powerful

(Tiku, 1980b, p.266). For n = 20, for example, we have the simulated values of the power of the

tests based on Z_ and the correlation statisticR=1 - p reproduced from Tiku (1980b), p being
the product moment correlation coefficient between Q; = —In{1 —i/(n + 1)} and x;, r; + 1<i<n
—r,. The percentage points of R are simulated.

Table 9.8: Values of the power for testing E(B, o), at 10% significance level.

r=r,=0 rn=0r,=4 rn=2,r,=2

Alternative Z R Z R z R
Chi-Square,v =1 0.59 0.26 0.49 0.31 0.37 0.23
=2 0.10 0.10 0.10 0.10 0.10 0.10
=3 0.20 0.08 0.16 0.11 0.13 0.10
=4 0.34 0.10 0.29 0.16 0.17 0.10
Beta (2,1) 0.99 0.98 0.87 0.77 0.83 0.73
Weibull, c = 1/2 0.91 0.61 0.77 0.53 0.69 0.46
=2 0.78 0.25 0.56 0.32 0.39 0.22
Lognormal (o = 2.4) 0.99 0.87 0.86 0.71 0.89 0.72
Half-Cauchy 0.75 0.71 0.24 0.23 0.41 0.41
Half-normal 0.30 0.10 0.19 0.14 0.10 0.13
Cauchy 0.90 0.90 0.97 0.95 0.68 0.60
Normal 0.95 0.63 0.84 0.69 0.61 0.39

Tiku also evaluates the power of Z_* for testing Gamma, Normal and Logistic (Tiku,
1980b) and of U * for testing Uniform, Normal, Logistic and Student t, distributions (Tiku,
1981a). He shows that, like Z* and U*, Z,* and U, * tests beautifully complement one an-
other: Z, * is powerful for testing skew distributions against both skew and symmetric alter-
natives, and for testing symmetric distributions against skew alternatives; U, * is powerful

for testing symmetric distributions against symmetric alternatives. The Z_* and U_ * statis-
tics have another very desirable feature: their null distributions are asymptotically normal
and convergence to normality is very quick. The only requirements for their application are
their means which are almost 1 and their variances which can be obtained by Monte Carlo
simulation, if not from the formula (9.4.3).

Other goodness-of-fit tests (e.g., modified EDF, Shapiro-Wilk type, etc.) based on cen-
sored samples are also available; see Pettitt and Stephens (1976), Verrill and Johnson (1987),
O'Reilly and Stephens (1988) and Thode (2002, Chapter 8). Their power as compared to the U
and Z (and U* and Z*) statistics is essentially the same as for complete samples (Surtcd,
2003).

Surdcu (2002) developes goodness-of-fit tests for bivariate (and multivariate) distribu-
tions. He performs univariate tests on the marginal and the conditional distributions and
combines the probabilities.
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9.15 OUTLIER DETECTION

Observations in a sample which are too small or too large as compared to the bulk of observa-
tions are called outliers. Since their presence adversely affects the efficiency of most statistical
procedures, it is very important to detect them and take remedial action. Two authoritative
books (Barnett and Lewis, 1994; Hawkins, 1980) on the subject are available. Our aim here is
limited to presenting outlier tests which have a commonality with goodness-of-fit tests, the
two being closely related to one another. If outliers are found, they may be censored (if grossly
anomalous) or small weights given to them for efficient statistical estimation and hypothesis
testing (Chapter 11).

First, it is important to realize that whether an observation is an outlier or not is gov-
erned by the distribution one assumes. An observation in a sample might be an outlier if
normal N(u, o) is assumed but might not be so if, for example, the Student t, is assumed.
Since most practitioners of statistics are comfortable with using some simple distributions,
e.g., normal, exponential and uniform, we will particularly focus on outlier detection with
reference to these distributions. Our approach is, however, very general and can be used for
any location-scale distribution (1/0)f((x — W)/o); see, for example, Mann (1982).

Several models for outliers have been proposed; see Barnett and Lewis (1994) for a full
discussion of these models. The most popular model perhaps is the one given by Dixon (1950)
as follows.

For a single outlier to the right of a sample, the model stipulates that in a random
sample of size n, n — 1 observations

Xps Xoy ooy Xigy Xiyqs -o-y X, COMe from normal N(y, 02)
and the it" observation (i unknown)
x; comes from N(u + Ao, 02), A >0; (9.15.1)

M, o and A are not known. This is called a location-shift outlier model.
A scale-shift outlier model stipulates that
x; comes from N(u, Ac?), A > 1. (9.15.2)

A location and scale shift outlier model stipulates that x; comes from N(u + 0, Ag), 8> 0,
A> 1.

The models can, of course, be generalized to multiple outliers to the right or left of a
sample and to non-normal distributions.

The models (9.15.1) — (9.15.2) have an important feature: they preserve the independ-
ence of x; (1 < i <n). However, they might not clearly separate an outlier from the bulk of the
data (Tiku, 1977).

Another location-shift outlier model that has received attention is due to Tiku (1975c);
see, for example, Mann (1982). For a single outlier to the right of the sample, this model stipu-
lates that

Xp (Lsisn-—1)are the first n — 1 order statistics of a

random sample of size n from f (9.15.3)
and X(n) is the largest order statistic of this sample plus &c, 6> 0;

fis any specified density of the type (1/0)f((x —p)/0), p and o unkown. Barnett and Lewis (1994)
call this model the label-slippage model. This model clearly separates an outlier from the bulk
of observations in a sample. Since the observations are now ordered, they are no more inde-
pendently distributed. This makes mathematics a little difficult but not insurmountable as
seen in Chapters 7 and 8.
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Both the models (9.15.1) and (9.15.3) can, of course, be readily generalized to multiple
outliers to the right or left. Scale-shift outlier models can similarly be defined (Tiku, 1975c;
1977; Mann, 1982).

Remark: To evaluate the efficiencies of the classical estimator X, the Huber M-estimator fl,,,

the Tukey estimator [l and the MMLE fe (Chapter 7), we give below their variances under the outlier
model similar to (9.15.3) which preserves symmetry, i.e., co is substracted from x ,, and added to Xy N
= 20. Because of symmetry, all these estimators are unbiased. We also give the simulated means and
variances of the estimators of o; f is assumed to be a normal density; o = 1 without loss of generality:

Variance Mean
X My Py Fe S Gy Gr G
0 0.050 0.106 0.053 0.052 0.99 0.98 0.91 0.98
1 0.074 0.109 0.053 0.052 1.22 1.05 0.91 0.98
2 0.107 0.114 0.051 0.051 1.48 1.02 0.91 0.98
3 0.155 0.106 0.053 0.052 1.76 0.95 0.91 0.98
4 0.206 0.106 0.051 0.051 2.06 0.89 0.91 0.98
Variance

c S 6W 6T 60

0 0.026 0.060 0.031 0.036

1 0.036 0.082 0.031 0.036

2 0.052 0.120 0.032 0.037

3 0.069 0.121 0.032 0.037

4 0.091 0.094 0.032 0.037

The classical estimators X and s? are highly inefficient as expected. The lack of inde-
pendence resulting from the outlier model (9.15.3) is detrimental to the M-estimators fi,, and

6,, but not to fr, fic, 61 and G.. As an estimator of o, 6, has the least bias. For c =0 (normal
samples), x and s are most efficient as expected.

9.16 TESTING FOR OUTLIERS
For testing a single outlier to the right of a random sample x,, X,, ...,x,, from N(y, 62), the most

popular statistic is that of Pearson and Chandra Sekar (1936), namely,
D= (x(n) —X)Is (9.16.1)

where X is the largest order statistic and X and s? are the sample mean and variance, re-

spectively. Large values of D lead to the conclusion that Xy is, in fact, an outlier. For reasons

given earlier, we recommend that a test for outliers be performed at 10 percent significance
level.

Writing
D, = Z?:_ll X _)_((n))z I3 (X -%)?, X(ny = Z?:_ll X/ =1 (9.16.2)
it is easy to show that
D, =1-nD?(n-1).
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Thus, the statistics D and D, are equivalent.

For testing that there is a single outlier to the left of a sample, the statistic (X = X())/s is
used. Its null distribution is exactly the same as that of D. This follows from symmetry.

The generalization of D, for testing that r outliers exist to the right of the sample is due
to Grubbs (1950, 1969) for r = 2 and Tietjen and Moore (1972) for general r with r <[n/2]. Their
statistic is

L, = Z?:_lr Xy _Y(n—r))Z/Z?:_ll (X = %)%, Xp-r = Z?:_lr X@p/n=r) (9.16.3)
Small values of L, lead to the conclusion that the r largest observations x; (n—r + 1<i

< n) are outliers.

Assuming normality, Grubbs (1950, 1969) gives the null distribution of L, and L. Tietjen
and Moore (1972) give the simulated percentage points of the null distribution of L _for r =
1(1)10.

For testing that r outliers exist to the left of the sample, the statistic is

- - - 1 2
L=, (X - Xn—r)2/2?:1(xi -%)?%, Xpor = n—r Zl X(iy- (9.16.4)
r+

The null distribution of L * is exactly the same as that of L. This follows from symme-
try. See also Tietjen (1986).

Example 9.10: The following data arranged in order represent the percent elongation at break
of certain material (Grubbs, 1969):
2.02 222 3.04 323 359 373 394 405 4.11 4.13
A Q-Q plot based on the normal N(u, ¢?) indicates that the two smallest observations
might be outliers. To test this formally, we calculate L*:
N=10, Xg = 3123 X/8 =3.728, 312, (x; —Xg)® =1.197

512, (X —X)? = 5.351.
Thus,
L,* = 1.197/5.351 = 0.224.

Under normality, the 10 percent point of the null distribution of L,* is 0.287 (Tietjen
and Moore, 1972, Table I-d). Since the calculated value is smaller, we conclude that the two
smallest observations are in fact outliers.

To verify whether the observations above other than the two smallest can be regarded
as a censored sample from normal N(y, 6?), 4 and o unknown, we utilize the statistic z *
obtained by replacing D; in (9.14.2) by
G; = X+ 1)~ X (Qqi 1 1y~ Ry
Q; (1 i <10) are the quantiles of the standard normal N(O, 1).
The statistic

z*=230 ,(9-1)G/63, ,G; =137
Now, for a complete sample of size n =10 the upper 5 percent point of Z* is

1+1.645,/(0.034) = 1.30 (Table 9A.1). Since the variance of Z_ * based on a censored sample of
size n —r is larger than the variance of Z* based on a complete sample of size n (Tiku 1980b),
the upper 5 percent point of Z_ * is surely greater than 1.30. The calculated value of Z_ * being
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so close to 1.30, the normal model for the eight largest observations is quite reasonable, at 10
percent significance level since the test is two sided.

Let us now compare the classical estimator X with the MMLE [i, (based on the censored
sample consisting of the eight largest observations):

X = 3.41 with standard error + s/\/n =+ 0.24
{i, = 3.64 with standard error + \/{V(ﬁc)}ozac =+0.15
(equation 7.3.16); this is also equal to §./m =+ 0.15

since the covariance between i, and 6, is small.
The standard error of the MMLE is considerably smaller, as expected.

Another way to detect multiple outliers, say to the right, under Dixon’s outlier model is
to proceed sequentially. First, test whether there is a single outlier to the right of the sample
by using, say, the Pearson-Chandra Sekar statistic (9.16.1). If not, we conclude that no outliers
are present in the sample. Otherwise, we put aside x n) and regard the remaining observations
as a random sample of size n — 1 (under the Dixon outlier model, of course). We now test
whether there is a single outlier to the right of the reduced sample, adjusting the percentage
point to the new sample size n — 1. We continue the process till no outlier is found. However,
this sequential procedure might turn out to be ineffective due to the masking effect, i.e., the
phenomenon of some observations being close to one another than they are close to the bulk of
observations (Pearson and Chandra Sekar, 1936). To illustrate this, consider the ten observa-
tions considered in Example 9.10. Let us proceed sequentially and, first, test whether there is
one outlier to the left of the sample. Here,

D, = 532, (X(y = Xe)?/Zity (X; = %)?
=3.217/5.351 = 0.601.

The 10 percent point of D, is 0.490 (Tietjen and Moore, 1972, Table I-d). Since the com-
puted value is not less than 0.490, we conclude that the smallest observation 2.02 is not an
outlier. We have, however, established that under normal N(y, ¢2), the two smallest observa-
tions are outliers. The sequential procedure does not even get started here due to the masking
effect.

To detect up to k outliers (k known in advance) under Dixon’s outlier model, Rosner
(1975) proposes a different sequential procedure for k = 2: at the first stage, a suitable statistic
for testing a single outlier is calculated. The largest (smallest) observation is censored whether
or not the statistic yields a significant value. At the second stage, the statistic is calculated
from the reduced sample of size n — 1. Using Monte Carlo simulations, Rosner finds the Pearson-
Chandra Sekar type statistic max|x; — X | /s slightly the superior one among several statistics
designed to detect up to two outliers. Extension of Rosner’s procedure to detect up to k outliers
is due to Rosner (1977) for k = 4 and Hawkins (1979) for general k. Prescott (1979) and Jain
(1981) also study such sequential procedures.

9.17 TIKU APPROACH TO OUTLIER DETECTION

Let x,, X,, ..., X, be a random sample from a distribution of the type (1/0)f((x — p)/o), the func-
tional form f is specified but p and o are unkown. To test that r, smallest and r, largest obser-
vations are outliers, a slightly ammended version of the Tiku (1975c) statistic is (r; 20, r, > 0)

T(r, 1) =6,/ (rp+r,z1) (9.17.1)
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6. is the MMLE calculated from the censored sample (Chapter 7)
X(r, +1) SX(r1+2) S...SX(n_rz), (9.17.2)

r, and r, are pre-determined, and g is 6, with r; = r,= 0. We require that both § and 6, be
unbiased, at any rate for large n.

The presence of outliers affects g but not .. Thus, T(r,, r,) becomes a meaningful
staistic for detecting outliers.

Normal distribution: For normal N(y, 0°), 6, is given in (7.3.11) with y; replaced by

Xy (ry+1<isn-r) and 6 = \/{Zi”:l(xi -%?)/(n-1)}. Small values of T indicate that the

smallest r, and the largest r, observations are outliers.

It is difficult to work out the exact null distribution of T(r, r,) but Tiku (1975c) shows
that the distribution is closely approximated by a variant of a Beta distribution. The 100y
percentage point of the null distribution of T(r;, r,) is approximately

12
n-1 1 1 n(A -1

T=|—"—"—u,+— |1+ ; 17.3

Voln-rp-r,-1" Sn[ n—2r2+1ﬂ(A(n—1)J ' (0.17.3)

u, is the 100 y percentage point of the beta distribution (9.4.10) witha=n-r, -r,— 1 and
b=r +r,
Exponential distribution: For the exponential distribution E(6, 0), the statistic T (r,,

r,) is
= D{ES L Xy X -y ~ (0= T)X )}
(n-r-r,-1) Z?:l(x(i) - X))
Small and large values of T indicate outliers.
Theorem 9.4: Under exponentiality, the null distribution of
y={n-r,—r,=0/(n=1)}T(r,, r,)
isthebeta(n—r,—r,—1,r . r,).
Proof: Follows exactly along the same lines as Theorem 9.2.
Uniform distribution: For the Uniform (8,, 6,), the statistic is
T,(r,r)=(n- 1){X(n -r) "X +1)}/(n —-r,—-r,- 1)(x(n) - x(l)). (9.17.5)
Small and large values indicate that r, smallest and r, largest observations are outliers.
Theorem 9.5: Under uniformity, the distribution of
y={n-r, —r,=0)/(n=1)} T, (r;, 1)
isbeta(n—r, —r,—1,r +r,).
Proof: It is easy to show that

T

(ry, 1))

. (9.17.4)

EVD

- -1 -1
y =i WS U U= (0 DX, - Xgh
where u; (1 <i<n-1) are the uniform sample spacings. It is known that ui/Z?:_ll u; 1=<is

n — 1) are jointly distributed as n-1 spacings generated by the order statistics of a random
sample of size n — 2 from the Uniform (0, 1); see, for example, Karlin (1966). But then vy is
distributed as the (n —r, — r,— 1)th order statistic of a random sample of size n — 2 from the
uniform (0, 1), and the result follows.
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Example 9.13: The following are the 15 coded observations (arranged in increasing order) on
the vertical semidiameters on Venus made in 1846 by Lt. Herdon (Grubbs, 1950):

-1.40 -0.44 -0.30 -0.24 -0.22 -0.13 —-0.05 0.06 0.10
0.18 0.20 0.39 0.48 0.63 1.01

The data are supposed to come from a normal distribution but the two extreme observa-
tions are suspect. To test whether they are outliers, we use the statistic T(1, 1) givenin (9.17.1):

n=15a,=0a,=0.637,3,=p,=0.880, A=13, 5§ =0.551,
6, ={0.686 + ,/(0.470 +90.630) }/2./156 = 0.410;

T(1, 1) = 0.744.
The approximate lower 10 percent point is
14 107147(180)"?
—(0.732) + —— || — =0.
[12( ) 75 }(182) 0-865

Since the computed value is smaller than 10 percent point, we conclude that the obser-
vations —1.40 and 1.01 are, in fact, outliers. This agrees with the conclusion reached by Tietjen
and Moore (1972) who use the L, statistic.

To compare the sample mean and the MMLE (based on the middle thirteen observa-
tions), we have
X =0.018 with standard error + s//n =+ 0.142;
fi, =(0.66 + 0.1655)/14.722 = 0.056 with standard error + §_./,/m == 0.107.
Clearly, the sample mean X ceases to be an efficient estimator if the sample contains
outliers as said earlier.

To illustrate the usefulness of the statistic T(r,, r,) for testing multiple outliers, some to
the left and some to the right, we have the following example.

Example 9.14: Consider the Darwins data mentioned earlier in Example 9.2. Assuming nor-
mality of the data, one would like to test whether the two smallest and the two largest obser-
vations are outliers. Here, r, =2, r,=2and n =15 and

6. =25.498, 6 =37.723

T(2,2) =25.498/37.723 = 0.676
The lower 10 percent point (approximate) of T(2, 2) is

14 1.08337(150\"?
— (0.556) + —— || — =0.79.
[10 ( ) 75 }(154) 0.79
The computed value being less than the 10 percent point, we conclude that the two
smallest and the two largest observations are outliers.

Example 9.15: The following ordered observations (representing time-to-failure of certain
electronic components) are similar to the data given in Kambo and Awad (1985, Example 1):
0.020 0.100 0.142 0.156 0.157 0.158 0.160 0.292 0.315 0.633
0.784 0.820 0.903 0959 1.001 1.016 1.206 1.329 2.988 3.098

Assuming exponential E(6, o), we want to test whether the two largest observations are
outliers.
Here
n=20,r,=0,r,=2,{(n-r, —r,—1)/(n-1)}T.=0.62.
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The lower 10 percent point is 0.80. Since the computed value is smaller than the tabu-
lated value, the indication is that the two largest observations are outliers.

9.18 POWER OF THE OUTLIER TESTS

To evaluate the performance of the outlier tests, several measures have been proposed; see, for
example, Ferguson (1961) and Hawkins (1980, Chapter 2). The most useful one perhaps is the
power. For a prespecified significance level, the power of an outlier test V is the probability
Power = P(V<d|H,). (9.18.1)
Under H,, the sample contains a specified number r of outliers. We presume that small
values of V lead to the rejection of H, which leads to the conclusion that outliers are present in
the sample. The probability

y=P(V=d|Hj (9.18.2)
is the type I error.

It is difficult to derive the power functions of the L _and T (r,, r,) tests. Using Monte
Carlo methods, Tiku (1977) determined the values of the power of L_and T(0, r) for testing r
outliers to the right of a normal sample. To do that, one generates n observations from a
normal N(p, 0?). For r = 1 (single outlier to the right), one adds &o (£ > 0) to an arbitrary X,
observation under Dixon’s model and adds do (6 > 0) to the largest order statistic X(n under
Tiku’s model. For r = 2, one adds &,0 (§, > 0) and &,0 (&, > 0) to two randomly chosen og)serva-
tions x; and x; under Dixon's model and adds &,0 (5, > 0) to x, _,, and 8,0 (3, > 0) to X, under
Tiku’s model. In particular, &, = &,=¢& and 6, = 8,= 0. The empirical power of the T(0, r)and L,
tests are given by a,/N and a,/N where N(= 10,000) is the number of samples generated and a,
is the number of samples which yield a significantly small value of T(0, r) and, similarly, a,/N.
The values of the power are given in Table 9.9, reproduced from Tiku (1977).

Table 9.9: Values of power of the outlier tests L, and T(0, r), significance
levelis 0.05;L=L,and T = T(O, ).

Tiku's model Dixon’s model
r=1 r=2 r=1 r=2
n o0 T L T L o T L T L
10 0 0.05 0.05 0.05 0.05 0 0.05 0.05 0.05 0.05
1 0.35 0.35 0.37 0.37 2 0.16 0.16 0.13 0.14
2 0.88 0.85 085 0.82 4 0.66 0.67 0.59 0.61
3 1.00 0.99 0.99 0.98 8 1.00 1.00 1.00 1.00
20 0 0.05 0.05 0.05 0.05 0 0.05 0.05 0.05 0.05
1 0.50 0.49 0.67 0.61 3 0.39 0.42 0.44 0.50
2 1.00 0.97 1.00 0.99 5 0.91 0.93 0.96 0.98
40 0 0.05 0.05 0.05 0.05 0 0.05 0.05 0.05 0.05
1 0.68 0.56 0.89 0.74 3 0.39 0.42 0.51 0.57
2 1.00 0.99 1.00 1.00 5 0.93 0.95 0.98 0.99

It can be seen that under Tiku’s outlier model, T can be substantially more powerful
than L. Under Dixon’s model, T can be a little less powerful than L. This was to be expected
since L is known to be most powerful under Dixon's model at any rate for r = 1 (David, 1981,
Hawkins, 1977).
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Tiku (1975c) shows that T(r,, r,) and T (r,, r,) also have high power. In an interesting
paper, Mann (1982) studies T and variants of it for testing outliers in samples from a Weibull
distribution. She works with Tiku's outlier model and shows that her tests have the desirable
optimality properties. She tabulates percentage points of the tests and applies them to detect
outliers in two sets of biomedical data.

Choice of r, and r,: To use the statistic T(r;, r,), and similar other statistics, one has to
know in advance the number of possible outliers r, and r,. In practice, one might have no idea
about r, and r,. To attain high power, itis very important that r, and r, be never underspecified.
Tiku (1977) recommends the use of T(r,*, r,*) with r,* > r, and r,* 2 r,; r,* and r,* can be
determined by a visual inspection of the data or from a Q-Q plot. We have the following exam-
ples.

Example 9.16: A set of eight mass spectrometer measurements on a particular isotope of
uranium arranged in ascending order of magnitude are (Tietjen and Moore, 1972, Example 3)

199.31 199.53 200.19 200.82 201.92 201.95 202.18 245.57

The largest order statistic appears to be an outlier. From visual inspection, there is no
need to take r,* > 2. We take r,* = 2, i.e., we censor the two largest observations.

The MMLE calculated from the remaining six observations is

. 16351+ 14.7197 R .
T(0, 2) = 0.094

The calculated value is even smaller than the lower 1 percent point (equation 9.17.3)

7 127( 40\V2
L0294+ =2 =] =0.431
[5( ) 40}(42j 0.431

We conclude that the two largest observations are outliers.
Let us compare the MMLE with the classical estimator X :

_ ) S 15.849
X =206.434 with standard error + ﬁ =+ T =+ 5.603.
Censoring only the largest observation 245.57, we obtain the MMLE (Chapter 7)
o
fi, =201.113 with standard error + \/% =+ \/];481298 =+0.507

Censoring the two largest observations, we obtain

fi, =201.197 with standard error + 14938 +0.544.
V7.536

The sample mean is highly inefficient as expected. The two MMLE and their standard
errors are close to one another. The first standard error being a little smaller than the second
indicates that the second largest observation 202.18 is perhaps not an outlier. Censoring this
“good” observation does not, however, diminish the efficiency of the MMLE in any substantial
way. On the other hand, if the outlier 245.57 is not censored (or its influence depleted some
other way), the MMLE is the same as the sample mean and is highly inefficient. It is indeed
important to take remedial action if the sample contains outliers.

Example 9.17: The following data, arranged in order of magnitude, represent the values of 31
contrasts in a 2% factorial expriment (Daniel, 1959) rescaled by Dempster and Rosner (1971):
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-3.143 -2666 -1305 —-0.8980 -0.8138 -0.7577 —-0.7437 -0.4771

—-0.3087 -0.2526 -0.0982 -0.0842 -0.0561 0.0000 0.0281 0.1263
0.1684 0.1964 0.2245 0.2947 0.3929 0.4069 0.4209 0.4350
0.4630 0.5472 0.6595 0.7437 1.0800 2.147

The data is assumed to come from normal N(u, 6?). From a visual inspection it is appar-
ent that not more than three smallest and not more than two largest observations are outliers.
To verify this formally, we use the statistic T(r,*, r,*) with r,* = 3 and r,* = 2. Here,

2.806 + ,/7.876 +934.304 [30.001
= =0.657 and g = 30320 =1.0000;

O = 2650
T(3, 2) =0.657
The lower 10 percent point of T(3, 2) is
30 103577 775\"?
— (0.736) + — || — =0.
[25 ( ) 155 }(780) 0.887

The calculated value being smaller than the percentage point, we conclude that there
are multiple outliers in the data, three to the left and two to the right.

We now compare the sample mean with the MMLE as follows,

Classical: X =—0.132 with standard error + % =0.180,
n

MMLE (with three smallest and two largest observations censored):
X . o
fi, =—0.054 with standard error + —== =+ 0.118.
vm

The sample mean is only 66 percent efficient as compared to the MMLE.

Since a symmetric censored sample has some analytical advantages, let us censor the
third largest observation 0.7437 also. From the middle 25 observations, we calculate the MMLE

A

0
fi, =—0.051 with standard error + Trcn =+0.122.

The MMLE above and their standard errors are essentially the same. Censoring a small
number of good observations has very little adverse effect on the MMLE as long as the sample
is cleared of all outliers.

Estimating r; and r,: It has been suggested that a test of outliers be caried out in two
stages. At the first stage, r, and r, are estimated from the data. At the second stage, a test of

outliers is applied with r; = r; and r, = T,. The following proposals have been made.
Tietjen and Moore (1972): Calculate the gaps to the right of the sample
median, i.e., L;= X4 — X, ([V/2] + 1 <i<n-—1). IfL;is the largest gap, then T, = n-j and
similarly for 1;.
Tiku (1975c): Calculate the sample spacings G; = {X . 1y = XM (H; 1 1.1 = Hi:p)
to the right of the median. If Gj is the largest spacing, then Fz =n—j, and similarly for r,.
Jain and Pingel (1981): Calculate

RDM; = G/{(x;, — median)/u;..}

0}
to the right of the sample median. If RDM,; is the largest RDM, , then h=n —jandsimilarly r,.
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The distribution theory of such two stage tests is very complex. Using Monte Carlo
simulations, Jain and Pingel (1981, 1982) find their proposal most satisfactory under normal-
ity. This is due to the fact that the RDM; estimates are mostly larger than, if not equal to, the
actual number of outliers in a sample. Other proposals, particularly that of Tietjen and Moore
above, produce estimates which are often smaller than the actual number of outliers in a
sample; any subsequent test can, therefore, be completely ineffective.

We recommend that any procedure to estimate r, and r, be supplemented by the compu-
tation of the MMLE [i and its standard error and/or a visual inspection of G;. That will provide
a verification whether Fl and F2 are chosen such that there is virtually no possibility that
outliers still exist in the censored sample (after censoring T, smallest and T, largest observa-
tions). Consider, for example, the data in Example 9.14. Here, the gaps L, (1 < i< 30) are

0.477 1.361 0.407,...,0.084, 0.336, 1.067
andgive ;=2 and T, =1.

Under normality, the spacings G; (1 < i <30) are (., are given in Pearson and Hartley,
1972, Table 9)

1.123,5.466, 2.204, 0.558, ..., 0.744, 0.455, 1.350, 2.511
andgiver;=2 and T, =1.

Under normality, the values of RDM,; (1 <i < 30) are

0.68, 5.67, 2.85, ..., 0.87, 2.61, 3.92
andgive r; =2 and T, = 1. The three methods are in agreement.

Assuming normality and k < 4 (number of outliers in the sample), Rosner (1977) uses
his one-at-a-time sequential procedure to detect outliers. He concludes that there are two
outliers to the left and one outlier to the right, i.e., r; =2 and I, = 1. See also Jain et al. (1982).

If, however, one examines the spacings G; above carefully, realizing that under normal-
ity E(G;) = 0 (1 <i <30), the most appropriate choice is r, = 3 and r, = 2. The corresponding
statistic T(3, 2) is also significantly small. Let us compare the MMLE of u:

withr,=2 and r,=1, i, =-0.073 with standard error + 0.135, and

withr, =3 and r,=2, i, =-0.054 with standard error +0.118.

The spacings G; and the standard errors indicate that r, = 3 and r, = 2 is the most
appropriate choice. Alternatively, one might try to find a distribution which adequately mod-
els all the 31 observations (using Q-Q plots, for example), but we could not find one. The
optimal strategy, therefore, is to censor the outliers and calculate the MMLE from the remain-
ing observations (censored sample).

9.19 TESTING THE SAMPLE FOR OUTLIERS

In certain situations, one simply wants to find out if a sample contains outliers irrespective of
how many (Ferguson, 1961). If a statistic employed for this purpose turns out to be significant,
the sample is rejected. Assuming normality, the use of the sample skewness ,/b; has been

recommended if outliers occur only on one side of the sample. The use of the sample kurtosis
has been recommended if outliers occur on both sides of the sample (Ferguson, 1961). The null
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distributions of \/b, and b, are given in Section 9.3. Tiku (1977) recommends the use of T(r *,
r,*) with r,* and r,* clearly greater than,if not equal to, the actual number of outliers in the
sample. He simulates values of the power (from N=10,000 monte Carlo runs) and shows that

T(0, r,*) is more powerful than Vb1 even if r,* is chosen to be twice (even three times) the
actual number of outliers r, to the right, and similarly for T(r,*, r,*) as compared to b,. We give
values of the power in Table 9.10 under Dixon’s location-shift model, reproduced from Tiku
(1977). 1t may be noted that under Dixons location-shift model, /b, is known to be locally

most powerful (Ferguson, 1961; Hawkins, 1977). From a practical point of view, however, a
locally most powerful test is not of much value since the power is too low to be of any practical
importance.

Example 9.18: The following ten observations represent the breaking strength of 0.104- inch
hard-drawn copper wire (Grubbs, 1969, Example 1):

568 570 570 570 572 572 572 578 584 596
Does the sample contain outliers?

If at all, the outliers clearly occur to the right of the sample. For the T(0O, r*) test, it
suffices to take r*= 2. Now,

5, =4.684, §=8.702; T(0,2)=4.684/8.702 = 0.538.

Table 9.10: Values of the power of ,/b; and T(O, r*) tests for rejecting the sample,
r being the actual number of outliers to the right.

r=1 r=2
T T
N &o \/b_l re=2 r=3 \/b_l r«=3 r<=4 r=6
10 0 0.05 0.05 0.05 0.05 0.05 0.05 0.05
1 0.06 0.06 0.05 0.05 0.06 0.06 0.06
3 0.26 0.30 0.23 0.13 0.29 0.25 0.16
5 0.75 0.76 0.62 0.39 0.77 0.66 0.37
20 0 0.05 0.05 0.05 0.05 0.05 0.05 0.05
1 0.05 0.06 0.06 0.06 0.06 0.06 0.06
3 0.29 0.37 0.34 0.35 0.46 0.46 0.42
5 0.83 0.90 0.85 0.92 0.96 0.96 0.92

The lower 10 percent point of the null distribution of T(0, 2) is

9 114297(70\V2
20594) + === |[ L2} _
[7( ) = }(72} 0.776.

Since the computed value is less than the percentage point, we conclude that the sample
contains outliers, of course under the normality assumption.

For the test based on sample skewness, we have

10(9702.336)
Jby = [Lr0236)

26702460 149
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Large values of /b, indicate outliers to the right of the sample irrespective of how

many. The upper 10 percent point of /b, is 0.950. We conclude that the sample contains
outliers.
To compare the sample meany with the MMLE (with two largest observations cen-
sored) we have
X =575.20 with standard error + s/{/n =+ 3.19.

MMLE {1, = 573.306 with standard error + §./J/m =+ 4.684/,/95828 =+ 1.513.
The superiority of the MMLE is obvious.

In conclusion it must be stated that the statistic T(r,, r,) is versatile: (i) it can be used for
testing outliers in samples from any distribution of the type (1/0)f((x — p)/0), (ii) it can be used
for testing a specified number of outliers on either side of the sample, (iii) it can be used to test
whether the sample contains outliers, irrespective of how many. Besides, variants of T(r,, r,)
can be used for distributions which are not necessarily location-scale type (Mann, 1982). The
exact null distributions of the statistics are known for certain populations: for the uniform
U(,, 6,) and the exponential E(6, o), the null distributions ofy ={(n—r, —r, - 1)/(n-=1)} T (r,,
r,) are exactly beta (n —r,—r,— 1, r, +r,), and is approximately beta for the normal N(y, ¢?).
See also Mann (1982).

The statistic readily generalizes to multisample situations as in Section 9.12. The sta-
tistic T(r,, r,) also generalizes to multivariate populations and has good optimality properties;
see Tiku and Singh (1981a), and Surtci (2002). The statistic for testing outliers in a sample

(Xi1» Xipr -er X)) (L <1< n) from a k-variate normal population is
K
G =[] G4/6)) (9.19.1)
j=1

where acj/aj is exactly the same as in (9.17.1) and is calculated from the marginal sample (xlj,

X ,xnj). The statistic G has excellent power properties (Surtct, 2002).
Inliers: A natural statistic for testing inliers in a normal sample is
T=6,/s (9.19.2)
where 6, is the MMLE given in (7.6.11) and s is the sample standard deviation. The distribu-
tion and the power properties of the test statistic have to be studied. Two inlier models have
been proposed by Tiku et al. (2001) and Akkaya and Tiku (2003). Their relevance to real life
data has also to be investigated. Since G, in (9.19.2) is based on an ordered sample with the

middle observations censored, T should provide an efficient test statistic for detecting inliers.
This is under investigation at the present time.

2410

SUMMARY

In this chapter, we discuss goodness-of-fit tests and outlier detection procedures. We
present some of the most prominent test statistics. We show that the Shapiro-Wilk statistic W
is overall the most powerful for testing the normal N(y, a?), followed closely by the Anderson-
Darling statistic A. We show that the Tiku statistics Z and Z* (and U and U*) based on sample
spacings are overall very powerful for testing other distributions, e.g., exponential, logistic,
Student t, extreme value and uniform. We show that the tests based on the modified EDF
statistics do not have the power superiority over the tests based on the Shapiro-Wilk and Tiku
statistics. Moreover, the modified EDF statistics are difficult to work with since they involve
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parameter estimation. We also discuss procedures for detecting outliers. Several real life ex-
amples are given to illustrate the usefulness of goodness-of-fit tests and outlier detection pro-
cedures. They play a pivotal role in choosing an appropriate robust procedure (Chapter 11).

APPENDIX 9A
Table 9A.1: Simulated* values of the variances of Z* and the
probability P{|Z* — 1] = 1.645./V(Z*) }.
Normal Logistic Extreme-Value
N n x Variance n x Variance n x Variance
7 0.396 0.445 0.422
8 0.387 0.427 0.398
10 0.354 0.413 0.390
15 0.310 0.380 0.340
20 0.298 0.373 0.317
25 0.277 0.359 0.313
30 0.276 0.353 0.305
35 0.275 0.351 0.308
40 0.274 0.347 0.300
45 0.262 0.344 0.294
50 0.266 0.341 0.289
>50 0.77n/3(n - 2) 0.98n/3(n - 2) 0.83n/3(n - 2)
Probability
n=17 10 15 20 25 30 35 40 45 50
Normal
0.101 0.100 0.101 0.099 0.097 0.098 0.098 0.101 0.100 0.100
Logistic
0.102 0.102 0.104 0.098 0.104 0.102 0.097 0.100 0.101 0.098
Extreme value
0.104 0.095 0.095 0.100 0.101 0.096 0.096 0.095 0.098 0.098

* For intermediate values of n, the variances may be obtained by linear interpolation.

Table 9A.2: Simulated* values of the mean and variance of U* and
the probability P{|U* — E(U*)| = 1.645,/V(U*) }.

Normal Logistic Student t,
n Mean n x Variance Mean n x Variance Mean n x Variance
7 0.957 0.601 0.950 0.615 0.930 0.640
8 0.958 0.569 0.948 0.593 0.931 0.646
10 0.965 0.491 0.952 0.503 0.929 0.578
15 0.962 0.394 0.952 0.426 0.926 0.510
20 0.966 0.363 0.954 0.398 0.932 0.494
25 0.969 0.353 0.958 0.377 0.934 0.466
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30 0.970 0.336 0.960 0.368 0.940 0.477
35 0.972 0.316 0.962 0.362 0.943 0.466
40 0.974 0.326 0.965 0.355 0.944 0.468
45 0.976 0.308 0.966 0.348 0.947 0.470
50 0.976 0.306 0.967 0.348 0.949 0.472
>50 0.975 0.84n/3(n — 4) 0.970 0.96n/3(n — 4) 0.950 1.303n/3(n — 4)
Probability
n=7 10 15 20 25 30 35 40 45 50
Normal
0.0.98 0.100 0.105 0.097 0.099 0.102 0.098 0.102 0.099 0.100
Logistic
0.103 0.100 0.099 0.100 0.100 0.100 0.102 0.100 0.099 0.101
Student t,,
0.098 0.097 0.100 0.100 0.100 0.100 0.097 0.094 0.098 0.098
* For intermediate values of n, the values may be obtained by linear interpolation.
APPENDIX 9B
Table 9B.1: Simulated values of the power for testing N(i, 62), i and o unknown.
n=20 n =50
Alternative ~ Z* w R A 7+ w R A
Normal 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10
1) 0.99 0.99 0.98 1.00 1.00 1.00 1.00 1.00
2 0.90 0.90 0.85 0.86 1.00 1.00 1.00 1.00
3 0.68 0.65 0.58 0.59 0.98 0.98 0.95 0.94
(@) 0.96 0.96 0.94 0.94 1.00 1.00 1.00 1.00
(5) 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
(6) 0.27 0.25 0.22 0.23 0.59 0.58 0.44 0.44
@) 0.72 0.90 0.93 0.91 0.82 1.00 1.00 1.00
(8) 0.48 0.60 0.67 0.62 0.60 0.85 0.94 0.89
9) 0.28 0.31 0.38 0.31 0.35 0.45 0.66 0.50
(10) 0.17 0.19 0.23 0.18 0.19 0.20 0.36 0.24
(11) 0.11 0.11 0.12 0.12 0.12 0.10 0.15 0.12
(12) 0.07 0.36 0.10 0.30 0.06 0.95 0.44 0.72
(13) 0.08 0.43 0.14 0.36 0.07 0.98 0.56 0.80
(14) 0.37 0.47 0.29 0.40 0.77 0.95 0.73 0.83
(15) 0.60 0.84 0.63 0.78 0.92 1.00 0.99 1.00
(16) 0.19 0.17 0.20 0.16 0.28 0.21 0.28 0.22
17) 0.43 0.40 0.46 0.39 0.72 0.66 0.73 0.66
(18) 0.75 0.73 0.79 0.71 0.97 0.97 0.98 0.97
(19) 0.19 0.19 0.23 0.18 0.23 0.23 0.37 0.24
(20) 0.36 0.40 0.45 0.37 0.43 0.56 0.73 0.56
(22) 0.50 0.58 0.62 0.55 0.56 0.79 0.89 0.79




CHAPTER 10

Estimation in Sample Survey

10.1 INTRODUCTION

Sample survey is another important area from applications point of view. In most appli-
cations, the objective is to estimate the mean of a finite population. Let N denote a finite
population consisting of N measurements (elements) Y,, Y,,..., Y. The mean

_ 1 _n
Yn = 21 i (10.1.1)

is unknown. Given a random sample y,, y,,..., ¥,, chosen without replacement from I, the

objective is to estimate VN and to find the standard error of the estimate.

There are essentially two approaches in sample survey. One suggested approach is to
consider the finite population 1 as having been selected at random from a hypothetical popu-
lation, called super-population. Asampley,, y,,..., Yy, being a random sample from 1 is also a
random sample from the assumed super-population. A second approach does not assume a
super-population. Instead, an empirical verification entails repeatedly sampling the same ob-
jective finite population IM. One may refer to Cochran (1946) and Godambe (1955) for a dis-
cussion of various aspects of these two approaches.

Irrespective of the two approaches, the sample mean

= 1cn
Yn = H Zi =1Yi
is used as an estimator of Yy. We show that in the context of sample survey as well, Ynhas

essentially the same properties as those in the classical framework (Chapters 2 and 8). That is,

¥ is efficient only if the underlying population is normal or near-normal. For other populations,
the MMLE developed in Chapter 2 are considerably more efficient than the sample mean.

10.2. SUPER-POPULATION MODEL

Consider the situation when the super-population has a location-scale distribution of the type
(1/0)f((y — w)/o) with mean p and variance 62 both unknown. Let I denote a finite population
consisting of N elements Y, Y,,..., Y chosen randomly from f. Lety,, y,,..., y,, be n elements
chosen randomly without replacement from 1. In the framework of a super-population model,
Y;(L<i<N)andy, (1<i<n)are both random samples from f. Writing

266
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_ 1 1

YW= N >, Y and g, = N 211 (10.2.1)
it is clear that E(V, — Yn) = 0 since E(Y,) = p and E(Yy) = . We now show that the MSE
(mean square error) is

2
- o n
E(n,-Yn)?=—[1-—]|. 10.2.2
0= = = (1- 1) (1022
LetY, Y,...,Y_,denote the N —nelements in [ other thany,,y,,..., ¥,.
Writing
— 1 N -
YN—n = N-n Zi:1n Yi
it is easy to show that
— n_ n\g
Yy = ﬁyn +(1_ﬁ) Yn-n. (10.2.3)

Sincey, andY,_, are unconditionally independent of one another (Fuller, 1970),

2
O e R R

2 2 2 2
“(1-D) [, O :0_(1_1);
N n N-n n N

(1 —n/N) is called finite population correction. An unbiased estimator of 62 is the sample
variance

s,2= 3 (yi =9?(n-1).
An estimate of VN is, therefore, y,, with standard error

s’ n
T(l_ﬁ)' (10.2.4)

The result we have established above is that under any super-population model (1/0)f((y

— W/o), the sample mean ¥n is an unbiased estimator of the mean of the finite population My
with standard error given in (10.2.4). Other than for normal or near-normal populations, how-

ever, Yn is an inefficient estimator. To establish that, we proceed as follows.

10.3 SYMMETRIC FAMILY

Suppose that the underlying super-population is one of the members of the family f(y; p) given
in (2.2.9). The MMLE [i,, and &, given in (2.4.8) are calculated from the order statistics

Yoy SY)S <Y (10.3.2)
of the random sampley,, y,, ..., ¥,. Since E({i,) = u (because of symmetry)
E(ﬂn - 7n) =0.

Proposition: As an estimator of Y, the MMLE {i,, is more efficient than y,for all n.
To establish this, we simply have to show that
E(Y, - Yn)? 2E@f, - Y% (10.3.2)
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Realizing that 1, and VN_n are independent of one another, we obtain from (10.2.3),

2
N - N no
E(u, - YN)2 =V(f,) + Nn

To show that {1, is more efficient than y,, in view of (10.2.2), we simply have to show

n P
ZNCov(un, Vo) (10.3.3)

that
o? . n | o? .
? > V(l_ln) + Zﬁ ? _COV(lJn,yn) . (1034)

The expression on the right hand side will be called the bound Bo?. Since {1, and y, are
both linear functions of order statistics, it is not difficult to find the exact values of the vari-
ance of (i, and the covariance of (i, and y, (Chapter 2).

The values of 1/n and B are given in Table 10.1, for the sample fractions n/N = 0.1 and
0.2. In most surveys the sample fraction is less than or equal to 0.1 but, for a broader coverage,
we include n/N = 0.2. It can be seen that {1, is considerably more efficient than the sample

mean y,. For p = o, the super-population f(y; p) reduces to the normal N(y, 02) in which case

[, reduces to the sample mean ¥,,.
Although we have given values only for n < 20, but B is smaller than 1/n for all sample
sizes n. For the symmetric family f(y; p), therefore, [i, is more efficient than the sample mean

Yn-
Table 10.1: Exact values of the bound B.

n==6 n=10 n=20

p n/N 1/n B 1/n B 1/n B
2 0.1 0.1667 0.1112 0.1000 0.0648 0.0500 0.0314
0.2 0.1254 0.0746 0.0365
3.5 0.1 0.1667 0.1547 0.1000 0.0909 0.0500 0.0448
0.2 0.1569 0.0928 0.0460
5 0.1 0.1667 0.1619 0.1000 0.0962 0.0500 0.0477
0.2 0.1627 0.0969 0.0482
00 0.1 0.1667 0.1667 0.1000 0.1000 0.0500 0.0500
0.2 0.1667 0.1000 0.0500

To have a precise idea about how efficient i, is as compared to y,,, we give below the exact values
of the relative efficiency of y,,

RE = 100E(f1,, — Y )YE(Y, - Yn)?- (10.3.5)
The values are calculated from the exact values of V([i,,) and Cov(fi,,, y¥,) given in Table
10A.1. Notice that the relative efficiency of y,, decreases as n increases.
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Relative efficiency of the sample mean.

p= 2 p= 3.5 p= 5 p=o
n/N n=10 20 10 20 10 20 10 20
0.1 54.8 53.0 80.9 79.7 86.1 85.4 100 100
0.2 54.6 53.2 72.8 72.1 76.9 76.4 100 100

Mean square error: From the values given in Table 10A.1 (Appendix 10A), it is seen
that Cov ({i,,Y,) is close to V({1,,). For p = «, in fact, the two are equal because (David, 1981)

(1/6%) Z?:lCOV Vi Yp)=1 (1<is<n).
Since for large n (equation 2.3.19)
V({i,) O(p + 1) (p - 3/2)a?/np(p - 1/2) (p=2), (10.3.6)
it follows that
E(fn ~ Yn)? OMo?
(p+1)(p—3/2)(1_3)+§ 1 nle
T | np(p-12) N/ 2np(p-22)N| -

If the sample fraction n/N is very small, say n/N <0.10, the second term may be ignored
in which case

(10.3.7)

E(ﬁn - 7N)2 |:||\/|10'2
(p+1)(p—3/2)( n)
== |1-=| %
np(p-1/2) N
We give in Table 10.2 the exact values of (n/c?)MSE({1,,), and the values calculated from

(10.3.7) and (10.3.8). It can be seen that (10.3.7) gives accurate approximations for all values of
the sample fraction n/N. Even (10.3.8) gives reasonably accurate approximations for all p > 2.

(10.3.8)

A 100(1-y) percent confidence interval for VN is

i, = t\,,z(v)1/|\/|(}n2 (10.3.9)
where G 2 is the MMLE of o (equation 2.4.8) calculated from (10.3.1); t, (v) is the 100 (1 — y)%
n Y

point of the Student t distribution with v = n — 1 degrees of freedom. For p > 2, M may be
replaced by M,.

The confidence interval (10.3.9) is considerably shorter than the classical interval
n £, (V)(s/Vn). (10.3.10)
For p = w0, (10.3.9) reduces to (10.3.10).

10.4 FINITE POPULATION MODEL

For a finite population [l the elements Y, (1 <i< N) are fixed. A sample consists of n elements
y; (1<i<n)chosen at random without replacement from[l. The MMLE [i,, and 6, of pand o,

respectively, are calculated from the order statistics Y (1<i<n)of the sample and are exactly
the same as those for the symmetric super-population model considered in Section 10.2.



270 Robust Estimation and Hypothesis Testing

Table 10.2: Exact and approximate values of the MSE.

Exact Approximate

p n/N n=10 n=20 nM nM,
2 0.05 0.550 0.529 0.500 0.475
0.10 0.548 0.530 0.500 0.450

0.20 0.546 0.532 0.500 0.400

3.5 0.05 0.849 0.835 0.821 0.814
0.10 0.809 0.797 0.785 0.771

0.20 0.728 0.721 0.760 0.747

5 0.05 0.907 0.899 0.890 0.887
0.10 0.861 0.854 0.847 0.840
0.20 0.769 0.764 0.760 0.747

Denote by Y(i (1 <i < N) the order statistics of IM. The sampling distribution of Y is
(Brownlee, 1965; Wilks, 1962)

PYo = Yol = (ut:ﬂ (rl:l—_utj/(rl:lj (10.4.1)
wheret=1i, i+1, ....N—-n+i.

The joint sampling distribution of Yii) and Yi) is (i <j)

) ) C(ty =1\t —t, - T)(N-t,)(N
P{Ya) = Yy Yoy = Yt = i1 \j-i-1 -] /n (10.4.2)

=Pyt t)
t,=i,i+1, .. ,N-n+i and t,=],j+1,... ,N—-n+j. Thus

E(Ve) = Zeei Yoo Prni (O (10.4.3)
E(Ved) = Zeer Y2 Prni (O (10.4.4)
and E(Y(i) y(j)) = ZE;?H ZL\IZ_:T” Yy Y, Pnonij (t to). (10.4.5)

The expressions (10.4.3) — (10.4.5) are computed from the order statistics Y(i) (1<i<N).
As a check on these computations, if Y, (1 <i < N) are replaced by the integers 1, 2,..., N,
respectively, then

E(y(i)) Zi(N+21)/(n+1), 1l<is<n, (10.4.6)
V(y) = i(N=n)(N + 1)(n —i + 1)/(n + 1)>(n + 2) (10.4.7)
and Cov.(y(i), y(j)) =i(n=j+1)(N=n)(N + 1)/(n + 1)? (n + 2). (10.4.8)

A further check on these values is that
Vi, =wm,, = Vn and V(Y,)) =w' Vw = (S?/n)(1 - n/N), i<]j, (10.4.9)
S? = ZiNzl(Y(i) = Yn)?/(N - D);
Hin = EOYV@)s Oijn = COVY ey, V) V = (03,0) (11=1, 2, ..., ),
and nw' =(1,1, ..., 1).
Efficiency: Tiku and Vellaisamy (1997) evaluate the relative efficiency (10.3.5) of y,

under a finite population model. They generate N values from f(y; p) which constitute the
finite population IN. From the order statistics Y(i) (1 <i<N)and equations (10.4.3) — (10.4.5),
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they calculate the exact values of V({1,) and Cov ({i,, ¥,) and use them in (10.3.4) to obtain the
following results:

Relative efficiency of the sample mean, n = 20.

n/N = 0.1 n/N = 0.2
p= 15 2.5 5 o p= 1.5 2.5 5 o
278 813 952 100 481 926 971 100

It can be seen that the sample mean y,, is inefficient under a finite population model as
well. We do not give details but the relative efficiencies decrease as n increases other than for
p = co.

Comment: The MMLE are robust to plausible deviations from an assumed value of p in
f(y; p). To illustrate this, consider the following ten values:

8.4490 9.0782 9.4161 9.6709 9.8933 10.1067
10.3291 10.5839 10.9218 11.5551

The values are, in fact, the expected values of the order statistics of a random sample of
size n = 10 from the distribution f(y; p) with p =10, c =1 and p = 3.5. Here,

fi,=10 and 6,=1, and y,=10 and s =0.91
The classical estimator of o has a downward bias.
We now work with different values of p and have the following values.
For p =3,
fi, =10 and 6,=1.03
For p =4,
i, =10 and §,=0.98
Itis seen that the MMLE are remarkably robust numerically, as expected. This is due to

the fact that the coefficients B, (1 <i < n) we use to calculate the estimates have umbrella
ordering (Chapter 8).

10.5 SAMPLE SIZE DETERMINATION

Often in practice, one wants to pre-determine the sample size n such that the mean square
error of a subsequent estimator p does not exceed a given limit D. The estimators y, and i,
are typically suited to solve such sample-size determination problems as follows.

Equating the MSE of Yn to D, we get
n = 0?/(D + 0%/N) (10.5.2)
n is chosen to be the integer just greater than the value on the right hand side.
Equating the mean square error of {1, to D, we obtain (p = 2)

(P+)(P-32) | , o’ 2p’-p-6
= pp-12) {0 / (D "N 2p(p-12) )} (10.5.2)

nis the integer just greater than the right hand side. The bound on the right hand side reduces
to that in (10.5.1) if p = o (normal distribution). It is considerably smaller for 2 < p < co.

Ignoring terms of order O (N™1), the ratio of (10.5.2) to (10.5.1) is
(P +1)(p—3/2)/p(p - 1/2) (10.5.3)
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which is less than 1 for 2 < p <. For all finite values of p, therefore, a smaller sample size nis
needed to attain a pre-determined mean square error if the MMLE (i, is used.

In practice, o in (10.5.1) and (10.5.2) is replaced by an external estimate, e.g., the one
obtained from a pilot survey.

10.6 STRATIFIED SAMPLING

Suppose that a population is divided into L non-overlapping strata and there are N, elements
in the h th strata. Let (1<h<L)

Yh1r Yhzr+Yhn, (10.6.1)
be a simple random sample of size n, from the h th strata. The order statistics of (10.6.1) are
used to calculate the MMLE [i,, and G, (1 <h < L). The estimators depend on the shape

parameter p in the family (2.2.9). Let p,, be the value of p in the h th strata. In particular, p,,
could be all equal.
The MMLE of the population mean

S 1 <L Vi L
Yn = 2oy Na Y (N=S 5, Ny) (10.6.2)
. R 1L .
Is fse = g Zh=1Nn B (10.6.3)
The standard error of this estimator is
1 L 1/2
i(v Sho Na M, cﬁ) (10.6.4)
+1 -3/2
where M, = (P * Dy ) 1-n ), 3 1 Dh (10.6.5)
NLPy Py — 1/2) Ny | 2 n.pp(Pn —1/2) Ny,
for p, > 2 (1 <h <L), the last term may be ignored.
For P,= (1 <h<Ll), [ reduces to the classical estimator
1 _
Vst = 3 Zn=1Nn Y (10.6.6)
and (10.6.5) reduces to the standard error of y, i.e.,
1 s? Y
L 2 °h —__'h
+ [F 2n-1Nh n [1 N_hﬂ (10.6.7)

1 1 _
where ¥y, = ”_h Z?Qlyhi and sh2 = ﬁ Z?El()’hi ‘Yh)z-

Cost function: The simplest cost function is of the form (Cochran, 1977, p.96)
C*=Cy+ Tn-1CnNp. (10.6.8)
Assume for simplicitly that p, = p (L<h <L), i.e.,, the underlying distributions in the L
strata are identical.
In the first place consider the situation when p = (normal distribution). Let D be a pre-

determined limit for the MSE of y ;. Equating the MSE of y to D we obtain the equation
2 2
L 2 Oh _ oL 2 07 _ M
D+ 3., W, N, =351 W, n’ W, = N, (10.6.9)
To find n,, which minimizes the variance subject to the allocated cost C*, we minimize
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2
zrl;:lwhz g_h +n 2hzlchnh
where n is a Lagrange multiplier. Differentiating with respect to n, we obtain
Jnny =w, o, /ey . (10.6.10)
Summing both sidesover h =1, 2, ..., L, we obtain
Jdn :% (ZW, 0,/ fch )-

This gives the value of n,,

Whop Whop

n =n I35, _
Substituting (11.6.11) in (11.6.9) gives the value of n to attain a pre-determined MSE
subject to the allocated cost C*,

(10.6.11)

n= (ZhWhGhﬂ)Zh(WhGh/ﬂ)
D+ (UN)Z, W, 02 '
This result is due to Cochran (1977).

Proceeding exactly along the same lines and ignoring the second term in (10.6.5) for
simplicity we obtain the following value of n,

o (EaWhOnAfcn)Zh (Whonen)
{p(p - V2)/(p + 1)(p — 3/2)} D + (UN)Z, W, 0%

Since p(p—1/2)/(p + 1)(p — 3/2) is greater than 1, (10.6.13) is always smaller than (10.6.12).
Thus, a smaller sample size n is needed to satisfy the cost constraint (10.6.8) if we use the

(10.6.12)

(10.6.13)

MMLE [l in place of the traditional estimator Yst. For p = o, of course, (10.6.13) reduces to
(10.6.12).

The results above are true for the symmetric family (2.2.9) which has the interesting
property that the location parameter (mode) p is also the mean of the distribution. We now
show that the MMLE are enormously more efficient than the traditional estimators for skew
distributions as well. We will illustrate it in the framework of a super-population model. The
results for a finite population model are similar.

10.7 SKEW DISTRIBUTIONS IN SAMPLE SURVEY

For illustration assume that the underlying super-population is the Generalized Logistic given
in (2.5.1). Here, we will denote it by GL(y; b). The mean of the distribution is p + {(p(b) — W(1)}
o, U being the mode of the distribution. In practice, one might be interested in estimating the
mode [.
Case | (o known): In the context of the super-population GL(y; b), the mode of a finite
population I is
Yy = Yy — {W(b) - w(1)lo (10.7.1)
which, of course, is not known.
Let Y, be the mean of a simple random sample y,, y,,......y, from . The classical
estimator of Yy is
Yn. = ¥ —{W(b) —y(1)}o (10.7.2)
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with variance

V(Yn) = V(¥n) = {W'(b) + W' (1)}(c?/n). (10.7.3)
The values of the psi-function (b) and its derivative ('(b) are given in Chapter 2
(Appendix 2D).
For the super-population GL(y; b), E(Yn) and E(Yy ) are both equal to p. Hence,
E (Yn. = Yn) = 0. Here, the MSE

S nY(o? o2

E(vV. -Yu)2=[1-2| | 2+ "(b) + W' (1 10.7.4
V. = Yn) ( N)(n N_ﬂ](m() W) ((10.7.4)

2

n\o

= (kﬁjq (W (b) + WD)}
The MMLE: The MMLE of u is computed from the order statistics y,; (1 <i<n),
. . 1 n

My = Ky — H(Z?:lai _m)(f (1075)
where i, = (@m) 3 By; and m= 3, B;. (10.7.6)

The coefficients a; and B; are given in (2.5.5). Note that {3; are all positive.

Since 1, and VN_n_ = VN_n —{Y(b) — Y(1)} o are independent of one another and Cov
(X +¢, Y +d)=Cov(X,Y),candd being constants, the MSE
E (i, - Yn)? = E{(, —W = (Yy - ¥ (10.7.7)

2
= V(R,) = 2.5 Cov ([, ¥,) + - W(6) + (1)}
which is similar to the expression in (10.3.4). Therefore,
EWn - Yn)?ZE(@, - Yy)®

. o2 R n o2
if {W(b) +y(1)} o < V(ln) + 275 W) + W)} -~ Cov (Bt Vi) (10.7.8)

We now show that (11.7.8) is true for all values of b in GL(y; b). Consequently, (i, is
always more efficient than the classical estimator Yn., in fact, considerably more efficient.

Large n: When n is large, the variance of (i, is given by (Chapter 2)

1/{- E(d? In L/dp?)} = (b + 2)a?/nb, (10.7.9)

L being the likelihood function of the random sample y; (1 <i < n). See also Table 10.4 which
gives the exact values of V ({1, ) and the values calculated from (10.7.9).

Since the order statistics Y and y(; are positively correlated, and the coefficients B,
are all positive, Cov(fi,,,y,) is always positive. Consequently,

p=Cov(iln, ¥,)/{V(in) V(Vn)
is always positive and 0 <p < 1. Since for the family GL(y; b), V({i,) < V(Y,,) as established in
Chapter 2, Cov (i,,, y,) is equal to or greater than pV(fi,,) for all positive values of p. This

implies that Cov ({1,,, Y¥,) = V({1,,) - A similar argument leads to the result that Cov (i, y,,)
< V(y,); see also Table 10.4 which gives the exact values of the variances and covariances.

Noting that the variance
V(yq) = {W'(b) + W'(1)} (6%n),
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(10.7.8) holds if
{v' (b) +¥'(1)} 2B~ (10.7.10)
where the bound B* is

b+2 n b+2

* = +2—|[{Y' )+ (D}-—=
B > N [{LIJ (b) + ' (1)} b } (10.7.11)
The values of @'(b) +'(1) are given in Table 10.3. Also given are the values of B* for the
sample fractions n/N=0.01, 0.10 and 0.20. It can be seen that (10.7.10) is always true. Hence,

{1, is more efficient than y_ for all values of b.
Table 10.3: Exact values of the bound B*.

n/N b w'(b) + w (1) B~ b w'(b) + w'(1) B~

0.01 0.2 27.911 11.338 0.5 6.5797 5.0316
0.10 14.382 5.3159
0.20 17.764 5.6319
0.01 1 3.2898 3.0058 2 2.2898 2.0058
0.10 3.0580 2.0580
0.20 3.1159 2.1159
0.01 4 1.9287 1.5086 8 1.7780 1.2606
0.10 1.5857 1.3556
0.20 1.6715 1.4612

Small n: Since  E{y,}=p+ot; (L<is<n), wheret; =E{z,}and zg ={yq ~H/0,

N 1 iy — n
E(I“ln) =M- H|:Z?:1(1+ e ()) 1 _m:| a, (10712)
so that
(Bias)? = — |51 (1+etoyt-_N_ 2 o? (10.7.13)
m? [ <! b+1| o
Let Q=(v;) (i,j=1,2...n)

be the variance-covariance matrix of the standardized ordered variates z; (1< i<n). Then,
Le?)V(f,) = (B' Q p)/m?
and (10.7.14)
(L/0?) Cov ({1, ¥,) = (B Q 1)/mn;
B = (B, By--uBy)and 1' = (1, 1,....,1) aren x 1 vectors. Forn<15and b =1.0(0.5)5, 6,7 and 8,
the elements Vij of Q are tabulated in Balakhrishnan and Leung (1988) as said earlier in Chap-
ter 2. Using these tables, we calculate the values of (Bias)?, V({i,), Cov (A, ¥,) and the bound
B*. They are given in Table 10.4 for b = 2 and 8 for illustration; o = 1 without any loss of

generality. The values of §y' (b) + (1) are given in Table 10.3:
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Table 10.4: Exact values of (Bias)?, V({i,,) and Cov ({i,,,y,) and the bound B*.

b=2 b=8
n==6 10 15 n==6 10 15

(Bias)? 0.0046 0.0016 0.0006 0.0176 0.0067 0.0030

V(ﬁn) 0.3444 0.2041 0.1354 0.2209 0.1292 0.0850

(b +2)/Inb 0.3333 0.2000 0.1333 0.2083 0.1250 0.0833

Cov (fin ' Yn) 0.3450 0.2044 0.1355 0.2237 0.1311 0.0854
B*: n/N

0.01 2.0708 2.0459 2.0362 1.3509 1.3020 1.2849

0.10 2.1104 2.0902 2.0825 1.4293 1.3858 1.3741

0.20 2.1543 2.1393 2.1339 1.5165 1.4789 1.4732

Comparing the values of B* with /'(b) + '(1) it is seen that {1, is more efficient than the

classical estimator Y, for all n. Realize that the bias in [i,, is negligibly small and the asymp-

totic formula (10.7.9) gives accurate approximations even for small sample sizes as small as
n = 10.

Relative efficiency: Consider the difference
(1/o?{Cov ({1,,,¥,) = V() ={I' Q (1 - )}in? (10.7.15)
where
I'=(n/m)(B,, B,,.....B,) and I'=(1,1,....,1) (10.7.16)
are n x 1 vectors of constant coefficients. The elements of I are finite and positive since m/n O

b/(b+1)(b+2) (equation 2D.5) and B, are all positive fractions (Chapter 2). Also, the elements Vij
of Q are all finite and positive with

2112 -1V = n{y(b) + Y ()}

Therefore, (10.7.15) is of order 1/n and tends to zero as n becomes large. In fact, (10.7.15)
tends to zero very quickly since some of the elements in the 1 x n vector 1 — | are negative while
others are positive. Consequently, the sum of the negative and positive terms counterbalance
each other reducing (10.7.15) to zero (almost). For b = 2, for example, the exact values of
(10.7.15) are 0.0006, 0.0003 and 0.0001 for n = 6, 10 and 15, respectively. The values are

similarly almost zero for b # 2. Thus, Cov ({i,,Y,) can be replaced by V({i,) to obtain the
simpler formula

2
A = n . nioc* , .
E(fin. = Yn)? D(l—ﬁ) V(i) + ﬁh{w (b) + " (D} - V(i) (10.7.17)
the second term on the right hand side being of order O(N-1).

Given below are the values of the relative efficiency of ¥, defined in (10.3.5). It can be

seen that the MMLE {1, is enormously more efficient than the classical estimator ¥n. It may

be remembered that for b = 1, GL(y; b) is the logistic distribution which is in close proximity to
a normal distribution. Even here the MMLE is more efficient.
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Relative efficiency (percent) of the sample mean

b= 0.2 0.5 1 2 4 8

n/N = 0.01 40 76 91 88 78 70
0.10 46 79 93 88 82 74

0.20 55 82 93 91 86 78

Comment: The variance V({i,,) is essentially equal to (b+2) 6%/nb as in (10.7.9). The
difference (1L/N){y’(b) + '(1) — (b + 2)/b} 02 is small for all sample fractions n/N < 0.2, since N is
large. For n = 10 and n/N = 0.1, for example, N = 100 in which case the difference is equal to
0.003 @2 and 0.005 o2 for b = 2 and 8, respectively. Therefore, it suffices to take the MSE to
order O(1/N) as

N = b+2 n
E(f, - Yn)? O b (l_ﬁ) o2 (10.7.18)

It is interesting to note that (10.7.18) is exactly similar to (10.3.8).

Sample-size determination: The sample size determination problems are resolved
along the same lines as before. To determine n to attain a pre-determined mean square error
D, for example, we have the following results.

Equating the MSE of y, to D, we get
= 2 i r r -1 02
n=g°/| D{Y'(b) + ' (D} +W .

Equating the MSE of [i,, to D, we get

[ b | o?
=o’/|D +——
n 0/_ bi2 TN } (10.7.19)

Since Y'(b) + W'(1) is greater than (b+2)/b, a smaller sample size n is needed to attain a

pre-determined MSE if the MMLE {1, is used.

Remark: The results extend to stratified sampling, exactly along the same lines as in Section
10.6.

Case Il (unknown scale): If g is not known, it is replaced by the MMLE &, calculated
from the order statistics Y 1<ign);

6, ={B++(B% +4nC)¥2 /{n(n - 1)} (10.7.20)

where
B=(b+1) Z?:l(ﬁ - Gi)(y(i) -{,) and C=(b+1) Z?:lBi(y(i) -{i,)°.
The MMLE of yu is, therefore,
A, =Q,-aé,, a= (1/m){2i”:1ai - n}. (10.7.21)

The mean square error E({l,, - Yy )? is estimated by

b+2 ., n
onll1-—1. 7.22
23(1-2) (10722
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The classical estimator of W is
Yo = Vn —{0(0) —w@)s,, s2= i1 (Vi =Yn)?Mn-1), (10.7.23)

The mean square error E(y, - Yy )? is estimated by
TRORIAE) sﬁ(l—%)_

. (10.7.24)

For large n, 6,, and s are both unbiased estimators and will be close too. But (10.17.22)
is smaller than (10.17.24) since (b+2)/b is smaller than y'(b) + '(1) for all values of b.
Revised MSE: More accurate values of the MSE
E(yn.. _VN.)2 and E(pln.. _VN.)2
can, of course, be obtained by incorporating the variances and the covariance of the estimators
of pand o. It is, however, difficult to evaluate the covariance of y, and s for non-normal

distributions and we will not pursue it here. In fact, the variances and the covariance are
expressions in terms of the Fisher k — statistics (see, for example, Kendall and Stuart, 1969).
For the MMLE, however, the variances and the covariance are given by I1, where

I_[Ill |12}
I 1

Here,
nb nb
I, = (b+2)0%" =1 = (b +2) o2 {Wb +1) - Y(2)} (10.7.25)
b
and o= 52 oy 207 [V (04 1)+ W) + (Wb + 1)~ )]

Example 10.1: Take b = 2. The Fisher information matrix is

| = n [0.50 0.25 }
0.2
which gives the variance-covariance matrix

o2 [ 2.1643 —0.3289}

0.25 16449

-1 - —
== |-03289 06579

Notice that the variance of 6, is much smaller than that of [i,, in agreement with the
normal-theory result that V(y,) = 0%/n and V(s ) Oa?/2n.

It follows from the results given in Chapter 2 (Appendix A2.4) that for large n,

aly+1)—-y(2).

For b =2,a00.5. Thus, the revised value of the mean square error E(fi,, — Y, )?is 2.493
(1 -n/N) 62/n as against 2(1 — n/N) §2/n given in (10.7.18). The revised value is marginally
bigger than that obtained from (10.7.18) as expected.

10.8 ESTIMATING THE MEAN

Rather than estimating the mode of the finite population M, one may like to estimate its
mean. The mean of the super-population GL(y; b) is

0 =p + {Wb) — w(1)o. (10.8.1)
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In the first place, we note that values of b less than 0.5 or greater than 8 are not of
interest for the parameter 6 to be meaningful. The reason is that for such values of b, a propor-
tion substantially different from ¥ of the population values exceed the mean 6. In fact, the
probability P(Y < 8) is given by

P(Y<B)=b[ {e/@+e™)" }dz (10.8.2)

=(1+e 970 c=y(b) - ().
Given below are the values of this probability

b= 0.2 0.5 1 2 4 8

prob: 0.389 0.447 0.500 0.534 0.553 0.562

Itis clear that only the values of b in the range 0.5 < b < 8 are of interest. Irrespective of

the value of b, however, the classical estimator of the mean Yy of M is the sample mean Yn
with MSE

_ n\o?
E(Yn ~ Yn)* = (1‘ ﬁ)? {W (o) + ¥(@)}- (10.8.3)
The MMLE of 8 is
6, =, —dé, (10.8.4)
where [i, and g, are as usual the MMLE of y and o calculated from the order statistics y;
(I<i<n),and
d=(@/m){Z_,a; —n/(b + 1} — Y(b) + Y(1) Oy(b + 1) — Y(b) - 1 (10.8.5)
since Y(2) — Y(1) = 1.
For small n/N (< 0.2) to order O(N™1),

E®, - Yy)? O (1 - %){V(ﬁn) — 2dCov({i,,,6,,) + d2V(6,,)} (10.8.6)

where the variances and the covariance are given by I-1. The elements of | are given in (10.7.25).
Calculations show that (10.8.6) is smaller than (10.8.3) for all b in the range 0.5 to 8.

Example 10.2: Take b = 2 in which case d = — 0.5. From the elements of 1-1, we obtain

SRy n o? (. n) 207950?
E®, - Yy) D(l—ﬁj (2.1969 - 0.1968 +0.0794) —— = (1 ﬁ) ma—
From (10.8.3), we obtain
o, n) 2.28980°
E(Yn - YN)" = (1_ﬁ) n ;

Yn is clearly less efficient than 6.

Robustness: The estimators above are remarkably robust to plausible deviations from
an assumed distribution, to outliers in a sample and to mixtures and contaminations. This is
due to umbrella or half-umbrella ordering of the coefficients {3, given to the order statistics y;
(1 <i<n), as explained in Chapter 8.

Remark: Tiku (1983) develops an estimator [i, of the mean of a finite population based on a
censored normal sample of size A = n — 2r. He also develops Fuller (1970) and Rao (1975) type estimator

r=Dy (1= 10.8.7
I"ln Nyn+ Np’A ( )
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He shows that both {1, and {1, * have good robustness properties for long-tailed sym-

metric distributions and in situations when the sample contains outliers. It may be noted that
outliers in sample survey data can particularly occur due to measurement errors.

SUMMARY

In this chapter, we discuss estimation of the mean of a finite population in the context of
sample survey. The traditional estimator is the sample mean. We study the MMLE and show
that they are enormously more efficient than the sample mean for non-normal populations.
We discuss sample-size determination problems and show that by using the MMLE, smaller
sample sizes are needed to attain certain optimality properties. We extend the results to strati-
fied sampling.

APPENDIX 10A

Table 10A.1: Exact values* of the variances and covariances;
(D(We?)V({i,) and (2) (1/6?)Cov({i,,6,,)-

n () 2 () 2 () 2
p=15 p=20 p=25
6 0.18782 0.23378 0.09700 0.09560 0.12985 0.13443
8 0.13026 0.16261 0.07028 0.06662 0.09451 0.09666
10 0.09932 0.12196 0.05511 0.05133 0.07438 0.07538
12 0.08019 0.09649 0.04530 0.04188 0.06134 0.06176
14 0.06707 0.08041 0.03843 0.03545 0.05220 0.05232
15 0.06225 0.07275 0.03548 0.03249 0.04858 0.04861
16 0.05787 0.06708 0.03335 0.03078 0.04544 0.04540
17 0.05389 0.06252 0.03128 0.02889 0.04267 0.04258
18 0.05082 0.05794 0.02946 0.02722 0.04168 0.04443
19 0.04789 0.05426 0.02783 0.02574 0.03804 0.03788
20 0.04528 0.05098 0.02637 0.02442 0.03608 0.03591
p=35 p=45 p=5.0
6 0.15235 0.15539 0.15928 0.16106 0.16101 0.16242
8 0.11237 0.11448 0.11829 0.11964 0.11982 0.12091
10 0.08900 0.09048 0.09405 0.09507 0.09537 0.09621
12 0.07367 0.07475 0.07804 0.07883 0.07920 0.07986
14 0.06285 0.06367 0.06668 0.06731 0.06770 0.06823
15 0.05856 0.05929 0.06216 0.06272 0.06313 0.06361
16 0.05480 0.05543 0.05821 0.05872 0.05913 0.05956
17 0.05151 0.05206 0.05471 0.05517 0.05561 0.05600
18 0.04774 0.04828 0.05165 0.05206 0.05248 0.05284
19 0.04598 0.04642 0.04811 0.04864 0.04969 0.05002
20 0.04364 0.04403 0.04642 0.04677 0.04718 0.04748
Forp=w, V({i,) = Cov({,,y,) = 0o?/n.




CHAPTER 11

Applications

11.1 INTRODUCTION

We examined a large number of real life data sets in numerous areas of application. We chose
nearly twenty representative ones which we analyse and present in this chapter. We found
very few data sets which can be called normal. This is in conformity with the experiences of
Pearson (1931), Geary (1947), Elveback et al. (1970) and Spjgtvoll and Aastveit (1980) and
many others. All the three types of distributions prevail in practice: (i) symmetric long-tailed,
(i) skew, and (iii) symmetric short-tailed. Thus, the families of distributions (2.2.9), (2.5.1) and
(3.6.2) considered in Chapters 2 — 6 are of great deal of relevance. We were, in fact, pleasantly
surprised to find out how useful the short-tailed symmetric distributions (3.6.2) are in model-
ling the error distributions in the context of regression and autoregression. It seems that if a
linear model provides a very good fit with a large value of the coefficient of determination R?
(= 0.90, say), then the error distribution is mostly short-tailed. However, it is not possible to
identify the underlying distribution exactly from a sample. Since the MMLE are robust to
plausible deviations, it suffices to locate a distribution in reasonable proximity to the true
distribution. This can easily be accomplished by constructing Q — Q plots followed by a formal
goodness-of-fit test. A viable alternative to a goodness-of-fit test is to determine the value of a
shape parameter by maximizing In L discussed in Section 11.3. Thus, the methodology of modi-
fied likelihood beautifully adapts to normal and non-normal samples. Under non-normality, of
course, it yields more efficient estimators than the normal-theory estimators. The method also
gives precise estimates of the population standard deviation (scale parameter) which should
be an important feature of any estimator of o.

11.2 ESTIMATORS OF LOCATION AND SCALE PARAMETERS

In this section we give several examples to illustrate that from applications of modified likeli-
hood methodology, estimators of the population mean and standard deviation can easily be
obtained which are more efficient than the sample mean and standard deviation. It may be
remembered that the methodology yields MMLE which are essentially as efficient as the MLE.
The computation of the latter is generally problematic. Consequently, the MLE are elusive in
most situations. There is no such problem with the MMLE.

Example 11.1: The following well-known data due to Cushney and Peebles (1905) measure
the prolongation of sleep by two soporific drugs as ordered differences

281
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y: 000 08 10 12 13 13 14 18 24 46
The problem is to estimate 6 = E(y) and find the standard error of the estimate.
Under the normality assumption the estimates of the population mean and standard
deviation 6 and o, respectively, are
y =158 and s=1.230, with

SE(y)=%s/Jn =+ 1.230/4/10 =+0.389 and SE(s) O+ s/v/2n = +0.275.
The normal distribution, however, is not a good model for the data. In fact, the Shapiro-
Wilk statistic assumes the value
W ={0.574(4.6 — 0.0) + 0.329(2.4 - 0.8) + 0.214(1.8 — 1.0) +0.122(1.4 — 1.2)}?/13.616
=0.781
which is smaller than the 5 percent significance level 0.830, let alone the 10 percent signifi-
cance level advocated in Chapter 9. We reject normality.

Using Q-Q plots accompanied with the results of the Z* (= 0.844) test (Chapter 9), we
realize that the Generalized Logistic (2.5.1) with b = 8 provides a plausible model; see also
Section 11.3. We now calculate the MMLE of the location and scale parameters from (2.5.11).
They are

f =—0.527 and & =0.833;
o is the scale parameter of the assumed Generalized Logistic and not its standard deviation.
Thus,
§=pn +{Y®d)-y@)}s =-0.527 +{2.016 + 0.577} (0.833) = 1.63.
The variance-covariance matrix of (i and g is from (2.5.12),

_02[3083 -1067 1121
T 10| -1067 0.621 (11.2.1)

which gives

2
V() O % {3.083 — 2(2.593)(1.067) + (2.593)2 (0.621)} = 0.117 02,

SE(8) 0+ 1/{(0.117)(0.833)2} = % 0.285
The MMLE of the population standard deviation g, is

&6, = (W' ®) + ' (D}62 =1.111 and SE(6,) U+ 10062162} == 0.207.

The MMLE 8 and 6, are numerically close to Y and s, respectively, but have consider-
ably smaller standard errors. In fact, the standard error of s is even larger than the value
0.275 above since (equation 1.2.9)

V(s) D%(1+%)\4) (11.2.2)

and A, = (4,/n,%) — 3 > 2 for the Generalized Logistic with b=8 (Appendix 2D).

Example 11.2: The following data appear in Thode (2002, p.348) and represent the average
annual erosion rates y of thirteen states in US:

-04 -05 -09 -0501 -1001 -15-42 -06 -20 07 -01
One wants to estimate 6 = E(Y) and find the standard error of the estimate. Here,

y =—0.831, s=1.234; SE(Y)=+1.234/,/13 =+ 0.342.
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By using Q-Q plots, it is seen that the Generalized Logistic with b=0.5 provides a plau-
sible model for the data. As in the previous example, we obtain

A

H=-0.181 and 0 =0.417;
6 =-0.181 + {(0.5) — Y(1)}6 = - 0.7509.
The variance-covariance matrix of i and g is

o? [5.113 0.294}

V'=70(0294 0760

(11.2.3)

This gives

V(8) 00.576 02 and SE(8) 0+ /{(0.576)(0.417)?} = + 0.316

The MMLE 8 is numerically close to Y but is clearly more efficient.
The MMLE of the population standard deviation g, is

6, = J{w' (05) + ¢’ (1)}62 = |/{4.9348 + 16449} (0.417) = 1.070
and is numerically close to s.

Example 11.3: The following data represent the gain (in pounds) in weight of 20 pigs assigned
randomly to two feeds A and B (this occurs as a numerical example in Tiku et al., 1986, p. 157).

A: 009 143 279 160 1.71 3.37 206 2.67 842 3.67

B: 196 179 260 140 222 345 116 571 293 140
The problem is to estimate the means , and g and test the null hypothesis H,: 4, = Hg.
The traditional estimates of p, and pg are

A:  y,=2781,5,=2238 and SE(Y;)=+2238/y/10 =+0.708,

B: Yy, =2.462,5,=1353 and SE(Y;)== 1.353/4/10 =+0.429.
However, the two samples clearly come from positively skew distributions. Using Q-Q
plots, the plausible distributions are Generalized Logistic with b = 8; see also Section 11.3.
From (2.5.11), we obtain the following values from the elements of the matrix in (11.2.1).
Denoting the scale parameters of the two distributions by o, and g,, respectively, we have the
following MMLE.

A: fi, =—0.964, &, =1474; @, =—0.964 + 2.593(1.474) = 2.858,
SE(8,) U+ {0.117(1474)?} = +0.504.
B: fi, =0.192, 6, = 0.882; §, = 0.192 + 2.593(0.882) = 2.479,

SE(§,) O+ {0.117(0.882)2} = +0.302;
2.593 is the value of Y(8) — Y(1). The MMLE are clearly more efficient.
To test the null hypothesis Hj: p, = g, we have

T =(2.858 - 2.479)/\/{(0.504)2 +(0.302)%} = 0.59
We conclude that the two feeds are equally effective in increasing the average weight of

pigs.

Example 11.4: The following data give the values of 10(y — 2.0), y being the pollution level
(measurement of lead), in water samples from two lakes (Tiku et al., 1986, p.280).
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Lakel: -148 125 -051 046 060 -4.27 063 -0.14 -0.38 1.28
093 051 111 -0.17 -0.79 —-1.02 -091 0.0 041 111
Lake 2: 132 181 -054 268 227 270 078 —-462 188 0.86
286 047 -042 016 069 078 172 157 214 162
One wants to test whether the pollution levels in the lakes are the same on the average.
Since the power of a test is directly related to estimating efficiency (Sundrum, 1954), it is
important to use efficient estimators.
As before Q-Q plots accompanied with the results of goodness-of-fit tests (based on the
U* statistic = 0.935 and 0.869 for the two data sets, respectively) indicate that the symmetric
family (2.2.9) with p =3 and p = 2.5, respectively, provide plausible models for the data. In fact,
both data sets seem to have an outlier on the left hand side. In calculating the MMLE, how-
ever, the family (2.2.9) with small p generates weights which are diminutive at the ends. Thus,
the influence of outliers is automatically depleted.
Here, we have the following estimates of the population means and standard devia-
tions, and their standard errors calculated from equations (2.4.8).

Lakel: y,=-0064, s, =1.282, SE(y,)=+s,/J/n ==0.287

N A N P-32)(p+1) . >
=0.112, =1.275, SE O+ {———— =+ 0.255.
M1 0, (Py) \/{ np(p - 172) 0,

Lake 2: y,=1.037, s,=1.654; SE(y,)=+0.370;
i, =1.297, 6, = 1.581, SE({1,) 0+ 0.296.
The MMLE are clearly more efficient than the sample means.

To test whether the pollution levels in the two lakes are the same on the average, we
have

T = (1.297 - 0.112)/,/{(0.296) + (0.255)%} = 3.03

and t = (1.297- 0.064)//{(0.287) + (0.370)?} = 2.35.

The null distributions of both T and t are approximately normal N(0O, 1). The T statistic,
however, gives a smaller probability for H,: y, = y, to be true.

Tiku et al. (1986, pp. 280-281) advocate censoring the two smallest and two largest
observations in both samples and regard the resulting data as Type Il censored normal sam-
ples. Using the methodology of Chapter 7 (Section 7.3), we get

Lake 1: fi, =0.108 and &, =0.966

Lake 2: fi. =1.246 and 6, =1.261.

The estimates of p are essentially the same as the MMLE above. However, the esti-
mates of o are smaller. This is due to the fact that the estimators of o based on censored
samples including the Huber M-estimators have substantial downward bias (Chapter 8). De-

liberate censoring of observations should be avoided (unless they are grossly anomalous) as
said in Chapter 8.

It may be noted that the MMLE &, is unbiased (almost) if the true distribution is very

close to the assumed distribution (Chapter 7). This is a distinct advantage of the method of
modified likelihood estimation.
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Example 11.5: Fisher (1936) gives very interesting data on the characteristics of fifty Iris
Setosa plants. He gives the measurements of (a) sepal length, (b) sepal width, (c) petal length
(d) petal width. The data is reproduced in Hand et al. (1994, pp. 25-26). The problem is to
estimate the population means and standard deviations.

Using Q-Q plots followed by goodness-of-fit tets (Chapter 9), we identify plausible mod-
els for the data as follows. The sample skewness /b, and kurtosis b, can also be employed to
identify the underlying distribution. However, b, should be used with caution since its distri-
bution is awkward, even for large n.

(a) The Weibull distribution (2.8.1) with p = 3.0 provides a good model; see Section 11.3.
Here, we have the following estimates.

LSE: y =5.006, s = 0.352, SE(Y) = + 0.352/,/50 = + 0.050
and SE(s) O+ (0.352/,/100)(0.853) = + 0.030, since A, = 2.705.

The MMLE calculated from (2.8.13) are

~

6=4.054 and 6 =1.070.
This gives the MMLE of p = E(y) and the standard deviation g, of Y:

A=9+r (1+%)6 =5.009 and 6, = \/{F(1+§) - F2(1+%)} 62 =0.347.

The variance-covariance matrix of § and & is from (2.8.14),

_ 0’ [ 26617 -2.4027
~ on | —2.4027 3.1690 |-
Thus,
V(f1) 00.002002 with SE(f1) D\/{o_oozo(]_o7o)2} =+ 0.048,
Ao 1/2
0 o 2 2 1 —
and SE(0;) O+ | —1-(3.1690) r(1+_) -r (1+_) =+ 0.029.
450 3 3

The MMLE and the LSE (and their standard errors) are very close to one another. This
is indeed reassuring since the Weibull W(3, o) and normal with a common mean and variance
are not very different from one another. In fact, the coefficients of skewness and kurtosis of
W(3, o) are 0.168 and 2.752, respectively, which are close to 0 and 3.

(b) The family (2.2.9) with p = 6 (kurtosis 3.86) beautifully models the data. We now
have the following values of the mean p and the standard deviation o.

LSE: Y =3.428,s=0.379, SE(Y) = + 0.379/+/50 =+ 0.054

and SE(s) O(z s/4/100 )(1.43) = + 0.054,
since the kurtosis of the distribution is 3.86.
MMLE: i =3.423, g =0.382,
se() 0z [JR=3DCEHY 52( _ 605,
50p(p - 1/2)

se@) 0 [ P*t  s2l 40043,
100(p - 12)
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(c) The family (2.2.9) with p = 5.5 (kurtosis 4.0) beautifully models the data. The esti-
mates and their standard errors are

LSE: ¥ =1.462,s=0.174, SE(Y) = + 0.174//50 = + 0.025,
SE(s) 0(0.174//100)(1.5) = + 0.026, since A, = 4.0.
MMLE: [l =1.461, 6 =0.174,SE({1) O+ 0.024, SE(&) [0.020.

(d) Generalized Logistic with b = 4 provides a good model. The estimates of the mean 6
= E(y) and the scale parameter o are

LSE: Y =0.246, s =0.105, SE(Y) = s//50 = + 0.0148,
5 =0.105/.{y’ (b) + ¢’ (1)} = 0.105/1.389 = 0.0756,

SE O 09750 1.879) 0+ 0.0142
=) O+ +
() 0+ o5 (1.879) 0%0.0142,

since /A, = 4.758 for the Generalized Logistic with b = 4.
MMLE: (L =0.120, g =0.0694;
the variance-covariance matrix is from (2.5.12),
o?| 2244 -0687
n {— 0.687 0.634}'
Thus,
6 = [ + {Y(b) — Y(1)}S = 0.120 + 1.8333(0.0694) = 0.247;
V(0) =0.03710> and SE(8) =+ 0.0134,
V(§)=0.0127062 and SE(6) O+ 0.0078.
For all the marginal samples above, the MMLE are numerically close to the sample
mean and standard deviation but have smaller standard errors. This is due to the fact that the
underlying distributions are not normal.

Remark: The real-life data sets in Examples 11.1 — 11.5 are modeled by skew or symmetric
long-tailed distributions. The data sets in the next two examples, however, are modeled by short-tailed
distributions.

Example 11.6: Kendall and Stuart (1960, p. 407) give 54 deviations from a simple 11-year
moving average of marriage rate in England and Wales. They are

-6 1 12 10 -6 -8 -6 3 4 7 11
3 -8 -2 -3 -7 3 4 -5 -7 1 6
8 9 -2 -8 -10 -7 0 8 12 7 5
4 -3 -6 -12 -5 0 5 7 3 -4 -8

-6 -5 1 6 6 2 -6 -5 -6 1

They state that the deviations have a symmetric short-tailed distribution. A Q-Q plot
accompanied with the information provided by the goodness-of-fit statistic U*, suggest the
symmetric short-tailed distribution (3.6.2) with r =4 and d = 1.5 as a plausible model. Its mean
is, its scale parameter is g and its standard deviation is g, = 1.9360. We now have the follow-
ing estimates.

LSE: y =—0.0370 and s=6.378, SE(Y)=+6.378/,/54 =+ 0.868.
MMLE: f =0.0949, g = 3.265, 6, = 1.936(3.265) = 6.321,
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SE(fi) O+ 3.265/v{54(0515)} = +0.619,
since V({i) 0o?/nD from equation (3.7.9) and D = 0.5152 (equation 3.7.10). The ratio of the
standard error of §, to that of 6, is 0.71.

Example 11.7: The following measurements of the weight X and systolic blood pressure Y of
26 randomly chosen patients is given in Montgomery and Peck (1991).

X: 165 167 180 155 212 175 190 210 200 149 158 169 170
172 159 168 174 183 215 195 180 143 240 235 192 187
Y: 130 133 150 128 151 146 150 140 148 125 133 135 150
153 128 132 149 158 150 163 156 124 170 165 160 159

Montgomery and Peck assume the distribution of the random vector (X, Y) to be bivariate
normal. It follows that both the marginal distributions are normal. A careful examination of
the data reveals that the normality assumption is not correct. The information provided by Q-
Q plots suggest the following as plausible models:

(i) X has a beta distribution, z = (x — w)/o,
fz) 0z2-Y(1-2P°-1, O0<z<1, (11.2.4)
witha=25 and b=6.5.

(i) Y has the symmetric short-tailed distribution (3.6.2) withr=2andd=1 (A =2)asin
the previous example; u is the location parameter, ¢ is the scale parameter and o, is the
standard deviation.

The estimation of p and o for the beta distribution is deferred to Appendix 11A.1. We
have not considered it in Chapter 2.

For the blood pressure data Y, we have the following estimates.
LSE: y =145.62, s = 13.422, SE(y) = + 13.422//26 = + 2.632.
MMLE:  [i =144.93, 6 =8.053, 6, = 1.679(8.053) = 14.332,

SE(j1) 0+ 8.053/,/{26(0.6354)} =+ 1.981.
The ratio of the standard error of él to that of 51 is 0.75.

Remark: For all the data sets above, the plausible distributions are non-normal. However, the
first data set in the following example is modeled by a normal distribution reasonably well. We admit,
however, that it is hard to find too many such data sets. Most real-life data sets are indeed non-normal.
See also Elveback et al. (1970).

Example 11.8: MacGregor et al. (1979) give the supine systolic and diastolic blood pressures
of 15 patients with moderate essential hypertension, immediately before and two hours after
taking a drug, captopril. The interest is in estimating the average drop in the blood pressures.

From the given data, we calculate the differences ‘before’ minus ‘after’ measurements:
pPatientNo: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Systolic 9 4 21 3 20 31 17 26 26 10 23 33 19 19 23
Diastolic 5 1 3 -2 11 16 23 19 12 4 8 21 4 4 18

The Q-Q plot based on a normal distribution has “close to a straight line pattern” for the
systolic measurements (Fig. 1). For this data, the MMLE are exactly the same as the sample
mean and standard deviation given below.
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Systolic: y =18.93, s=9.027, SE(y)=z%2.33.

For the diastolic measurements, however, the Q-Q plot based on the symmetric short-
tailed distribution (3.6.2) withr =2 and d = 1.5 (A = 4) gives “close to a sraight line pattern” and
is, therefore, a plausible model. Thus, we have the following estimates.

LSE: y =9.267 and s=8.614, SE(y)=z*2.224.

MMLE: [i=9.362 and 6 =4.594, SE(fi)=+4.594/\/15 = +1.186,
since D =1 (equation 3.7.10). The ratio of the standard error of i to that of y is 53 percent.

The MMLE of the population standard deviation o, is 1.915 g = 8.798 which is numeri-
cally close to s.

40
35
30 1
25 A
Yy 20 -
15 A
10 A

Figure 1 Systolic blood pressure.

Example 11.9: Taufer (2002, Table 5) considers the mileages for 19 military personal carriers
that failed in service. They are
y: 162 200 271 320 393 508 539 629 706 778 884
1013 1101 1182 1463 1603 1984 2355 2880
The interest is in estimating pu = E(Y). The Z statistic (9.8.1) for testing exponentiality
(Chapter 9) assumes the value Z = 1.05. Since (equation 9.8.5)

J3(n-2)(Z-1)=0.36,
we conclude that the exponential E(0, o) beautifully models the data. Here, the MMLE are
exactly the same as the MLE:

. L XL Yi—nyg 882944 _ 0,
il=y=0998474, 6="000 7 - 882944 SE(fL) =+ ——— ' = 4+ 202,57,
y 1 (1) 7o

11.3 DETERMINATION OF SHAPE PARAMETERS

In all the examples above we used distributions with three parameters, the location param-
eter, the scale parameter and the shape parameter. We identified a plausible value of the
shape parameter by using Q-Q plots, goodness-of-fit tests, or by matching (approximately) the
sample skewness and kurtosis with the corresponding values of a distribution. Alternatively,
we determine the shape parameter as follows (Tiku et al., 2000).

Consider, for example, the Generalized Logistic given in (2.5.1). For a given b, calculate
( and 6 from (2.5.11). Calculate
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@n)InL=Inb/E) - (UN)TT 2, — (Wn)b+ 1), Infl +exp(- 2,)},  (11.3.1)

2; = (y; — )/ 6. Do this for a series of values of b. The value b that maximizes In L is the

required estimate. For the two samples in Example 11.3, we have the following values of (1/n)
InL.

b= 0.5 1.0 5.0 6.0 7.0 8.0 9.0 10.0
A -224 -210 -1991 -1989 -1987 -1987 -1.986 —1.986
B: -1.76 -163 -150 —-1.499 -1.494 -1.491 -1.487 —-1.487

We chose b = 8.0 which is clearly a plausible value of the shape parameter. In fact, the
likelihood function L is almost flat for values of b around b = 8. Any value of b close to b =8
provides a plausible model. Due to the intrinsic robustness of the MMLE, they yield essen-
tially the same estimates and standard errors.

Consider the data set (a) in Example 11.5. We chose the Weibull (2.8.1) with shape
parameter p = 3 as a plausible model for the data. Write

2;=(y;-8)/6(l<isn) and §, =y, — {1+ 1p)nPgs; (11.3.2)
& is calculated from (2.8.13) and ' (1 + 1/p)/n'?is the value of (2.8.6) for i = 1. The MMLE of 6

is, in fact, 6 given in (2.8.13). For easy computation of In L, however, we use the estimator él.

It may be noted that while 6 might assume a value greater than the smallest observation, él
assumes a value always less than the smallest observation in a sample. For the computation of

In L, therefore, él is preferred. We now calculate the values of
(I/n) In/L = In(p/g) + (I/n)(p - 1) Z?:l Inz; —(1/n) Z?:liF (11.3.3)

for a series of values of p. We choose that value which maximizes In L. For the data set (a)
mentioned above, we have the following values of (1/n)In L.

p= 2.7 2.8 2.9 3.0 3.1 3.2 3.3 3.5

-0.362 -0.360 -0.358 -0.357 -0.357 -0.358 -0.359 -0.364
We choose p = 3 as a plausible value of the shape parameter. We could choose p =2.9, 3.1
or p = 3.2 as well but due to the intrinsic robustness of the MMLE, they yield essentially the
same estimates and standard errors.

11.4 ESTIMATION IN LINEAR REGRESSION MODELS

In this section, we illustrate the usefulness of the modified likelihood methodology for estimat-
ing the regression coefficients in linear models.

Consider a response variable Y which depends on a single design variable X. A random
error occurs in measuring Y. Thus, Y is a stochastic variable. Assume that the relationship
between the two variables is given by

Y=6,+6X+e; (11.4.1)
(11.4.1) is usually called a simple linear regression model. An experiment is done with n pre-
determined values x; (1< i<n). The corresponding responses are denoted by y; (L<i<n). The
linear relationship (11.4.1) implies that

y,=0,+0,x,+e, (L<is<n). (11.4.2)
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The errors e; are assumed to be iid. Traditionally, the distribution of e; is assumed to be
normal. There is now a realization that, in practice, the distribution might not be normal.

It must be mentioned here that the software package EXCEL is a very useful tool to
determine whether a linear relationship between Y (or a function of Y) and X is appropriate. It
also gives the value of R?which is a measure of accuracy of the linear model (11.4.1). A value
of R? (coefficient of determination) close to 1 indicates that the linear model (11.4.1) is indeed
very appropriate.

Error distribution:

Using LSE in non-normal situations results in considerable loss of efficiency as illus-
trated in Chapter 3. Unfortunately, it is almost impossible to locate the true underlying distri-
bution. For applications of the MMLE, however, it suffices to locate a distribution which is in
reasonable proximity to the true distribution. Such a distribution can be located by construct-
ing Q-Q plots of the deviants (e; = w; + )

w, =y, —0,x, (1<i<n)
with 6, replaced by a reasonably efficient estimate which can also be easily computed, e.g., the

LSE 8, = Y, (X; =X)Yi/3 !, (X; =X)°. The distribution located by using Q-Q plots can be

formally verified by doing a goodness-of-fit test. The sample skewness \/E and kurtosis b, can

be used to provide complementary information about the shape of the underlying distribution.
However, b, should be used with caution as a measure of short-or long-tailedness as said
earlier. Alternatively, the statistics proposed by Hogg (1967, 1972) may be used. Hamilton
(1992, p.16) has very useful Q-Q plots constructed from random samples which identify a
variety of distributions, e.g., long-tailed, short-tailed, skew, long-tailed with outliers, etc., see
also Weisberg (1980). We particularly mention the Q-Q plot which is indicative of short-tailed
distributions: it has points at the ends which are located close to a straight line but has a
considerable number of points in the middle which wiggle around. Contrary to the common
belief that the deviants w;, (or errors e;) are normally distributed in which case all ordered
deviants w;, plotted against the quantiles of N(0, 1) are located close to a straight line, we
found a considerable number of real life data sets which yield deviants having short-tailed
distributions. Consider, for example, Forbes’ well known data on air pressure in the Alps and
the boiling point of water; X is Boiling Point (°F) and Y is 100 times Log (Pressure).

X: 1945 1943 197.9 198.4 199.4  199.9 200.9 2011 2014
Y: 131.79 131.79 135.02 13555 136.46 136.83 137.82 138.00 138.06
X: 201.3 203.6 204.6 209.5 208.6  210.7 211.9 212.2

Y: 138.05 140.04 142.44 14547 14434 146.30 147.54 147.80

The data has been considered by many authors in a regression analysis. See, for exam-
ple, Atkinson and Riani (2000).

We calculate the LSE 51 (= 0.896) and the deviants
w; =y; —0.896x, (1<i<17).
Using EXCEL, we construct a Q-Q plot of the ordered deviants w;, against the quantiles

Q;=F(i/(n +1)) (1=<i<17), F(z) being the cdf of the standard normal distribution N(0, 1). The
plot is given in Figure 2.
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Figure 2 Forbes’ data.

It can be seen that the largest deviant w ., which corresponds to the pair (y,,, X;,)
=(142.44, 204.6) is grossly anomalous. This observation will have to be studied separately. We
set it aside for a meaningful regression analysis of the remaining 16 observations. We calcu-
late the LSE 6, and the new deviants w; (1 <i < 16). A Q-Q plot of the 16 deviants is given in
Figure 3.

Figure 3 Reduced forbes’ data.

The plot indicates a short-tailed distribution. In fact, the distribution (3.6.2) withr =4
and d = 0 (kurtosis p,/u,? = 2.37) is quite plausible. To verify this, we calculate the MMLE éo,
él and g for a series of values of d (r = 4). We write

2i = (yi - éO - élxi)/é
and calculate the values of InL, where L is the likelihood function based on the symmetric
short-tailed distribution (3.6.2), that is,

. n ANoo) sy s A
L=6"C."[] (1+§Zi2j ®Zi), Zi=(y;—6,—6,%)/5. (11.4.3)
i=1

Thus, we have the following values calculated from the data with the pair (142.44, 204.6)
excluded:
d= -2.0 -1.0 0 1.0 2.0

(I/n) InL 0.834 0.839 0.847 0.841 0.768
The likelihood function L is clearly maximized at d =0 (r = 4).

The standard deviation of the distribution is 1.6051c. The LSE and the MMLE (and
their standard errors) are given below.
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LSE: B, = —41.282, §, = 0.8909, s = 0.1361, I"_, (x; —X)? = 527.90

MMLE: éo =—41.222, él =0.8905, 6 = 0.0690, 6, = 0.111;
D = 0.4549 since for r = 4 (equation 3.7.7)
D=1-[A{1+a-3a?-15a%}/{1 + 4a + 18a?+ 60a+ 105a*}] (a=M8). (11.4.4)

Thus,
~ 0.1361 . 0.0690
SE(g,) = + ————— =+ 0.0059, SE(§,) =+ = + 0.0045.
(8) \/527.90 (8,) ,0.4549(527.90)

The ratio of the SE(él) to the SE(El) is 45/59 = 0.76 which is clearly indicative of the fact
that the MMLE is more efficient than the LSE.

The other parameters in the model, i.e., 8, and o, are essentially location and scale
parameters. The estimation of location and scale parameters has already been considered in
Examples 11.1 — 11.9 and the usefulness of the MMLE illustrated; see, however, Section 11.5.
For small n, of course, the relative efficiencies of the LSE may be marginally bigger than those
given in the Examples. This is due to the fact that the minimum variance bounds are used in
calculating the variances of the MMLE.

Example 11.10: Hamilton (1992, p.24) has an interesting data set on the magnitudes and
yields of 19 Soviet weapons tests; Y represents the Seismologists’ magnitude estimate and X
the reported Yield in Kilotons.

X: 29 125 100 4 10 60 10 125 40 90 16 12 23 16
Y: 56 61 6.0 48 52 58 54 60 57 59 55 53 55 54
X: 6 8 2 165 140
Y: 51 50 49 6.1 6.0
A Q-Q plot of the ordered deviants
W(i):y[i]—ﬁlx[i], 1<i<109,
is given in Figure 4.

Figure 4 Seismic magnitudes.

The distribution of the errors is clearly negatively skew with a long tail on the left hand
side. The Generalized Logistic GL(b, o) is a candidate. The shape parameter estimated from
an equation exactly similar to (11.3.1) with

z;= vi— éo - élxi)/é
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isb=0.5. As a result we have the following MMLE; o, = \/{LIJ'(O.5) + ' (L0)}o? =2.5650 is the
standard deviation of GL(0.5, 0). Realize that for skew distributions, there is a bias correction
in the LSE 50 (equation 3.2.12).

LSE: 9, =5.190, §, =0.00682, s=0.2002, ¥!_,(X; —X)*=53070.42
MMLE: @, =5.320, §, =0.00619, 5 =0.0801, 37'_, B;(Xp; = X;)* = 6074.09,
&, = 0.2054;
0.2002

SE(g,) = + ———— =+ 0.00087
(8,) \/53070.42
and as in Example 3.4,
.0801
SE(§,) =+ 00801 =+ 0.00084
1 \J15(6074.09)

The standard error of él based on the minimum variance bound is

. ¥5(0.0801)
"~ \/53070.42

It is interesting to note that the standard error of the MMLE is, even for small sample
sizes, only marginally bigger than that calculated by using the minimum variance bound.

=+ 0.00078.

Example 11.11: Hand et al. (1994, p.69) have an interesting data set. It has n = 30 observa-
tions on (X, Y): X denotes the average outside temperature in Celsius and Y the gas consump-
tion (1000 cubic feet). The observations were taken over a period of 30 weeks after cavity-wall
insulation.

A Q-Q plot of the deviants W, =y; — g, X; is given in Figure 5. The plot suggests normal

N(u, 02) as a plausible distribution. Since a few deviants in the middle wiggle around a straight
line, it suggests a short-tailed symmetric distribution as well.

Figure 5 Gas consumption.

We consider the family (3.6.2). We usually choose r = 4. The reason is that with r = 4,
the family represents a broad range of symmetric short-tailed distributions for different val-
ues of d and affords a great deal of flexibility in choosing an appropriate model. We calculate
the values of InL from equation (11.4.3). Realize that (3.6.2) reduces to normal if A = 0. We now
have the following values (r = 4):
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d= -20 -15 -10 -1.0 0 1.0

A/n)InL -0.324 -0.325 —-0.326 —0.359 —-0.385 —0.450

The likelihood function L is almost flat around d = - 15. We chooser =4and d =-15 (A
= 0.21) and have the following MMLE (n = 30).

LSE: 9, =4.724, 9, =—0.278, $s=0.355 3., (x; -X)® =198.53
~ 0.355
SE(B,) = * ————= =+ 0.0252.
(8) V19852
MMLE:  §,=4.726, §,=-0279, §=0.319, §,=1.113(0.319) = 0.355,
SE(8,) =+ 9319 =+0.0252;
,/0.8073(198.53)

0.8073 is the value of D calculated from (11.4.4). It is indeed reassuring that the LSE and the
MMLE and their standard errors are essentially equal to one another in situations when the
underlying distribution is indistinguishable from a normal.

11.5. MULTIPLE LINEAR REGRESSION

As an extension of a simple linear regression model, we consider a few real life examples in the
context of multiple linear regression and illustrate the advantages the modified likelihood
methodology has over least squares (Islam et al., 2001; Tiku et al., 2001). Islam and Tiku
(2004) study the MMLE, the LSE and the Huber M-estimators of the parameters in multiple
linear regression models. They show that the former have considerable advantages. The for-
mulae for computing the MMLE are given in (3.10.2) — (3.10.10) and are natural extensions of
those for simple linear regression models; see Appendix 11C.

Example 11.12: The following data give the reaction rate for the catalytic isomerization of n-
pentane to isopentane. The data is reproduced in Atkinson and Riani (2000, p. 298).

Run Partial Pressures (psia) Rate
Number X, X, Xy y
1 205.8 90.9 37.1 3.541
2 404.8 92.9 36.3 2.397
3 209.7 174.9 49.4 6.694
4 401.6 187.2 44.9 4.722
5 224.9 92.7 116.3 0.593
6 402.6 102.2 128.9 0.268
7 212.7 186.9 134.4 2.797
8 406.2 192.6 134.9 2.451
9 133.3 140.8 87.6 3.196
10 470.9 144.2 86.9 2.021
11 300.0 68.3 81.7 0.896
12 301.6 214.6 101.7 5.084
13 297.3 142.2 10.5 5.686
14 314.0 146.7 157.1 1.193
15 305.7 142.0 86.0 2.648



16 300.1
17 305.4
18 305.2
19 300.1
20 106.6
21 417.2
22 251.0
23 250.3
24 145.1

Applications

By using EXCEL, the multiple linear regression model (3.10.1) is found to be quite rea-
sonable. To explore the error distribution, we calculate the LSE §i (i=1, 2, 3) and the deviants
Wi =Y 0, Xy~ 8% — 83Xg; (1=i<24).

A Q-Q plot of the ordered deviants w(i) is given in Figure 6.

N

Figure 6 Reaction rates.

The plot clearly indicates a skew distribution with a long tail on the right hand side.
One of the distributions in the Generalized Logistic family GL(b, o) is appropriate. To deter-
mine the value of the shape parameter b, we calculate the MMLE of 6,, 6, (i=1, 2,3)and o

(Appendix 11C) for a given b. We calculate the values of (xij' = X

2; = (Y= 6, — 6,X';—0,X 5 — 05X3)/g (1<is<n),n=24,
for a series of values of b (integer or half-integer). The maximum of (1/n) In L is attained at b
= 8. With this value of b, we have the following MMLE and the LSE and their standard errors
obtained from equations given in Appendix 11C; o, is the standard deviation of the distribu-

tion. Realize that

8, =¥ —{W®) -v)}5, 5 = 5,/1.3334;

see also Islam and Tiku (2004).

yj;lsis24,1sjs3)

* Is the value of (s./,/2n ) /(1 +A4/2) , A\, = 2.063.

Parameter MMLE SE LSE SE
8, 1.943 0.716 2.418 0.921
6, — 0.0065 0.0015 —0.0089 0.0020
6, 0.0342 0.0024 0.0357 0.0032
8, —0.0361 0.0034 —0.0386 0.0044
g, 0.781 0.074 0.850 0.175*
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The MMLE are more efficient as expected. The M-estimation is not defined for skew
distributions.

Example 11.13: Andrews (1974) considers an interesting data set, the Brownlee’s stack loss
data on the oxidation of ammonia. There are n = 21 observations (y;, X;;, X,;, X3;) (1 <i<n),
where

Y is the response and is 10 times the percentage of ammonia escaping up a stack,

X, is air flow, X, is temperature, and X, is acid concentration.

The data is also given in Aitkinson and Riani (2000, p.285).

A multiple linear regression model is appropriate (Andrews, 1974). A Q-Q plot of the
residuals

€ =Y~ B = 61Xy = 6, — B3%5 (1<i<21)

is given in Andrews (1974, p.530). Itis seen that the smallest residual e ;, which corresponds to
the observation (15, 70, 20, 91) is grossly anomalous. This observation will have to be studied
separately. We set aside this observation and calculate the LSE from the remaining 20 obser-
vations. A Q-Q plot of the new residuals indicates a long-tailed symmetric distribution. A
distribution in the family (3.9.1) is appropriate. To find the most appropriate value of p, we

calculate the MMLE of 64,6, (i =1, 2, 3) and o for a series of values of p. We calculate

2;= (i = 8 — 0% — 8, — B3%5)/6 (1=i<n)
and the corresponding values of (1/n) InL. The value p = 2 maximizes it. The most plausible
distribution, therefore, is the LTS (3.9.1) with p = 2. We calculate the MMLE and their stand-

ard errors from the equations given in Appendices 11B and 11C. They are given below to-
gether with the LSE and their standard errors; o is the standard deviation.

Parameter MMLE SE LSE SE

8, —-40.115 8.382 —43.704 9.492

6, 0.912 0.105 0.889 0.119

8, 0.586 0.287 0.817 0.325

6, -0.113 0.110 —-0.107 0.125

o 3.209 0.718 2.569 0.406*
*1Is considerably larger since the value has to be multiplied by ./(1+,/2) and A, is theoreti-
cally infinite.

The MMLE above and their standard errors are the same as those in Islam and Tiku
(2004) in spite of the fact that they use different values of o;* and B;* (1 <i < n) in their
calculations while we usea,* =0 and 3;* = 1{1 + (1/k)t(i)2} if C in the equation 11C.4 (Appendix)
assumes a negative value. This is because C is positive for the data above with a; and 3; calcu-
lated from the equations in (2.3.14).

Application of M-estimation results in the exclusion of three more observations besides
the one mentioned earlier. These three observations are not grossly anomalous and excluding
them is not advisable. In fact, Andrews (1974, p.530) states that “the probability plot of the
residuals exhibits only slight anomalies” after excluding the observation (15, 70, 20, 91).

Example 11.14: The data is called Shortleaf pine data and consists of 70 observations (y;, X,;,
X5), 1 i< 70, where Y represents the volume of the tree, X, its girth and X, its height. The
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data is reproduced in many books, e.g., Atkinson and Riani (2000, pp. 292-293). The interest is
in determining y for given x, and x,,.

Screening the data through EXCEL, the linear model (n = 69)

Vi =0, +0,x,;+6,,x,;,+¢; (1<i<n)

is very appropriate when the observation (163.5, 23.4, 104) has been excluded. This observa-
tion is grossly anomalous and is set aside. To investigate the error distribution of the remain-
ing 69 observations we construct a Q-Q plot. It is clear that a distribution is the STS family
(3.6.2) is appropriate. We choose r = 4. The reason is that with r = 4, (3.6.2) represents a wide
variety of short-tailed symmetric distributions with kurtosis decreasing from 3 to 1 as d in-
creases. Realize that no symmetric distribution can have kurtosis less than 1 (Pearson and
Tiku, 1970, p. 177).

The value of d that maximizes In L is d = 1 (r = 4). The resulting estimates and their
standard errors are given below. Note that the standard deviation of the chosen STS distribu-
tionis o, = 1.7990.

Parameter MMLE SE LSE SE
6, —45.123 3.302 —42.254 3.982
8, 5.482 0.339 5.585 0.409
8, 0.265 0.075 0.194 0.090
(of 7.903 0.482 7.771 0.495*
* Is the value of (s/\/2n),/1+A4/2, 0,=—0.882.

The MMLE clearly are more precise.

The corresponding M-estimates are — 38.765, 5.115, 0.199 and 2.094. As usual, the M-
estimate of o has enormous downward bias.

11.6 AUTOREGRESSION

In this section, we give a few examples to illustrate the usefulness of the modified likelihood
methodology to estimate the parameters in autoregressive models.

Example 11.15: Bass and Clarke (1972) give data to determine the effect of advertising on
sales and state that the effect of advertising in one period carries over to the next. The data
consists of 36 pairs of observations on (X, Y), where Y represents sales and X the advertising.
The data is reproduced in Hand et al. (1994, p.83);

X: 150 160 180 270 21.0 490 210 220 28.0 36.0 40.0

120 205 210 155 153 235 245 213 235 280 240
30 210 290 620 650 46.0 440 330 620 220 120

155 173 253 250 365 365 296 305 280 260 215

24.0 3.0 50 140 36.0 40.0 490 70 520 650 17.0

19.7 190 160 20.7 265 306 323 295 283 313 322
50 17.0 1.0

264 234 164

As recommended in Appendix 5A, we ignore the first pair (15.0, 12.0). The second pair
(16.0, 20.5) is taken to be (x,, y,). We have n = 34 additional pairs of observations (x;, y;,),

X XIxXXxX
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1 <i<n.We assume the autoregressive model (5.2.2) and obtain the following LSE (result of
three iterations):

3=0.0883 and @ =0.629.
We calculate the deviants
W= Y- Y- 30— @X_y). 1<is34,
and plot W against the quantiles of a standard normal N(O, 1). The resulting Q-Q plot sug-

gests the short-tailed symmetric distribution (5.8.1). We take r = 4 and find that value of d
which maximizes InL using, of course, the MMLE and the values of

Zi={yi— @y~ A -3 —gx_ Ve (1<i<34)
The maximum is attained at d = 0 (r = 4) as can be seen from the following values
d= -05 0 0.5

(I/n)InL —2.768 —2.765 —2.767
With r =4 and d = 0, the standard deviation of the distribution is o, = 1.6050.
The LSE and the MMLE are given below.

LSE: 5=00883, ¢=0629, 0,=4.098 {Ii-;(U;-W?} _;=11698.08
MMLE: 8=0102, ®=0.639, G =2506, &, = (1.605)2.506 =4.022,
{Z71 (Ui -1)®),_, =11763.61.

Thus,
- 4.098
SE(5) == m =+0.0379
A 2506
SE() =+ Joapagiveasy 00343

Qin (5.9.1) isexactly thesameas D in (3.7.7) and (11.4.4). Forr =4 and d =0, Q = 0.4549. It can
be seen that as compared to the LSE, the MMLE indicate a somewhat stronger effect of adver-
tising on the sales and a stronger carry over effect. In fact, T = 0.102/0.0343 = 2.97 is bigger
than t=0.0883/0.0379 = 2.33 and therefore gives a smaller probability for H,: d = 0 to be true.

Example 11.16: A well known data set is the so called Gas Furnace data reported in many
books, e.g., Box et al. (1994). It consists of 296 observations on (Y, X), where Y is %CO, in outlet
gas and X is input gas rate. The data has time effect and is presumed to have the autoregressive
model (5.2.2). The main interest is in evaluating the dependence of Y on X.

We ignore the first observation (—0.109, 53.8); (X,, Y,) is taken to be the second obser-
vation (0.000, 53.6). There are n = 294 additional observations (x;, y;), 1<i<n. We calculate the
LSE of the parameters in (5.2.2). The LSE are

H=0915 3=0.793, ©=0983, &=0707, {¥"_,(u ~T)’},_; = 31765

From the Q-Q plot of the deviants

\TVi =Yi—QYi_1— S(Xi - (pXi—l)’ l<isn,
a member of the STS family (5.8.1) seems to be most plausible. The maximization of (1/n) InL
yields r =2 and d = — 1.5. The corresponding MMLE are

1 =0.756, §=0.736, (=0.986, §=0.560, &,=1.2673(0.560)=7.10,
H o) () 1
Q=0.6364, {T]_, (u; ~W)?*} _, = 31.834,
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The standard errors of the estimates of d are
0.707
LSE: im =+0.126
0.560
* /0.6364(31834)

Again, itis reassuring that the MMLE and the LSE and their standard errors are essen-
tially the same when the underlying distribution is indistinguishable from normal.

The estimated model based on the MMLE is
y;—0.986y, ,=0.756 +0.736 (x; —0.98x; ,), 1<i<n.

MMLE: =+0.124.

11.7 EXPERIMENTAL DESIGN

In this section we illustrate how beautifully the methodology of modified likelihood adapts to
multisample situations in the context of experimental design.

Example 11.17: Till (1974) gives sets of salinity values (parts per thousand) for three sepa-
rate water masses. The data is reproduced in Hand et al. (1996, p. 201):

37.54 40.17 39.04
37.01 40.80 39.21
36.71 39.76 39.05
37.03 39.70 38.24
37.32 40.79 38.53
37.01 40.44 38.71
37.03 39.79 38.89
37.70 39.38 38.66
37.36 38.51
36.75 40.08
37.45
38.85
The Q-Q plots of the three data sets reveal that the observations 38.85 and 40.08 in |
and 111, respectively, are grossly anomalous. The Q-Q plot of the data set I, for example, is
given in Figure 7.
39

.

38 -

Y I *
* -
*
. 36 .
-2 -1 0 1 2
Q

Figure 7 Salinity measurements.
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These two observations need to be studied separately. We set them aside for a meaning-
ful analysis of the data. The interest is in finding out if the groups differ in their mean values.
The sample sizesare n, =11, n, =8 and ny = 9.

To locate the plausible distributions, we use Q-Q plots followed by the techniques of
Section 11.3. The distribution (3.6.2) with r =4 and d = 2 beautifully models all the three data
sets. We now have the following estimates and their standard errors; o, = 2.10820 is the stand-
ard deviation of the distribution and D = 0.6297 calculated from (11.4.4).

LSE MMLE
I: y,=37.174 s,=0.321 fl, =37.189 §=0.155 &, =0.327
SE(Y1) =+ 035 _. 0.0968 SE({i,) O* 015, 50580,
J11 {0.6297(11)}
II:  ¥,=40.104 s,=0.531 fL,=40.134 6 =0252 6,=0.531
SE(Y,) =+ 0531 _ +0.188 SE(f1,) O+ _ 0252 o112
V8 J{0.629(8)}
Il: y,=38.760 s,=0.313 (i, =38.764 §=0.512 §,=0.320
_ 0.313 R 0.152
SE(Y3) ==+ =+0.104 SE(fi3) 0 ——= =+0.0638
J9 {0.629(9)}

Although s,? and s,? are not much different from one another but they are much differ-
ent from s,? and, similary, for 6,2 (1=1,2,3). Itis, therefore, advisable not to pool them.

Denote the population means of the three groups by U,, 4, and p, respectively. To test
the null hypothesis

Ho My = Hy = Hg
we simply test the two orthogonal linear contrasts
Hol,—H,=0 and H,,u, +p,—2u,=0.
To test H,,, we have the following statistics based on the LSE and the MMLE:

| 37.174 - 40.104 | 2.98

= =13.89
‘\/{0-0968)2 + (0.188)2}‘ 0.211

It] =

_| 37.189 - 40.134 | 2845

‘\/{0.0589)2 + (0.112)2}\ 0.1265

The null distributions of tand T being standard normal (approximately), both tand T

tests rejects H, . The statistic T, however, gives a smaller probability for H,, to be true. Equiva-

lently, the T test has higher power than the t test for a given significance level, in agreement
with the results of Chapters 2 and 8.

To test H,,, we have

=22.49.

| 37.174 + 40.104 - 77.52 | 0.242

= = =0.82
|(0.0968)2 + (0.188)2 + 4(0.104)}|  0.2966

| 37.189 +40.134 - 77528 | 0.205

= =1.14.
|{0.0589)? + (0.112)2 +4(0.0638)2}|  0.1797

ITI =
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Both the tests do not reject H,,. The null hypothesis H,, however, is rejected since H, is

rejected.

Example 11.18: Mendenhall and Beaver (1992, p. 349) give the following interesting data
representing Insurance Claims in dollars submitted by five Health Groups:

Group
| 1] 11 v \Y
763 1335 596 3742 1632
4365 1262 1448 1833 5078
2144 217 1183 375 3010
1998 4100 3200 2010 671
5412 2948 630 743 2145
957 3210 942 867 4063
1286 867 1285 1233 1232
311 3744 128 1072 1456
863 1635 844 3105 2735
1499 643 1683 1767 767

If one assumes normality and homogeneity of variances, one can calculate the F statistic
(Mendenhall and Beaver, p. 352):

1685638.62

= 172025032 ~ %8

and conclude that the claims are not different from one another on the average.

A careful examination of the data, however, reveals that the normality assumption is
not at all justified. The information provided by Q-Q plots supplemented by the determination
of shape parameters as in Section 11.3 gives the most plausible distributions as follows.

Groups | and I11: Generalized Logistic GL(4, 0).

Group II: Symmetric short-tailed with r =4 and d = 0.

Group IV and V: Beta (a, b) witha =3 and b = 10.

The computations of the MMLE for the Beta (a, b) are explained in Appendix 11A.

LSE MMLE
Y1 =1959.80 s, =1658.78 i, =0.93916 =1071.286
1658.78

SE(Y1)=+ ——— =+52455 0 0.9391 +1.8333(1071.286) = 1964.93
(Y1) \/E e1 ( )

6, = J{W @+ (1} 6 =1.3888(1071.286)

=1487.80

As in Example 11.5 (d),

SE(6,) 0+ 1071.286 /1'815065 =+ 461.59

Y2 =1996.10 s,=1383.98 fl, = 6,=2137.09 6 =790.93

SE(Y )—+M =+437.65 0, =1.6051(790.93) = 1269.52
y2 - = \/1—0 - . 2 =1. ) = .

790.93

J{10(0.4549)}

SE(6,) O+ =+ 370.83
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I ¥3=1193.90 s,=838.92 8, = 183.331 + 1.8333(559.440) = 1208.95
SE(Va) = + o222 _ | 265 29 &, = 1.3888(559.440) = 776.95
3) =+ \/E =+ . 3=1. . = .
SE(8;) (1559.440 /1'815665 = 241.05
IV: V4=1674.70 s, =1066.33 (i, =—217.231 & =8561.374

SE(Y4) == 106633 _ , 337.20 6, =—217.231 + 3(8561 374) = 1758.47
4)— =X ‘\/1—0 - X . 4 — . 13 . - .

6, =0.1126(8561.374) = 964.01

SE(8,) = + 8561.374,/0.00121 = + 297.81

V:  ¥5=2278.90 s, =1446.88 fls =—264.00 G =11524.69

SE(V)_+M_+45754 8. =2395.54 G5 =1297.68
5)— =X \/E -x . 5 = . 5= .

SE(6;) [ 11524.69,/0.00121 = * 400.89.

For all the groups, the MMLE are numerically not much different from the correspond-
ing LSE but have considerably smaller standard errors. It must be remembered that for non-
normal distributions, the efficiencies of LSE relative to MMLE generally decrease as the sam-
ple size n increases (Chapters 2-8).

Sincet, = ¥i/y/(SE)? and T, = 6,/y/(SE)? (i=1,2, 3, 4, 5) all have the Student t distribu-
tion (approximately) with 9 degrees of freedom, the 95% confidence intervals are the following;
t) 005(9) = 2.262.

Based on LSE Based on MMLE
I: (773.27,3146.33) (920.81, 3009.05)
I1: (1006.14,2986.06) (1298.27,2975.91)
I1: (593.81,1793.99) (663.69, 1754.21)
IV: (912.02,2437.38) (1084.82,2432.12)
V: (1244.04,3313.76) (1488.73, 3302.35)

All the confidence intervals based on the MMLE are shorter than the corresponding
intervals based on the LSE.
To reject the null hypothesis H,: that the Insurance Claims submitted by the five groups
are the same on the average, it suffices to reject one linear contrast, e.g., Mean (V)-Mean (111)
= 0. Now,
2278.90 - 1193.90

" J(@5758)? + (265297}

54 -1208.
and T= 239554 08.95 - 2.54:
J{(400.89)2 + (241.05)2}
the null distribution of t as well as T are standard normal (approximately). The upper 99
percent point of N(O, 1) being 2.326, the T test clearly rejects the linear contrast. Using the
classical F test gives erroneous results. This is due to the fact that the data are not normal.
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APPENDIX 11A

MMLE FOR THE BETA DISTRIBUTION

Lety,, Y, , ¥, be a random sample and write z; = (y;— 1)/o. Assuming that the distri-
bution of z is beta(a, b),

fz)0z2-1(1-2P-% 0<z<1l (@a>1,b>1), (11A.1)
the likelihood function is
1\"n
LO (_j [z ‘-2 (11A.2)
0/ i=1

The likelihood equations are expressions in terms of z;™* and (1 — z,)™*. They have no
explicit solutions. Modified likelihood equations are obtained by expressing them in terms of
the ordered variates Z = (y(i) —W/o (1 <i<n)and using the linear approximations

z(i)—1 Oay; - Bz and (1- z(i))—1 Doy + Buzg)

The a; and B; coefficients are obtained as usual from the first two terms of Taylor series

expansions:
o= 2t(i)—1, By = t(i)—z, By=(1- t(i))—2 and o, =(1- t(i))—1 - Baty (11A.3)
where

0) Za—l(l_z)b-le: i , 1<i<sn;

@
B(a, b) n+1
IMSL subroutine in FORTRAN is available to evaluate t), 1<i<n.

The solutions of the modified likelihood equations are the MMLE:

l=K-D& and 6 ={-B+.(B2+4nC)}/2\/{n(n - 1)} (11A.4)

where
K=@ms_ myg (m=3,m), D=@m5,3,
B=3",8(,-K and C=3 my,-K?=3_ my,>-mK? (11A5)

m,=(@-1)B,;+(b-1)B, and o =(a-1)a;-(b-1a,.
The MMLE of 6 =E(Y) is

A

A= + 11A.6
6=0+ 5 (11A.6)
The inverse V = I-1 of the Fisher information matrix is (a> 2, b > 2),
2 a@-2)
_ o ——— —(a-2)
V= n@+b-1 @a+b-2) (11A.7)

-(@a-2) a+b-4
Simulations reveal that 11A.7 gives close approximations to the variances and the

covariance of 8 and & for all sample sizes n >10. For a=b, 8 and 6 are uncorrelated.

The coefficients of skewness u3/u23’2 and kurtosis p,/p,? of the beta distribution beta(a,
b) are given below; (1) = skewness, (2) = kurtosis:
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a b=25 3 5 10 20
2.5 (1) 0 0.124 0.434 0.760 0.979
@) 2.250 2.315 2.684 3.424 4.147
3 (1) -0.124 0 0.310 0.638 0.860
) 2.315 2.333 2.585 3.197 3.837
4 (1) - 0.306 -0.181 0.129 0.459 0.688
) 2.494 2.444 2.523 2.945 3.461
5 (1) ~0.434 -0.310 0 0.333 0.566
@) 2.684 2.586 2.539 2.823 3.251
10 1) ~0.760 - 0.637 -0.333 0 0.247
@) 3.406 3.190 2.818 2.746 2.901

Consider the data on X in Example 11.7. Assuming that the underlying distribution is
beta (2.5, 6.5), we have the following estimates of 6 = E(X).

LSE: X =182.423, s=24.749, SE(X)=+24.79/,\/26 =+ 4.854.
MMLE: =[ +(2.5/9)6 =183.447, G =166.884;
since the variance of beta (a, b) is ab/(a + b)? (a+b+1), the MMLE of the standard deviation is §,

= 10.0206° = 23.64.

The variance-covariance matrix of {1 and g is from 11A.7,
62 [0.1786 -05
16n| —05 5
This gives
1
416
SE(§) 0+ 0.026(166.884) = + 4.422.
The MMLE is clearly more efficient. Incidentally, the choice a = 2.5 and b = 6.5 maxi-

V() 0——={0.1786 + 5(0.0772) — (0.2778)}02 = 0.000702,

mizes InL, 6 and o equated to 6 and G, respectively.
To verify how close the theoretical variance 0.000700? is to the true variance, we simu-

lated from 10,000 Monte Carlo runs the variance of 8, sample size n = 26. The simulated
variance is 0.0007602. The two are very close to one another, in spite of the fact that u< X <p
+ o, i.e., the range of X depends on the parameters we are estimating.

Linear Regression Model
Assuming that the error e; in (11.4.2) have a beta (a, b) distribution, the MMLE are

N

By =Ygy — 0:%; —(&/m)G, 6, =K-D6 (11A.8)
& ={-B+(B%+4nC)}/ 2./in(n - 2)},

where
K= Z?:lmi Xy _)_([.])y[i]IZ?:lmi (X _7[.])2

D= Z?:léi (Xpig _y[.])IZ?:lmi (X[ig ‘i[.])z
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B= Z?:léi {Yn — Y — K& =% and
C=37.m; {Yri Yy — K& - y[.])}2;
Y= (1/m)Z?:1miy[i], X[ = (1/m)2?:1mi7[i]: m = z?:lmiv A= z?:léi and
m; and o, are the same as in 11A.5.
The Fisher information matrix is (a > 2, b > 2)

a+tb-4 (@+b-4) (X, x;/n) a-2

1= 2@rD- V@D D) v b-a)SI xiin) @+ b-4)(E_,x2n) (a- 2SI, xi/n)
(@-2)(b-20o N a(@-2)
a_2 (a—2)(zi:1Xi/n) m

The asymptotic variances, in particular, are
da—azw—ZXa+b—®[l+ 2(b - 2) zi}&
n@@a+b-1)@+b-2)>2 a@+b-4)s?
(@a-2)(b-2) o2
@@+b-L@a+b-2)(@+b-4) 3  (x; -%)?

V(§,) O

V(8,) O

(11A.9)
and

V() D'EZ; E—:i)) ;; s2= i1 (6 =%)°.

APPENDIX 11B

The equations for calculating the MMLE are given in Section 3.10. The Fisher informa-
tion matrices are natural extensions of those in (3.7.7), (3.9.8) and (3.14.5); see also Islam and
Tiku (2004). They are given below.

Long-tailed symmetric: For the family (3.9.1), the asymptotic variance-covariance
matrix is V = 1-1 where

_n _p(P-12)
 a? (p+D(p-32) i
1 %, SR Xq 0
- 1 1 1
X, HZ?zlxilz HZ?zlxilxiz ........... Hzf‘zlxll Xq O
- 1 1 1
Xy — i Xipg Xiz =21 Xiz® e =¥ XiaXqg O
n n n
X | e ) (11B.1)
IR e
Xq Hznzlx,q Xit =201 Xig Xiz  ceveeneenns Hzlnzlx,q2 ....... 0
0 0 0 o Ap-32
L P _
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Generalized Logistic: For GL(b, 0), the information matrix is the same as 11B.1 with
the common multiplier p(p — 1/2)/(p + 1)(p — 3/2) replaced by b/(b+2), and the last row (column)
replaced by

b+2
(5, Xy, ,&q,T+y+62j; (11B.2)

0=y +1)—yY2)andy=y'(b + 1) + @'(2). The values of Y(b) and Y’'(b) are given in Appendix
2D. If the design points are taken to be X — X (1£j<K), then the last row (column) reduces to

b+2
(6,0, ...... 0, o +y+62j (11B.3)

As aresult, the MMLE él (1<i<k)areuncorrelated with g atany rate for large n. This

simplifies the distributions of the statistics used for testing the assumed values of 8, (1<i<k).
Also, it makes the computations easier.

Short-tailed symmetric: For the family (3.6.2), the information matrix is the same as
11B.1 with the common multiplier p(p — 1/2)/(p — 3/2)(p+1) replaced by D, and the last element
2(p — 3/2)/p replaced by D*/D. The expressions for D and D* are given in (3.7.8).

Least squares: For the LSE, the information matrix | is the same as 11B.1 with p(p —

1 -1
1/2)/(p+1)(p — 3/2) replaced by 1, and the last element 2(p — 3/2)/p replaced by 2(1 + > 7\4) Ay

= (u,/1,%) — 3. Realize that

o? 1
V(g) O—[1+=2A, | 11B.4
@0 ( . 4j (11B.4)
The estimated variance of g is obtained by replacing o2 by
52 = 31 (Vi =0 = 01X = oo = B Xiq) 2 /(N — g = 1).
For long-tailed distributions A, > 0. Consequently,
ISE(6)]>s./v/2n . (11B.5)

APPENDIX 11C

Explicit expressions for the MMLE are given below.
LTS: For the LTS family (3.9.1), the MMLE are

Bo =V - 2-.0%y;, 8=K+DG and (11C.1)
& ={B+B%+4nC}2,/n(n -k - 1) (11C.2)

where
Vi = S Biyp/m. Xpg = Zi-q BiXpy/m (m Z?ZlBi)v
K = (X' BX)™ (X' BY) = (K;)
D =X BX) (X al) = (Dj) (11C.3)
B= diag(Bj), o= diag(aj)

2 NN/ p—
B= ?p 211 0ily ~ Yo~ 2 K Oy X}
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and (11C.4)

2p _ =
C =" Zi-1Bilym — Yo~ Zi- 1 K Oy — X))
The coefficients a; and B, are given in (2.3.14). If for a sample, C assumes a negative
value, a; and B; are replaced by o;* =0 and 3;* = 1/{1 + (llk)t(i)z}, respectively.
GL (b, 0): For the Generalized Logistic, the MMLE are

8o = Vi1 — T5_, 0%y, -4/ m)s, 6=K+DG (11C.5)

and & ={-B+yB2+4nCy2,/n(n-q-1). (11C.6)
Here,

a;=(L+et+tef)/(1+eh? B=el(l+e)? (t=t), 11c.7)

ty=—In(@ ™ —1), q=i(n+1),A=0;-(b+1)" and A= 3T, A;

Yi1» X11i K, D, B and C are exactly the same as in (11C.3) — (11C.4) with the multiplier 2p/k (in
B and C) replaced by b + 1. For skew distributions, it is prudent to work with the design points
x;; replaced by x';; = x; — X; (1 < j < k). That makes computations easy.

STS: For the STS family (3.6.2), the MMLE are

Bo = V- 251 0%y, 0=K-AD6 (11C.8)
and & ={-AB+,(AB)2 +4nC}2\/n(n-q-1); (11C.9)

Y11 Xpi» K, D, B and C are exactly the same as in (11C.3) — (11C.4) with 2p/k (in B and C)

replaced by 1. The coefficients a; and 3; are given in (3.6.13) for A =r/(r—d)<1andin (3.7.5)
for A > 1.

Note: Realize that in 11C.3 above,

Y1 1 X11 Xqgeerreeennn. X1k
Y2 1
. . X21 X22 ............ sz
Y= L = X e, , (11C.10)
Yn 1 Xn1  Xpgeeeeeeeenees Xnk
0, €1
0, €
0= . and e=
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for any distribution, 243
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for symmetric vs symmetric, 246

for uniform, 245, 246

Order statistics

covariances of , 19
distribution of, 18
expected values of, 19
exponential, 18

recurrence relations for, 19
uniform, 18
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Outliers
Dixon'’s location shift model for, 252
Dixon'’s location-scale shift model for, 252
Dixon'’s scale-shift model for, 3, 252
for normal data 3, 226, 253, 254
Grubbs’s test for, 254
multisample test for, 263
multivariate test for, 263
Pearson and Chandra Sekar’s test for, 253
Sequential tests for, 255
Testing the sample for, 261-263
Tietjen and Moores'’s test for, 254
Tiku's location-shift model for, 252
Tiku’s scale-shift model for, 253
Tiku’s test for 255-261

power function of, 258

P

Power 1, 4,5, 12-15
Power of
t-test 4, 13-15, 43, 44
variance-ratio test, 12-15
Product moments, 7
Psi-function, 53, 54

Q

Q-Q plot, 94, 225-229
R

Rayleigh distribution
type 1l censored sample from, 173-176
MLE from, 174-176
MMLE from, 173-176
Robustness of
MML estimators
for location and scale parameters, 195-200
for autoregression parameters, 212-224
sample mean 1, 2
sample variance 2
t-test 4,5, 14, 15
two-sample t-test 5
variance-ratio test 5, 9, 15

Index 335

Robust regression, 204-208
based on Huber'’s estimators, 208
based on MML estimators, 204-208
based on LS estimators, 205-208
Robust tests
based on MML estimators
for AR(1), 127,128
for autoregression parameters, 213-216
for binary regression parameters, 210, 211
for block effects, 217, 218
for location, 200, 204
for regression parameters 206-208
based on Huber’'s M-estimators
for location, 201, 203
Robustness of
autoregression parameters 212-217
from Gamma 212, 213, 223
from LTS 215-217
from STS 214, 215, 224
binary regression parameters 209-212
location and scale parameters
based on MML estimators
from GL, 199
from LTS, 195-198, 220, 221
from STS, 202-204, 221, 222
based on Huber's M-estimators 196-199, 220,
221
from GL, 199
from LTS, 196-198
for type Il censored samples
based on MMLE, 200
based on trimmed estimators, 200
regression parameters
from GL, 204-207
from LTS, 207-209, 222, 223
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S

Sample survey
finite population model for, 269
based on classical estimators, 269, 270
based on MML estimators
for LTS, 269-271
determination of sample size, 271
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based on MML estimators, 272, 273
for LTS 272
cost function, 272
determination of sample size, 273
super-population model for 266-269
based on classical estimators, 266, 267
based on MML estimators, 267
for LTS, 267-269
for GL, 273-280

Testing

based on MML estimators
for GL, 146, 148
non identical distribution, 151, 152

based on type Il censored samples, 168, 169
from normal, 168, 169

Tests

confidence interval for the population mean,

269
determination of sample size, 277
Shape parameter, 43, 288

Short-tailed symmetric distribution, 228, 229

Huber’'s M-estimators from, 172,173
MML estimators from, 286-288, 290-292
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Significance level, 1,9, 17
Skewness, 8, 15, 67
Slutsky’s theorem, 4
Stochastic regression
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based on MMLE
for extreme-value, 76-79
for LTS, 79
Standard cumulant, 6, 7, 13-16, 20
Standard error, 17

T

Taylor Series, 4, 25
t-test, 4-17
asymptotic distribution of, 4
asymptotic power function of, 4, 43
asymptotic robustness of, 4,5
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two-sample, 5
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for binary regression parameters
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based on Wald statistic, 91, 92
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for equality of variances

from normal, 15-17

for location parameter
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for GL, 44, 283
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for STS, 204
censored sample from the middle
for normal, 172
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from exponential, 157, 158
from LTS, 166, 181
from normal, 162
based on Huber’'s M-estimators
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for outlier detection, 252-263



for regression parameters
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for unit root
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AR(1) model
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for LTS, 124-127, 130-132
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for LTS, 132
Three-moment chi-square, 129
Trimming, 2, 54, 55
Type Il error 1,5, 9-17
Two-moment chi-square, 48, 49

U

Umbrella ordering, 27
Uniform distribution

directional goodness-of-fit test, 237, 238
omnibus goodness-of-fit test, 245, 246

order statistics from, 18
covariances of, 18

Index

distribution of , 18
expected values of, 18
variances of, 18

Vv

Variance-ratio test

asymptotic robustness of, 5
for block effects
based on ML estimators, 139, 141
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from GL, 139, 140, 143-145
from Weibull, 141
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from normal, 168
power of, 140, 141, 144
for column effects
based on ML estimators, 142
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from GL, 143-146
power of, 144
for equality of variances, 15-17
for interaction effects
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from GL, 143-146
power of, 144

small sample null distribution of, 6-8

small sample power of, 6-8
type I error of, 12

W

Weibull distribution, 227
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ML estimators for, 25, 38
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